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ABSTRACT

A linear theory for the treatment of complex ridges and archipelagos as porous media is presented. The theory
assumes a barotropic, wind-driven ocean with uniform depth. A porous ridge is formed by shrinking the me-
ridional dimensions of the islands and straits (or gaps) composing a meridionally aligned island chain to infin-
itesimal values. The circulation integrals associated with a generalization of the “island rule’” for each island
then combine to form an ordinary differential equation. The solution determines the magnitude and structure of
the zonal flow through the ridge. This solution could supply a boundary condition for numerical or inverse
models that cannot resolve the topographic details of the ridge or archipelago. The physics of the throughflow
is explored using a series of examples. It is shown that a concentrated zonal flow approaching the ridge from
the east tends to spread meridionally before it passes through the ridge. If the spreading distance, which depends
on the characteristics of the ridge, is small in comparison with the meridional scale of the zonal flow, the flow
is unimpeded by the ridge. Otherwise the ridge may block or divert the flow. Paradoxically, ridges with high
porosity are just as effective at blocking as are ridges with low porosity. The theoretical results are verified to

a large extent by a barotropic numerical model.

1. Introduction

The Mid-Atlantic Ridge is atopographically complex
collection of bumps and gaps that partially obstructs
deep and intermediate zonal flows. A horizontal slice
through the ridge at 3500-m depth (Fig. 1) reveals its
geometric complexity and points out the difficulty in
properly resolving it in circulation models. The Central
Indian Ridge, the Ninety East Ridge, the East Pacific
Rise, the Indonesian Archipelago, and the Leeward and
Windward Islands are other examples of oceanograph-
ically important boundaries that impede but do not nec-
essarily block incident currents. An obvious but unre-
alized alternative to resolving the topographic detail s of
these features would be to treat them as smooth, porous
boundaries. The ability of fluid to leak through would
have to be tied to the geometrical properties of theridge
or archipelago, such asthe percentage of the topography
occupied by gaps to the lengths of the gaps and coef-
ficients of friction. Until now, no rational, dynamically
consistent way of making this connection has been sug-
gested. The purpose of this paper is to explore the dy-
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namical implications of such topographic features and
offer a possible approach.

Our ideas will be introduced within the context of a
simple, barotropic model in which the ridge extends to
the surface and all sidewalls are vertical. In this setting
the ridge is really an island chain or archipelago. Since
many of the ridges mentioned above run north and
south, we choose ameridionally aligned seriesof islands
(Fig. 2). Theislands are elongated in the zonal direction
and are separated by straits, a choice motivated by the
orientation of the fracture zones in Fig. 1. The lengths
and widths of the gaps and islands may vary. The cir-
culation in the vicinity of the ridge is assumed to be
linear and to be forced by the wind through an Ekman
pumping velocity. The main problem is to determine
the extent to which the archipelago impedes any im-
pinging Sverdrup flow. We also discuss the case of
ridge-induced circulation within a layered, quasigeo-
strophic system.

The basic theory for the flow in the gaps is based on
circulation integrals and, in particular, on africtionally
modified version of the “island rule’ introduced by
Godfrey (1989). When written down for a chain of is-
lands, the circulation integrals form a set of difference
equationsthat converge to an ordinary differential equa-
tion in the limit of infinitesimal gap and island widths.
The solution to this equation gives the total meridional
transport to the east of the ridge. The flow through the
porous ridgeis given by the divergence of thistransport.
The coefficients in the equation depend on the local
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Fic. 1. A dlice through the Mid-Atlantic Ridge at 3500-m depth. The shaded areas represent all
shallower topography. The figure is based on the Smith and Sandwell (1997) topography.

length of the ridge and its porosity, both of which are
smooth functions of the meridional variabley. The cir-
culation integrals assume that the infinitesimal islands
do not occupy common latitude bands and therefore the
theory is not applicable to zonally aligned barriers such
as the Indonesian Archipelago. Wajsowicz (1993a,b;
2002) has discussed extensions of theisland ruleto cases
in which the islands overlap zonally.

The underlying physics of thetheory isbased onideas
involving circulation and vorticity. Flow in the infini-
tesimal straits is retarded by bottom friction, and this
introduces a source of circulation along the integration
paths where they pass through the straits. Circulation
sources along the same paths are also provided by the
wind stress (or, in the case of an abyssal flow, by dia-
pycna mixing) and by meridional fluxes of planetary
vorticity associated with the Sverdrup circulation to the
east of the ridge. These ideas are amplified in a series
of examples designed to further the reader’s physical
intuition and to show how the Sverdrup flow is altered
by the ridge according to different factors, including
variable wind stress curl and porosity. Section 2 presents
the basic theory, including the development of the gov-
erning equation and its boundary conditions at the free
ends of the ridge. Analytical examples are presented in

section 3 along with verifying simulations from a baro-
tropic numerical model. Section 4 discusses the case of
a quasigeostrophic layer model. We show that the field
equation governing the flow through the ridge is essen-
tially the same as in the barotropic case. Section 5 sum-
marizes the findings.

2. Basic theory

We will consider flows governed by the linear baro-
tropic shallow water equations:

MLtk xu V(E> +dissu) + — and  (2.1)
at p pH

V-(uH) = 0, (2.2

with f = f_ + By and otherwise standard notation. The
depth H is considered constant. For the present it will
be assumed that the dissipation is entirely due to bottom
friction parameterized as

diss(u) = —%, (2.3)

where D, is a drag coefficient.
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Fic. 2. Definition sketch showing hypothetical island chain or ridge. The T and Q represent
volume transports.

