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Arctic Ice Dynamics Joint Experiment, 1970–1978
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speed cores of the eddies ranges up to 60 cm/s. This
contrasts with velocities of less than 10 cm/s in surround-
ing waters.

Stress-Strain Law
As AIDJEX was developing, one of the central ques-

tions was how best to represent the resistance of the ice to
being deformed. The current idea was that ice is in some
way viscous, so that it flows progressively faster as stresses
increase. But treating the ice as a viscous material was
unsatisfying in a formal continuum mechanical frame-
work, and it had the glaring deficiency that it did not allow
the ice, as actually observed, to “lock up”—that is, to get
wedged into a coastal “corner” and stop moving. Early on,
the analogy was made with granular materials and with
plastic yield, which means that the material resists increas-
ing loads without moving until the load reaches some
failure criterion, at which point it flows “catastrophically”
and can support no greater load.

The idea was put forward that the stress-strain law and
the thickness distribution were linked: the work against
stresses in deforming the ice cover could be matched to the
energy required to modify the thickness distribution in the
building of pressure ridges and in the grinding of floes
against each other, but it seems that this idea has lost
traction. But these forms of rheologies incorporating plas-
tic failure were introduced into sea ice modeling and
remain to this day.

FIG. 11. More than half of the buildings from the main camp were
airlifted to satellite camp “Caribou.”

FIG. 12. Camp “Caribou” upgraded to main camp. It continued to
operate from November 1975 until the end of the project in May
1976.

FIG. 13. Initial (dot) and final  (triangle) arrays of manned camps (full
dots and triangles) and data buoys (open dots and triangles). The
location of the original main camp is marked by a black square.

Buoy Program
At the very beginning, the funding agencies made it

clear that AIDJEX was a finite-duration study, and that we
could not expect to see it “institutionalized” upon its
completion. Many post-AIDJEX proposals for continued
work were declined, and it took several years for the Polar
Science Center at the University of Washington to emerge
as a “Son-of-AIDJEX” research group consisting of sev-
eral principal investigators pursuing individual topics.
However, our convincing success in obtaining data on ice
deformation and air stress by means of buoys enabled us to
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A one-dimensional thermodynamic model of sea ice is presented that includes the effects 
of snow cover, ice salinity, and internal heating due to penetration of solar radiation. Surface- 
energy balances determine rates of ablation and accretion; diffusion equations govern heat 
transport within the ice and snow. The incoming radiative and turbulent fluxes, oceanic 
heat flux, ice salinity, snow accumulation, and surface albedo are specified as 'functions of 
time. Starting from an arbitrary initial condition, the model is integrated numerically until 
annual equilibrium patterns of temperature and thickness are achieved. The model is applied 
to the central Arctic. Input values for the initial test of the model are based on observational 
data. Values predicted by the model for the average ice thickness (288 cm), amount of surface 
ablation (40 cm), and the temperature field all agree closely with field observations. 
Other results from the model indicate that, under present conditions, the ocean must supply 
I to 2 kcal/cm -• year to the ice; an additional 4 kcal/cm 2 year would cause the ice to vanish. 
Annual snow depths less than 70 cm are shown to have little effect on equilibrium thickness; 
snow depths greater than 70 cm would result in much thicker ice. Comparison of observed and 
calculated temperature profiles suggest that about 2.0 to 2.5 kcal/cm '• year of the incoming 
short-wave radiation penetrates the ice and contributes to internal heating. Average ice albedos 
under 0.50 would cause the ice to vanish in a few years. 

Sea ice accounts (in areal extent) for nearly 
two-thirds of the earth's ice cover. Unlike the 
polar icecaps and alpine glaciers, its vertical 
dimension is small compared to its horizontal 
extent. In the Arctic, ice thickness averages 
2-4 meters [Lyon, 1961; Wittmann and Schule, 
1966]; however, there is a continuous frequency 
distribution from only a few centimeters for 
young ice to several tens of meters for pressure 
ice. Relatively minor changes in climate can thus 
produce large changes in the areal extent of the 
ice cover, significantly affecting the large-scale 
transfer of energy between the atmosphere and 
oceans. In some circumstances this might result 
in a positive feedback process that could con- 
tinue to magnify the original change. Such con- 
siderations have led numerous investigators to 
look to the polar regions for a source of cli- 
matic changes associated with the ice ages of 
the Quaternary [Brooks, 1949; Ewing and 
Donn, 1956, 1958; Do•n and Ewing, 1966; 
Budyko, 1966; Fletcher, 1969]. 

x Contribution 236, Department of Atmospheric 
Sciences, University of Washington, Seattle. 
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There is little doubt that there is an intimate 
connection between the state of the ice pack 
and hemispheric weather patterns, but it must be 
remembered that the atmosphere, oceans, and 
ice cover are all components of a single thermo- 
dynamic system, and a change in any one part 
necessarily resu!ts in compensating changes in 
the others. Separation of cause and effect is a 
necessary prerequisite to understanding the 
system. Although the physical principles govern- 
ing the operation of each component are rela- 
tively well understood, complete solution of 
such a system is now beyond the range of our 
abilities. 