Consider ameridional archipelago or ridge consisting
of rectangular islands of variable size separated by
straits of variable width (Fig. 2). Integration of the tan-
gential component of (2.1) counterclockwise about the
contour I',, and use of (2.2) and (2.3) yields

J
—<§ Hu -t ds + B8,T,
Iy
u-tds,

at
zé Z-tds—Df<§
r, P Iy

where t and n are unit tangent and normal vectors to
I'., 8, is the meridional thickness of the island, and T,
is the total meridional transport between the island and
the eastern basin boundary. If the flow is steady and
dissipation is negligible, the transport is given by the
“island rule” (Godfrey 1989):

ff-tds
r P

Tn = W (25)

(2.4)

n

If the straits to the north and south of the island are
narrow, dissipation may not be negligible whereI", runs
through them. With free-slip conditions along the walls
the zonal velocity in each strait will become uniform as
its width A, is reduced to zero. In this case, the con-
tribution to the dissipation integral in (2.4) is

%(QLl _ %)

Df Ln(un—l - un) =

H \A._, A,
where Q, isthe transport in the nth strait. In many cases,
the above expression will represent the predominant
contribution of friction about the entire contour I',,. For
example, the zonal velocity in the straits may be much
larger than that in the interior. Or, the value of the drag
coefficient D, may be substantially greater than in the
interior. An example of the latter occurs when the layer
in question is imagined to be detached from the bottom
away from the archipelago, as might be the case for a
deep layer in the Atlantic Ocean that contacts the bottom
only at the Mid-Atlantic Ridge. The dynamics of such
alayer are clearly not barotropic, but the physical setting
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provides ample motivation for considering alocally en-
hanced value of D;.

Since, by continuity, Q, = T,,, —
to rewrite the dissipation integral as

DiLo(Qna Q)
D § u-tds=——-"—— ="
b H (An_l A,
_Dan TnJrl_-I—n_-I—n_Tnfl
H A, Ay, )

T,, it is possible

(2.6)

and substitution into the steady version of (2.4) leads,
after some rearrangement, to

+
DL, A,

— HA“(S) T tds
DiLy Jp P

One could iterate this map to find al T, provided that
two consecutive values are known. In cases in which
the geometric parameters 6, A,,, and L, vary abruptly
(and perhaps even randomly) with n, thisisthe approach
that must be used to find the transports and, from them,
the fluxes through the gaps. Alternatively, one could
assume that the geometry, and along with it the transport
T,, vary gradually from oneisland to the next. Reducing
5, and A, then leads to a differential form of the map,
as we now show.

Define a continuous transport function T(y) that takes
on the values T, at the discrete values y =y, corre-
sponding to the central latitudes of the islands. It is
further assumed that T, and y, vary sufficiently gradually
so that T(y) has smooth first and second derivatives. A
continuous L(y) can be defined similarly. Then, the dif-
ferences between neighboring T, are related to the first
derivative of T(y) by

5,HA A A
Tn+1=<1+ﬁ" “ ")Tn—
1

@2.7)

dT T — T,
(d—y> v = 7 - and (2.89)
E(an + 8n+1) + An
(‘Z_D =T g
Yn-v2 é(an + 6n—l) + An—l

Where yn+1/2 = 1/2[1/2(6n + 6n+1) + An] and yn—1/2 =
[%(5, + 6,-,) + A,_,] are the midpoints between y,
andy, ., and betweeny, andy,_,. Substitution into (2.6)
leads to the estimate
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Df(SD u-tds
T

n

I

+ +
B Df L(y) %(5n 8n+l) An d_T
H D A dy Yn+v2

n

O

L o, + 6 + A H
B 2( n nfl) nl(d_T) 0
An71 dy yn—JJzDI

Next define the porosity function p(y) to fit through
the values of A,/[%(8, + §;.,) + A;] at the midlatitudes
Y;+1.- Note that p(y) is the local percentage of ridge
meridional coastline occupied by gaps. Thus

Dfég u-tds
In

_ _DiLQy)}| 1 dT} | 1 dT
H PY) @Y |ynro  [P(Y) DYy, ss
_ _DitQy)f| 2 dT} | 1 dT
H p(y) dy|s.2 p(y) dy|-s.2
N _1l,\d_ 1 dT
Yooz = 5% iy p(y) dylaye

_ L 1s\d 1 dT
Yooz T 5% Ny p(y) dy| o]

The second step involves the approximation through
Taylor expansion of the values of

L dr
P(Y) dY|y,...

aty = £, in terms of its values at the edges y =
Yo 12-)

Shrinking the 6 and A to zero while maintaining their
relative proportions |leads to

D,L(y) d| 1 dT
f gs= ———-W _di 1 dlj,
P (&n“ Y9 THIL = p(y)] dy|p() dy
+ O(82). (2.9)

If the steady version of (2.4) is now divided by §,),
the limit 8, — 0 istaken, and (2.5) and (2.9) are used,
one obtainst

L1f the straits (rather than the islands) are each perfectly rectan-
gular, then it can be shown that (2.10) is replaced by
ditOdry [1-pWI,_ _[1= PO

dy|p(y) dy 85 B

T.(y). (2108



[1 - py]
dsL(y)

dy

[L— pol,
p(y) dy T

5L () T.(y),

(2.10)

where 65 = D;/(BH) is the characteristic thickness of
a standard Stommel western boundary layer and

(7lp) -t ds

B,

is the transport to the east of an individual island pre-

dicted by the original island rule. If the wind stress curl

varies only with y, which is assumed henceforth, then
'T(X)

CL(y) + Ac(y) 9|7®
B ay| p

where A isthe distance from the east coast of the porous
ridge to the eastern basin boundary. Note that T, is just
the total Sverdrup transport across the line extending
from the position of the west edge of the ridge to the
eastern basin boundary (and assuming the ridge was
absent).

Any divergence in T(y) implies a flow through the
porous ridge. The velocity

T.(y) = lim —

800

(2.11a)

Tu(y) = . (211b)

19T
Ux(Y) = ay
is the zonal velocity through the ridge averaged over a
small interval in y that includes both gaps and solid
material. This velocity also provides a boundary con-
dition on the flow to the west of the ridge. The actual
velocity in the infinitesimally thin straits [equivalent to
the u arising in (2.6)] is given by ur/p. One measure of
the effect of the ridge is the difference between u, and
the zonal velocity that would occur in the absence of
the ridge. The latter is just the zonal Sverdrup velocity
u, evaluated, say, at the west edge (x = —L) of the
ridge:

(2.12)

us(—L,y) = BLHJ ) % curl (%) dx. (2.13)

Equation (2.10) governs the y variation of transport
to the east of the porous ridge. For the case of constant
L and p, such variations clearly involve the length scale

I CE

pU2(1 = p)U?’
which is proportional to the characteristic thickness
(8sL)¥2 of the diffusive boundary layer that occursalong
meridional boundaries in a Stommel circulation model
(Pedlosky 1968 and also see Faller 1960). It will be
shown that | is the meridional distance that an isolated
band of impinging zonal flow must spread before it can
pass through the ridge. Note that | is quite large for a
relatively impermeableridge (p <« 1) aswell asahighly