Efforts to numerically simulate the behavior 
of the atmosphere have been highly successful. 
Even though the simulations do not completely 
describe atmospheric and oceanic interactions, 
short and medium-range forecasts have proven 
accurate because the major variations in the 
oceans proceed about 2 orders of magnitude 
more slowly than in the atmosphere. Compar- 
able models of the oceans are being developed 
[e.g., Bryan and Cox, 1968]. Recently, Manabe 
and Bryan [1969] have reported initial results 
from a model which successfully couples the 
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The polar oceans contain sea ice of many thicknesses ranging from open water to thick pressure ridges. 
Since many of the physical properties of the ice depend upon its thickness, it is natural to expect its large- 
scale geophysical properties to depend on the relative abundance of the various ice types. The ice pack is 
treated as a mixture whose constituents are determined by their thickness and whose composition is deter- 
mined by the area covered by each constituent. A dimensionless function g(h), the ice thickness distribu- 
tion, is defined such that g(h) dh is the fraction of a given area covered by ice of thickness greater than h 
but less than h + dh. A theory is developed to explain how the ice thickness distribution changes in 
response to thermal and mechanical forcing. The theory models the changes in thickness due to melting 
•'hd freezing and the rearrangement of existing ice to form leads and pressure ridges. In its present form 
the model assumes as inputs a growth rate function and the velocity field of the ice pack. The model is 
tested using strain data derived from the positions of three simultaneous manned drifting stations in the 
central Arctic during the period 1962-1964 and growth rates inferred from climatological heat flux 
averages. The results are compared with estimates ofg based on submarine measurements of ice thickness. 

INTRODUCTION 

On a geophysical scale the ice pack can be thought of as a 
mixture of individual constituents which, because of their 
different thicknesses, respond differently to similar thermal 
and mechanical forcing. A given region of pack ice may con- 
tain open water, young ice centimeters thick, multiyear ice a 
few meters thick, and pressure ice up to tens of meters thick 
(Figures 1 and 2). Among the many properties of sea ice 
strongly dependent upon its thickness are compress'ive 
strength, rate of growth, surface temperature, turbulent and 
radiative heat exchange with the atmosphere, potential energy, 
and salt content. Consequently, the aggregate properties of the 
ice pack may be inferred from the properties and relative 
abundance of each constituent. In the first part of this paper 
we describe the small-scale processes involved in producing 
and maintaining ice of different thicknesses, and from these we 
develop a model to describe the large-scale consequences. 

Consider some region R in the ice pack with an area R, and 
with a length scale assumed to be large compared with the 
typical length scales of ridges, leads, and floes. Let A(h•, h•.) be 
the area within R covered by ice of thickness h in the range h• 
< h < ha; we then define the thickness distribution g(h) by 

g(h) dh '-' •,•(hl, h2) (1) 
As we shall discuss later, g(h) is also a function of time and 
position. While little is known regarding spatial or temporal 
variations in g(h) in either polar ocean, there is a spatter of 
data from the central Arctic from which we infer the general 
form of g(h) in that region. Figure 3, after LeSchack et al, 
[[•971] and Swithinbank [1972], shows thickness distributions 
calculated from submarine data. 

Two phenomena act to alter the thickness of floating ice 
and, consequently, cause changes in g(h): thermodynamic 
processes are responsible for mass changes at the upper and 
lower boundaries of the ice, and mechanical processes, 
resulting from the nonuniform motion of the ice, cause the for- 
mation of leads and pressure ridges. The pack ice observed in 
the field is vastly different from the ice that would exist if either 
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of these processes were somehow suppressed. If the ice did not 
deform, for instance, all the ice in a particular climatic region 
would approach a uniform thickness of thermodynamic 
equilibrium. If, on the other hand, the thermodynamics were 
turned off so that there could be no freezing or melting, then 
eventually all the ice thinner than some critical value would be 
heaved up into pressure ridges. Assuming that the rubble pile 
associated with most pressure ridges would remain con- 
solidated, the ice p_ack would then settle into a steady state 
consisting of deformed ice and open water. Despite the 
simplified nature of these examples, they emphasize the critical 
difference in character between the thermodynamics and the 
mechanics: on a yearlong average the thermodynamics strives 
for a single equilibrium thickness by net accretion to the thin 
ice and net ablation from the thick; in contrast, the mechanics 
creates both thick pressure ice and open water. The ther- 
modynamics seeks the mean and the mechanics the extremes. 
The thickness distribution is an historical integral of the con- 
tinuous and simultaneous action of these two processes. 