(2.14)
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porous ridge (p > 1). The former case is no surprise:
anearly solid ridge should spread disturbances out over
very large meridional distances. The latter case is less
intuitive: one might think that a highly porous ridge
would allow the flow to pass through with little merid-
ional spreading. A careful examination of the steady
version of the circulation integral (2.4) for an individual
island shows that the real situation is more complicated.
For simplicity, assume that the strait widths and the
island widths are uniform (5, = 8) and (A, = A). In
the limit of vanishing 8 and A each of thetermsin (2.4)
tends to zero. The terms involving the transport T, and
the wind stress each go to zero in proportion to §, mean-
ing that the dissipation term must go to zero at the same
rate. The latter is proportional to (u, — u,_,). Now
suppose that inthelimit p - 1 the meridional spreading
scale remains finite, implying that d2T/dy? remains fi-
nite. From the previous results it can easily be shown
that
d*T  AH(u, — u,,)
dy? (6 + A)?

If 8 < A, which is the case for p - 1, then the above
relation suggests that (u, — u,_,) goes to zero in pro-
portion to A, not 6. In other words, the dissipation about
an individual island that is implied when the boundary
is very porous and when the meridional spreading scale
is finite is too large to balance the other terms in the
circulation integral. Essentially, a finite variation in dT/
dy implies an unacceptably large velocity difference be-
tween the north and south sides of the disproportionately
thin island.

Suppose that the north and south tips of the archi-
pelago, which lie at latitude y, and y,, are well separated
from any basin boundaries or other islands. Then bound-
ary conditionson T aty = y, and y = ys can be for-
mulated by evaluating (2.4) around the southernmost
and northernmost islands. Consider the south tip, as
defined by island n = 1. The dissipation in the gap
between the strait immediately to the north can be cal-
culated as before, while the dissipation along the south-
ern boundary of theisland is different. As discussed by
Pedlosky et al. (1997) and Pratt and Pedlosky (1998) a
diffusive boundary layer whose thickness increases to
the west can be expected (Fig. 3). The velocity in the
boundary layer is given in appendix A and the corre-
sponding contribution to the dissipation integral in (2.4)
is? 2(8sL,/mY2[BT, — (3L, + Ag) curl(7/p),]. With
these representations of dissipation, the steady form of
(2.4) becomes

T DL,
—B6,T, = — —tds+ —
Po:Ts &rlp > AH

12
o2 o (B (] ]
™ 3 P Y1

2 See, for example, Eq. (A.5) of Pratt and Pedlosky (1998).

(Tz - T1)
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Fic. 3. Definition sketch for the diffusive boundary layer on the south face of the
southernmost island in the chain.

Inthelimit §, - 0 (and A, — 0), the first two terms
vanish, while the third can be related to the derivative
of T using (2.8). The remaining balance of terms re-
quires that the net dissipation (and therefore the net
tangential velocity) about the southern island be zero.
After abit of further manipulation this requirement can
be written as

O O
U gL+AE U

curl <Z>E
B P/n
(2.15a)

A similar calculation about the island forming the north-
ern tip of the ridge yields

oT p
AL ) _
by “(eLmrel

(Y =Ys)-

N i
M__, P _3 Ecurl<z>D (Y=wv)
oy “GLmrr, B o) v
(2.15b)
3. Examples

We now present some simple examples designed to
provide insight into the influence of a porous ridge upon
aflow that is otherwise controlled by Sverdrup dynam-

ics. It will be useful to compare the porous ridge so-
lutions with the flow that would occur if the ridge were
solid. In this case the meridional transport T to the east
of the ridge would be constant and would in many set-
tings be well approximated by the original island rule?
for the ridge asawhole. The correct formulais obtained
by replacing T',, in (2.5) with T';, the contour circling
the area occupied by the ridge plus the area to the east
of the ridge. Thus

) <S>FR (+Ip) -t ds o

T, =
® B(Yn — ¥s) Yo = Vs

The final expression shows that T is just the merid-
ional average over the latitude band of the ridge of the
total Sverdrup transport T, (y) between the west edge of
the ridge and the eastern basin boundary (if one ima-

J T dy. (3D

Ys

3 Pedlosky et al. (1997) tested the island rule in barotropic simu-
lations of wind driven flow around islands of different sizes and
shapes. One of the few cases of failure of the physical assumptions
underlying the island rule occurs when the meridional dimension of
the island is much smaller than its zonal dimension. In this case the
transport to the east of the island can still be predicted using a mod-
ified formula. The original island rule remainsrobust for other shapes,
provided the island is well separated from basin boundaries.
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gines that the ridge is absent). It is sometimes conve-
nient to think of T as being composed of two parts,
the first being the meridional average of the Sverdrup
transport over the area to the east of the ridge and the
second being the meridional average over the footprint
of the ridge. As (2.11b) shows, variations in the pre-
specified function T, are due to variations in the wind
stress curl or in the dimension L + A.. Such variations
introduce divergence in the meridional Sverdrup trans-
port, giving rise to azonal Sverdrup velocity toward (or
away from) the ridge. In the case of a solid ridge this
impinging flow would be diverted into awestern bound-
ary layer on the east coast of the island. With a porous
ridge, some fluid might pass directly through the ridge
or be diverted into a leaky western boundary layer.

The examples will be worked out using hondimen-
sional versions of the governing equations with

L=LLy), (TT)= (T,
CITO/H (SSLO)UZ, and y = V(SSLD):UZI

where L, and T, are typical values of L and T,. Intro-
ducing these new variables into (2.10) and its boundary
conditions (2.15a,b) and dropping the tilde notation
leads to

u

dl 1 d1] m-pml. 11-pw)
oy | Ly Ly o G2
TR aTl =y ad (339
T w )
5 [T Tl (= W (3.30)
where
s,
Ons Lys + Ag

and where (2.11b) has been used to write curl(7/p) in
terms of T,. In most applications (6sL,)¥2 will be much
less than the meridional extent of the ridge and therefore
¥n — Vs> 1in our examples.

a. Constant wind stress curl with constant L and p

Consider the flow produced by a uniform wind stress
curl (i.e, T, = const) past a ridge with constant width
L and porosity p. The value of L can be set to unity
with no loss of generality. With negative wind stress
curl (T, = —1) the uniform meridional Sverdrup ve-
locity is southward everywhere, with some flow im-
pinging on the north coast of the ridge (Fig. 4). Since
the meridional Sverdrup transport is nondivergent, there
is no zonal flow impinging on the ridge. The original
island rule (3.1) for a solid ridge would require that all
the impinging flow from the north be deflected east and
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Fic. 4. Schematic diagram showing the circulation around (a) a
solid ridge as opposed to (b) a porous ridge under conditions of
uniform wind stress curl.

then southward past the northeast corner, whereit would
form a Stommel western boundary layer (Fig. 4a). The
diversion of the flow would take place within adiffusive
boundary layer of the type discussed above. The total
transport to the east of the ridge would equal the sum
of the Sverdrup transport there and the Sverdrup trans-
port impinging on the northern boundary. The western
boundary layer would eventually round the southeast
corner and be reabsorbed into the Sverdrup regime to
the south of the ridge.

When theridgeis porous, the situation described above
occurs over the interior latitude range of the ridge (away
from the northern and southern boundaries). Thisfollows
from the fact that T(y) = T, (=—1) isasolution to (3.2),
though not the boundary conditions (3.3a,b). Departures
from this “interior”” solution occur within distance [p(1
— p)] *2 of the end pointsy = y; = O and y = vy, of
theridge. Aslong asy, > [p(1 — p)] ~*2, thefull solution
can be approximated as

l-«
T(y)= -1+
_ i
L V- o
2p]J2
X [e PPy + e’ Ay-w]

+ O[e P a-p"n],

(3.4)

The corresponding nondimensional zonal velocity



DEecemBER 2003

through the ridge is given by the nondimensional ver-
sion of (2.12) as

ar _ -1 - op**(1 — p)*?
& VA - p)
2pv2
X [ep¥?a-p"y — @r’H1-pYAy-w)
+ Ofe P*a-n"n], (3.5)

To explain the departure of the solution from the in-
terior solution T = T, near the tips of the ridge, it is
hel pful to note that the situation depicted in Fig. 4 would
violate the boundary condition at y = y,,, which requires
that the net dissipation (and therefore the net zonal ve-
locity) about the northernmost “‘island’” be zero. The
deflection of all of the Sverdrup transport impinging on
the north face of the ridge to the east would require an
eastward flow in the first gap to the south of y = vy,.
This flow would feed into the western boundary layer
on the ridge and increase its transport above the value
predicted by the island rule. In reality it can be shown
that the flow impinging on the northern boundary splits
and flows eastward and westward about a stagnation
point (marked with an X in Fig. 4b). The circulation
can be calculated using the equations describing the
diffusive boundary layer on the north and south coasts
of the ridge (see appendix A). The average zonal ve-
locity along the northern boundary is still eastward and
an eastward gap flow is required to bring the net dis-
sipation to zero. Eastward flows in the gaps farther to
the south are also set up, and the associated transport
is added to the Stommel western boundary layer, raising
its transport to the required value. A similar effect oc-
curs near y = ye.

A shallow-water model has been run using a constant
wind stress curl to the east of the western edge of the
ridge for comparison with the theory. The ridge is com-
posed of a series of thin but finite rectangular islands.
The model equations and solution procedure are pre-
sented in appendix B. The difference in the zonal ve-
locity at a position just to the west of the ridge and the
zonal velocity at the same position but with no ridgeis
shown by a solid line in Fig. 5. The general character
of the solution is very similar to that predicted by the
linear theory* (dashed line in Fig. 5). The zonal velocity
through the ridge is zero except near the ridge tips. Just
beyond the tips, the zonal velocity is determined in the-
ory by the solutions (appendix A) for the diffusive
boundary layers that run along the north and south faces
of the tips. The solutions have been used to extend the
analytical velocity profile in Fig. 5 beyond the ridge
tips. The results show strong, aternating zonal flowsin
these areas. (The extreme val ues of the theoretical zonal

Us(Y) =

4 The shallow-water model uses a different nondimensionalization
than the analytic solutions in the paper. The theory is converted into
the model nondimensional scaling when they are compared directly.
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Fic. 5. The perturbation zonal velocity just to the west of a porous
ridge with p = 0.2 according to the theory (dashed curve) as cal-
culated by (3.5) and the numerical model (solid curve). The ridge is
located between y = 0.2 and y = 0.8 (indicated on the figure by the
squares). The curves have been extended to show the zonal velocity
to the north and south of the ridge tips. The theoretical velocity for
this case is given by the equations appearing in appendix A. The
velocities have been nondimensionalized by the meridional Sverdrup
velocity to the east of the ridge.

flows are approximately 2 and are not shown herein
order to reveal the boundary layers extending along the
ridge system.) These features also appear in the nu-
merical simulation but with moderately reduced ampli-
tude. The most likely explanation for this discrepancy
is that the analytical theory predicts discontinuities in
zonal velocity aty = 0 and y = y,, a consequence of
the inability of the theory to take corner effects into
consideration. In reality, smoothing of the velocity pro-
file accompanied by diminished velocity extremes
should be expected, and this is what seems to occur in
the numerical results.

b. Linear variation in wind stress curl with constant
p and L

In the previous case, the meridional Sverdrup trans-
port to the east of the ridge is divergence free and thus
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no flow through the ridge is forced, at least away from
the north and south tips. Now consider the case of a
linearly varying wind stress curl:

¥
Yn
The meridional Sverdrup transport to the east of the
island is now divergent, implying a zonal velocity to-
wards the ridge. The solution T = T, = —vyly, isvalid

for the interior latitude range of the ridge and the cor-
responding flow through the ridge is given by

Ug = dT/dy = —1/y,. (3.7)

This value is identical to the zonal Sverdrup velocity
ug(—L, y) that would exist at x = —L if the ridge was
absent. The zonal velocity in each infinitesimal strait
Ug/p is also uniform. Although the dissipation along the
north and south faces of each island is finite, the two
contributions cancel in the integration around theisland.
Therefore the original island rule (applied about each
island) continues to predict the correct transport to the
east of the ridge interior. The interior ridge has no effect
on the zonal velocity of the flow, even though fluid
parcels passing through feel some dissipation.
The full solution for this case is given by

1

T == (3.6)

T= A @ PYA1-pY2y
2p

1/21_ ]JZ+_
Ya[P*2(1 — p) =

2
R )
+ m 5 VAPV 4 O(eW).
p
1/2 1 _ 12 + —
pY*(1 — p) =

(3.9)

As before, departures from the solution T = T, occur
only near the north and south tips (Fig. 6). Near the
north tip the impinging meridional Sverdrup flow splits
and flows eastward and westward about a stagnation
point. The physics is similar to that discussed in con-
nection with case (a) (Fig. 4b). At the south tip of the
ridge the solution looks a little different because of the
fact that the meridional Sverdrup transport at this lati-
tude is zero.

The shallow-water model has been run using alinear
variation in the wind stress curl to the east of the porous
ridge for comparison with the theory. The streamfunc-
tion over the entire model domain is shown in Fig. 7.
The stagnation point on the northernmost island is ev-
ident, asis the narrow southward flowing boundary lay-
er along the eastern flank of the ridge. These pertur-
bations to the wind-driven flow in the absence of the
ridge are consistent with the schematic diagram based
onthetheory in Fig. 6. Itisalso evident from the stream-
line patternsin Fig. 7 that, even though the ridge is 80%
solid, the zona transport is essentially the same as
would be found in the absence of the ridge.
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Fic. 6. Schematic representation of the theoretical circulation
around a porous ridge in the presence of awind stress curl that varies
linearly iny.

The difference in the zonal velocity at the western
edge of the ridge x = 0.4 between the case with the
porous ridge and a case with no ridge is shown in Fig.
8. (solid line). The general character of the solution is
very similar to that predicted by the theory (dashed
line). The values have been normalized by the magni-
tude of the Sverdrup zonal velocity that would exist at
the same location if the ridge were absent. The theo-
retical velocity profiles have again been extended slight-
ly beyond the tips of the ridge using the solution for
the diffusive boundary layers. As before, the pertur-
bations are confined near the ends of the ridge, with
counterflowing zonal jets just to the north and south of
the islands. Meridional smoothing of the discontinuity
in the zonal velocity predicted by the theory is again
found in the numerical solutions.

The end effects of the ridge decay toward the middle
of the ridge with meridional scale | = [(6,L)/p(1 —
p)]¥2. This length scale dependency is tested in a series
of numerical model runs in which the porosity p is var-
ied between 0.1 and 0.8. In order to maintain numerical
accuracy, the boundary layer width &, has been in-
creased from 0.005 to 0.01 in the case of p = 0.8 so
that the width of the gaps remains close to this boundary
layer width. (The theory assumes A, < &..) In this case,
the width of the ridge L has been reduced by 50% such
that the product 6.L is the same for all experiments.
The meridional scale over which the perturbation in the
zonal flow extends has been derived from the numerical
model by cal culating the meridional distance over which
the eastward zonal velocity decreases to 1/e of its max-
imum value near the northern tip of theridge. Theresults
are shown in Fig. 9. The general trend of the influence
of the north tip of the ridge extending farther southward
along the ridge as the porosity decreases is reproduced
well by the model. This length scale aso increases for
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FiG. 7. Transport streamfunction from the shallow-water model for a calculation with a linear
variation in the wind stress curl between the tips of the porous ridge. The individual islands
composing the ridge are indicated by the white rectangles betweeny = 0.2 and y = 0.8.

large porosity, but it must be kept in mind that, due to
numerical constraints, the assumption A, < &, is not
well satisfied for this case.

c. Snusoidal variation in wind stress curl

In the previous example the porous ridge fails to im-
pede the zonal Sverdrup flow impinging from the east
(at least away from the ridge tips). The key element is
that the impinging flow is uniform with respect to y and
the corresponding uniform flow in the gaps yields zero
net dissipation about any infinitesimal island. The sim-
plest way to explore departures from this picture is to
consider a sinusoidal variation in wind stress curl:

T, = sin(2zy/X). (3.9

For this case the zonal Sverdrup velocity produced at
the position of the western edge of the ridge would, in
the absence of the ridge, be

27 cos(2mylA)
—
The interior solution to (3.2) is given by

P — P) sm(z—:y) (3.10)

US(—L, y) =

(To this solution must be added boundary layer correc-

tions to satisfy the boundary conditionsaty = 0 and y
= y,.) The corresponding zonal velocity through the
ridge is given, relative to the corresponding Sverdrup
velocity, by the constant factor

U(y) 1

us(—L, y) (2m)?
A%p(1 — p)

1

= Y <1,

2 —
2m) (A*) +1
where | is the length scale given by (2.14) and A* is
the meridional scale of the zonal Sverdrup flow. The
Sverdrup transport is impeded when the A* is the same
order as | or smaller than |. Strong impedance tends to
occur when the ridge is very nearly solid (p < 1) or
the ridge is very porous (1 — p < 1). Note that the
interior solution for an arbitrary T, (y) can be constructed
by combining solutions of the form (3.10) as a Fourier
integral over A.

An example of the constant impedance al along the
ridgeinterior isdemonstrated using the numerical model
for a case of sinusoidal wind stress curl, as in (3.9),
with (I/A) = 0.15. The zonal velocity in the model in
the absence of the ridge is indicated in Fig. 10 by the
dashed line. With a porous ridge, the theory predicts a
reduction in the zonal velocity by auniform factor, given

(3.12)
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FiG. 8. Comparison between the theoretical and numerical velocity
profiles measured along a position just to the west of the porousridge
under conditions simulated in Fig. 7. The dashed curve gives the
difference between the theoretical zonal velocity [(3.8)] and the (con-
stant) Sverdrup zonal velocity. The solid curve gives the same quan-
tity based on the numerical solution. In both cases the results are
normalized by the zonal Sverdrup velocity at the west edge of the
ridge. The profiles have been extended beyond the north and south
tips of the ridge (indicated by squares) as before.
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by (3.11), of 0.53. The ratio of the zonal velocity with
the ridge to the zonal velocity in the absence of the
ridge from the numerical model at x = 0.4 is shown in
Fig. 10 (the ratio is not plotted in regions where the
zonal velocity is small or outside the latitude range of
the ridge). The ratio is nearly uniform and reasonably
close to the theoretical prediction of 0.53.

d. Isolated wind stress curl

If the Sverdrup flow impinging from the east is iso-
lated, the effect of the ridge isto smooth out the through-
flow. This behavior can be seen by considering a wind
stress curl that is isolated within alatitude band |y| <

Yo

g1 (Y > o)
T = Ew/yo Iyl = vo) (3.12)
il (Y < —Yo).

In the absence of the ridge the zonal Sverdrup velocity
that would occur at the position of the west edge of the
ridge is —1/y, within |y| <y, and is zero otherwise
(Fig. 11). If the ridge extends far to the north and south
of the band |y| <y, then the solution to (3.2), which
has continuous T, and dT,/dy acrossy = =*y,, IS

Ca sinh[p¥2(1 — p)v2y,Je P a-pY2-y) — 1

Hﬂ v > o)
i 1/2 — 12 —
T =0 sinh[p¥2(1 — p)¥2y] — yly,

(Iyl = v.)
[La sinh[pY2(1 — p)¥2y,Jer” e + 1
o (Y<—=Yo)
(3.13)

where

1

4 YoPV2(1 — p)Y3{sinh[pY2(1 — p)¥2y,] + cosh[pY2(1 — p)¥2y,]}

The case of isolated wind stress curl is also well repro-
duced by the numerical model. The zonal velocity just
to the west of the ridge is shown in Fig. 11 for both the
numerical model and the theory. The wind stress curl
is confined to the east of the ridge in the latitude band
y = 0.4toy = 0.6 (indicated on the figure by the dotted
lines). The presence of the porous ridge spreads this
zonal flow meridionally such that its influence west of
the ridge can be felt across the entire latitude range of
the ridge. As a result, the maximum zonal velocity is
decreased to approximately 80% of that found in the

absence of theridge. Thetotal flux of the smoothed flow
is the same as if the ridge was not present.

e. Variable L(y) and p(y)

To this point we have treated the gap length function
L(y) and the porosity p(y) as constant. In reality, these
functions will vary about mean values, perhaps in a
highly irregular way. In order to investigate the effect
of such variations on the otherwise uniform flow
through the porous boundary, we consider several spe-
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Fic. 9. Width of the boundary layer near the northern tip of the
porous ridge as a function of the porosity. The solid line is [§sL/p(1
— p)]¥2 from (2.14). The boundary layer widths diagnosed from a
series of shallow-water model calculations in which the porosity is
varied are indicated by the circles.

Ug(y) 1 [—(p + 8p)(1 — P — 8p)]¥2e [(P+oma—p-smi 2yl
IR (1 ) EE R

ug(—L)

where

__ pi-(prop
@-p*”, @ p—p"
p? (P + op)

As shown in Fig. 12a, the Sverdrup velocity through
the ridge is enhanced slightly to the north of the dis-
continuity and retarded slightly to the south. This sit-
uation might be thought of as arising in the following
way. Suppose that the zonal transport through the ridge
was uniform and equal to the zonal Sverdrup transport.
Then the actual westward zonal velocity ug/p in each
strait would be greater in the south than to the north
owing to the fact that the porosity (and therefore the
relative width of each infinitesimal strait) islower there.
This situation would yield a net negative circulation and
therefore a net negative dissipation around the island
centered at y = 0. According to (2.4) this dissipation
would give rise to a northward anomaly in the transport
T to the east of the ridge. This transport would pass
through and add to the zonal Sverdrup transport to the
north of y = 0, while the zonal transport to the south
would be diminished. As suggested in Fig. 12a, some-
thing close to this occurs. Note that the discontinuity in

Yo
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cial cases. We further restrict attention to the ““interior”
solution (away from the ends of the ridge) by making
the ridge infinitely long and assume that the wind stress
curl varies linearly withy: T, = —v.

First note that, if pisconstant, T = T, = —y isthe
interior solution to (3.2) for arbitrary L(y). In this case
the flow through the ridge is uniform and the net dis-
sipation around each island is zero, despite the fact that
the islands vary in length.

A more interesting situation occurs when L is fixed
and p isalowed to vary. First consider the casein which
p(y) changes abruptly from one value to another:

_Jjptép  (y=0

PY) {p (v<0).

The interior solution is required to satisfy (3.2) away

fromy = 0, to be continuous acrossy = 0, and to satisfy
the additional matching condition

1 dr|_adr

p+opdy|, ., Pdy

obtained by integrating (3.2) acrossy = 0. The velocity

through the ridge associated with the corresponding so-
lution is given by

(3.14)

(3.15)

1
y=0"

(y>0

(y < 0), (3.16)

Ur becomes smoothed in the ug/p field (Fig. 12b). In
fact, the matching condition (3.15) is simply a statement
of continuity of this velocity component. It is also in-
teresting to note that the westward strait velocity is ac-
tually weaker in the north than the south.

If the porosity varies rapidly in y about some mean
value p, then the last example suggests that the through-
flow should consist of variations in y about the zonal
Sverdrup velocity. Let

p=p + &p(ye),
with e < 1 so that (3.2) becomes

(3.17)

T p dT (P +epd —P — &p)
dy2 p+epdy L
X(T—-T)=0. (3.18)
A numerical solution to (3.18) for the case T, = —Vy/

Yo P = 0.5, p = asin(y/e), e = 0.2, and y,, = 20 (solid
curve in Fig. 13) shows that u, contains rapid fluctu-
ations on the same scale of the fluctuations of the po-
rosity. A smoothed version of the solution would show
the usual Sverdrup interior flow u, = —1/y, aswell as
boundary layersnear y = O and y = y,.

In order to explore the dynamics of the fluctuations
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FiG. 10. The zonal velocity (dashed line) from the shallow-water
model with a sinusoidal wind stress curl [see (3.9)] and no ridge.
The solid line is the ratio of the zonal velocity for a case with a
porous ridge located betweeny = 0.2 and 0.8 [p = 0.2, (I/A) = 0.15]
and the case with no ridge. (The ratio is not plotted in regions where
the zonal velocity is near zero.) Theratio isnearly constant, and close
to the theoretical value of 0.53 for these parameters.

more thoroughly, we attempt to find an asymptotic so-
lution to (3.18) for the interior flow only. By tria and
error, it can be shown that the appropriate expansion
takes the form

T= Yy 83'AI'<X>
Yn €

Since the nondimensional distancey, istypically large,
1ly, is regarded as O(e). Substitution into (3.18) leads
to the lowest-order problem

T+ p-o
ey\p
Both terms are associated with dissipation [the first two
terms in (3.18)], and thus the lowest-order balance in-
volves a requirement of net zero dissipation about each
island. The solution to (3.19) can be written as

(3.19)
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Fic. 11. The zonal velocity to the west of the porous ridge (located
between y = 0.2 and y = 0.8) for a case with localized wind stress
curl betweeny = 0.4 and y = 0.6 (indicated by the dotted lines),
normalized by the zonal Sverdrup velocity in the absence of any
islands. Solid line: shallow-water model; dashed line: theory [from
(3.13)].

eynp

For the interior region (away fromy = O andy = vy,)
we choose ¢, = ¢, = 0 since thereis no reason to expect
a linearly growing or constant offset as a response to
the fluctuating porosity. The full zonal velocity asso-
ciated with this solution is given by

Uy) _ —OWP)IL o] P g0
us(—L, y) —(y)* p
As with the example involving the discontinuity in p,
the westward Sverdrup velocity through the ridge is
enhanced where p is higher than average (p > 0) and
retarded where p is lower than average. Note that the
velocity in the straits ug/p is constant. When applied
with the settings used to produce the numerical solution
(Fig. 13), (3.20) yields an approximation (the dashed
curve) that is very close.

R yle y
T= f f’(”fl)d”fl"‘clg"‘cz-
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Fic. 12. The zonal velocity produced at the west edge of the ridge
by a discontinuity in porosity. The porosity changes from a constant
vauep = 0.5top = 0.75aty = 0. (a) The microscopically averaged
velocity shows a discontinuity, whereas (b) the actual velocity in the
straits is continuous. Note that y has been scaled by (8sL)¥2.

4. Formulation for a multilayer, quasigeostr ophic
system

If the layer in question is part of a steady, multilayer,
quasigeostrophic model, then it is not too difficult to
show that flow through the ridge interior remains gov-
erned by (3.2) with afew minor modifications. One must
continue to assume that the islands and straits within
the ridge are rectangular and that the sidewalls are ver-
tical over the depth of contact with the layer in question.
The distribution of gaps and islands, and therefore the
porosity and ridge width, may change from one layer
to the next.

Consider layer j, which has undisturbed thickness D ()
and actual thickness DG + d()(x, y). Under the as-
sumption of quasigeostrophy, d) < D), afeature cru-
cial to what happens next. As shown by Pedlosky et al.
[(1997), Eq. (A.3)] the linearized circulation integral
analogous to our (2.4) for island n and within layer j is
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Up

Fic. 13. The dashed curve gives the theoretical zonal velocity [see
(3.20)] at the west edge of the ridge for the interior latitude band of
the ridge when the porosity varies rapidly [p = 0.5 + 0.1 sin(y/0.2)]
and when the wind stress curl varies linearly in y. The solid curve
corresponds to a numerical solution of (3.18) that satisfies the bound-
ary conditions at the north and south tips of the ridge (y = O and y
=y, = 20). Note that y has been scaled by (6sL)¥? L = 0.5 and «
= 0.95.

B8|(1j)T$1j) = (4_1)

Here F() is a generalized momentum forcing term anal-
ogous to 7/p in the previous case. This forcing would
include the vertical transport of horizontal momentum
resulting from entrainment of fluid from the overlying
and underlying layer. If dissipation about I'(¥ term oc-
curs primarily within the straits, then

é‘) D,u® -t ds
r
0 0
= D, f u(, dx — f u(h dx
-L, -
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0 ] ) ) )
D QW di, QM dg i
' L DMAY, DO DWAWD DO .

The continuity equation has been used to derive the
second line and, in doing so, it has been acknowledged
that the layer depth may vary along the length of each
strait. The layer depth may also vary from strait to
strait. Both types of variations are contained in the
second integral on the final line but thistermissmaller
than the first term by a factor d)/D () < 1. Neglect
of thisterm means that the dissipation integral isiden-
tical to the result (2.6) from the barotropic case. The
steps leading to (2.10) are the same as before, and
therefore the transport to the east of the ridge within
layer j is given by

dj_1 drop [1-pPWl,
dy(p’(y) dy 8sLI(y)
_ [ =pW-,
- SSL(j)(y) TI (y)! (42)
where
FU) -t ds

r

TO(y) = lim . B350

5.0

It is not the case, however, that the boundary conditions
for (4.2) will remain the same as in the barotropic case.
If the north or south end of the ridge is free, the bound-
ary condition will depend on the dissipation along that
edge. Thefrictional boundary layer that existsthere may
be more complicated than the diffusive layer considered
in the barotropic model. The precise scaling will depend
on the relative size of the various internal deformation
radii and other length scalesthat arisein thelayer model.
The correct condition will depend on the model in ques-
tion.

5. Discussion

We have devel oped a porous-medium theory for baro-
tropic flow through complex ridges and archipelagos.
The governing field equation aso is valid for quasi-
geostrophic, layered flow (though the boundary con-
ditions may differ). The dynamical underpinning of the
theory isthe circulation integral over a‘* Godfrey’ con-
tour for each of the bumps or islands that compose the
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ridge. Each integral can be expressed as a difference
equation for the meridional transport to the east of the
boundary. When the meridional dimensions of the is-
lands and separating gaps vary gradually and their val-
ues are made infinitesimal, the difference equations re-
duce to a second-order differential equation (2.10) for
the meridional transport. The divergence of the transport
gives the zonal transport through the ridge as a function
of its porosity p(y) and zonal width L(y). The theory
assumes that the gaps separating the islands are orien-
tated zonally, in the manner of fracture zones in the
Mid-Atlantic Ridge, that the primary source of dissi-
pation in the circulation integral isbottom friction acting
in the gaps, that the flow is steady and linear, and that
the flow in each gap becomes uniform as the gap thick-
ness approaches zero.

Analytical examples with verifying numerical simu-
lations have yielded some interesting and unintuitive
results concerning the physics of flow through theridge.
For example, it can be shown that the throughflow is
associated with the natural length scale |l = [8sL/p(1 —
p)]¥?, a measure of the meridional extent over which
irregularities in the impinging flow are spread as this
flow is absorbed. Although it is not surprising that |
should tend toward infinity for a solid ridge (p — 0),
it is curious that the same behavior occurs when the
ridge becomes highly porous (p — 1). Asexplained in
section 2, the latter result stems from the dispropor-
tionally high dissipation that would result around each
island if the islands were thin in comparison with the
gap widths and | remained finite. (This behavior does
occur in the numerical model, though technical prob-
lems make it difficult to explore p values more than
about 0.8.)

If the ridge porosity is uniform the ability of theridge
to block or divert an impinging zonal flow with merid-
ional scale A depends on I/A. If the impinging flow is
broad (I/A < 1) then it will be unimpeded by the ridge.
As was shown by the example in section 3b zonal ve-
locity at the west edge of the ridge is the same as if the
ridge were absent, though other effects occur within a
distance | of the ends of the ridge. If /A = O(1) the
flow must spread meridionally beforeit can passthrough
the obstacle (section 3d). If the impinging zona flow
consists of alternating bands (section 3c), the spreading
effect |eadsto cancellation of the eastward and westward
flows. For the case of very narrow bands (I/A > 1) the
cancellation is nearly complete and very littlefluid pass-
es through the ridge.

The effect of variable porosity introduces additional
length scales, and when these are small in comparison
with | and A the throughflow can described by an as-
ymptotic theory (section 3e). The value of p is assumed
to undergo weak but rapid fluctuations about a mean.
A solution for sinusoidal fluctuations and a uniform
impinging flow shows throughflow enhancement in ar-
eas of higher p and impedance in regions of low p. It
is not known whether the limit of rapid but smooth
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fluctuations in p reflects the physics of cases for which
the spatial dimensions of the topography vary abruptly
from one “‘island’”’ or gap to the next. As suggested by
Fig. 1, abrupt and perhaps random variations may be
more realistic than the smooth variations assumed in the
derivation of our governing differential equation. How-
ever, it should be possible to explore the dynamics as-
sociated with abrupt variations by iterating (2.7).

Another allowance one could hope to add is for large
variations in layer thickness through the gaps in the
ridge. Such variations occur when fluid spills from one
basin to the next, giving rise to hydraulic effects and
form drag.
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APPENDIX A

The Boundary Layers on the North and South
Coasts of the Ridge

Under the assumption that the wind stress curl is uni-
form in x, analytical solutions for the velocity in the
diffusive boundary layers along the north and south
coasts of the porous ridge can be found [see Pedlosky
et a. (1997), Eq. (2.34)]. The corresponding expression
for the zonal velocity in the boundary layer on the south
edge is

. 0
A curl (—) D
p y=0

Eeyzl(zlxﬁs)

r
curl( ‘D
p NI

(L + Ap)

L)z &

yuL¥2 curl <T>
Plyo {
curI(T)
p YN

where T*(y) is the dimensional transport to the east of
the porous boundary,

T(y) = T*(WBIL + Ag)|curl(r/p)yl]

is the dimensionless counterpart (scaled with the total
Sverdrup transport between the northwest corner of the
ridge and the eastern basin boundary), and all other
quantities may be regarded as dimensional. The scaling
factor |ug| is the magnitude of the Sverdrup velocity
at the west edge of the island that would be produced
when the wind stress curl varies uniformly from zero
aty = ysto vaue curl(7/p),, at yy.

The corresponding expression for u in the boundary
layer along the north ridge can be obtained from the
above expression by reversing the sign of the second
and third terms on the right-hand side and replacing —y
by (y — yx) and T(0) by T(yy).

APPENDIX B

(L + Ap)

The Shallow-Water Numerical Model

The nondimensional shallow-water momentum equa-
tions may be written as

'| Cx\V2
f — 2| — y2/(4x5s)
NECA (77) ©

(-L=x<0,y=0),

R(v, + vVVv) + (1 + By)k X v
= —Vh — Cv + B7/H(1 + B*Rh),

where v is the horizontal velocity vector, h is the layer
thickness, and 7 is the wind stress. The continuity equa-
tion is written as

h + R BV -v + V- (vh) = 0.

The variables have been nondimensionalized by a ve-
locity scale U, ahorizontal length scale L, and avertical
length scale H. The deviation of the layer thickness h
from the motionless value is scaled as f,UL/g’. The
Coriois parameter is assumed to vary linearly with lat-
itude as f = f, + B*y, where f, is the Coriolis pa-
rameter at the central latitude of the domain and B* is
the dimensional variation of the Coriolis parameter with
latitude. The reduced gravity between the moving layer
and the deep ocean is g’. Time has been nondimen-
sionalized with the advective timescale L/U and the
wind stress is nondimensionalized by p,UB*L. This
scaling results in several nondimensional numbers. The
Rossby number R = U/fL is a measure of the strength
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of the nonlinear terms. The drag coefficient C = g*4./
fo, Where &, is the Stommel boundary layer width, mea-
sures the strength of dissipation. The variation of the
Coriolis parameter over the meridional scale of the do-
main is measured by g = p*L/f,. The Burger number
B = (L4/L)?, where L, = Vg'h/f, is the internal de-
formation radius. The model isintegrated on astaggered
C grid and the equations are solved using a second-
order centered finite-difference scheme. Time stepping
is achieved with a third-order-accurate Adams-Bash-
forth scheme. The lateral boundary conditions are no
slip and no normal flow. The model domain is a square
with nondimensional size 1.0. The resolution is 200 X
200, so that the (nondimensional) grid resolution is
0.005. The model calculations are run with A = 0.005
and the island width L = 0.1. The calculations are es-
sentially linear with R = 0.001. The stratificationissuch
that the deformation radius is equal to the basin di-
mension, B = 1. The variation in the Coriolis parameter
isimportant over the meridional extent of the basin with
B = 04,

The porous ridge extends from x = 0.45 to x = 0.55
and fromy = 0.2toy = 0.8, giving yy, — ys = 0.6
(e.g., Fig. 7). Unless stated otherwise, the ridge is made
up of 24 discrete islands each of meridional dimension
A = 0.02 and the porosity p = 0.2 so that the gap widths
are 6 = 0.005. The model is forced by a steady, zonal
wind stress applied as a force in the momentum equa-
tions. The forcing is confined to the region to the east
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of the western edge of the islands (x = 0.45) and will
be varied for comparison with the theory. The wind
stress curl is kept constant to the north (south) of the
ridge at the same value as at the northern (southern) tip
of the ridge. This allows the meridional transport to
continue smoothly approaching and departing the ridge
system, and for the effects of the northern and southern
boundaries of the model to be isolated from the region
of interest. The model is run until steady state is
achieved.
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