Except for fast ice near the continental margins the ice pack 
i,s in continual motion, driven by the atmosphere and ocean. 
For reasons not treated here (e.g., thermal cracking and un- 
even hydrostatic loading) we assume that the ice cover is 
isotropic and densely fractured. It is able to move and to 
deform significantly because of concentrated deformations at 
cracks, rather than by even and continuous deformation 
throughout. Figure 4 shows time series of divergence and shear 
on a 1000-km scale in the central Arctic; the values are derived 
from daily position measurements of three contemporaneous 
drifting stations, T-3, Arlis 2, and NP-10, over a 2-year period. 
The data have been smoothed with a time scale of about 1 
week to suppress the rather large measurement errors. (To our 
knowledge, the motions of these and the other 25 or so 
manned drifting stations are not available in published form. 
The data have been collected from many sources and are ac- 
cessible through the office of the Arctic Ice Dynamics Joint 
Experiment (Aidjex)at the University of Washington, Seattle.) 
The motion is seen to be generally diverging, the magnitude of 
the shear being comparable to the divergence. Similar results 
have been obtained on a 100-km scale' over a period of a few 
months [Thorndike, 1974] and on smaller scales by Hibler et al. 
[1974]. These data describe an ice pack that undergoes de- 
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The Energetics of the Plastic Deformation of 
Pack Ice by Ridging 

D. A. ROTHROCK 

University of Washington, Seattle, Washington 98105 

A large-scale area of pack ice contains ice of various thicknesses from zero to many meters. As the area 
deforms, thin ice is ridged into thicker ice, in a way that depends on the strain rate and the instantaneous 
thickness distribution. By equating the plastic work to the production of gravitational potential energy 
and the frictional dissipation in this ridging process we relate the yield curve for plastic deformation of the 
ice pack to the way ice thicknesses are redistributed by ridging. 

INTRODUCTION 

Pack ice is an aggregate of many pieces of floating ice sheets. 
In order for the aggregate to deform significantly, these pieces 
override one another, breaking off blocks and forming long 
sinuous piles of rubble, called pressure ridges, both above the 
ice where they become the dominant feature, and beneath the 
ice projecting down into the ocean. The description of the 
mechanical properties of such an aggregate of floes has been a 
recognized glaciological problem for more than two decades. 
The problem is to determine the stress that must be applied to 
the boundary of a region containing many floes to cause that 
region to deform in a specified way. 

The ice pack has been modeled variously as a viscous 
material [Campbell and Rasmussen, 1972; Hibler, 1974], an in- 
compressible inviscid fluid [Rothrock, 1975], and a cavitating 
fluid [Nikiforov et al., 1967; Doronin, 1970]. Of these three, 
only the assumption of the cavitating behavior is based on any 
professed notion of the actual processes of interaction between 
floes; and the mechanism in that case is that, rather than sup- 
port tensile stress, floes separate, and open water appears. 
Subsequently, more attention has ,been focused on the 
mechanisms of floe interaction which must control the 
behavior of this aggregate. 

The first theory of pack ice as a plastic material was 
presented by Coon [1974], who likened the ice in shear to a 
granular material. To calculate a maximum compressive load 
p*, Coon proposed two controlling mechanisms: breaking of 
pieces in bending by rafting or ridging and the buckling of 
these pieces under the horizontal load. Calculated from the 
buckling loads, p* depended on the thickness of ice involved. 
Thus Coon presented a family of yield surfaces for different ice 
thicknesses. 

In a closer examination of pressure ridging, Parmerter and 
Coon [1973] developed a kinematic model in which they 
retained Coon's mechanism of breaking in bending. The 
buckling was not modeled; in fact, no stresses in the horizontal 
plane were considered explicitly. They deduced the horizontal 
stress by equating the work of this stress to the increase in 
potential energy in the ridge. As in Coon's theory, this stress 
depended on the particular thickness of ice being ridged, 
although in a more complicated way. 

It is our purpose here to generalize the energy arguments of 
Parmerter and Coon and thus to develop a plastic constitutive 
equation for real pack ice in which ice of many different 
thicknesses ridges simultaneously. To do so, we refer to the 
thickness distribution of a large-scale region with its aggregate 
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of thick floes interlaced with thinner ice and to the equation 
governing changes in this distribution [Thorndike et al., 1975]. 
We will then formulate in some detail two energy sinks in 
terms of the thickness distribution: the generation of 
(gravitational) potential energy and the frictional losses in the 
rubble pile of a ridge. The energy relationship is then written 
by equating the work required to deform the ice cover to these 
sinks of energy. We will show that this relationship not only is 
satisfied by a set of plastic constitutive equations, but also 
supplies the yield curve which the plastic equations require be 
given as a material property. 

In our energy equation we neglect two known energy sinks. 
The first of these, the loss due to fracture of the ice sheet into 
blocks as ridging proceeds, was shown by Parmerter and Coon 
to be negligible. The second is the frictional loss in shearing 
between floes; we have no firm estimate of its magnitude, but it 
is probably no greater than the sinks we are including. The 
only basis for this statement is the notion of a Coulomb fric- 
tion model which suggests that the shear stress accompanying 
the shearing of cracks or leads should be equal to some coeffi- 
cient of friction multiplied by the normal load. But we have as- 
serted that the normal loads between floes are controlled by 
the frictional and potential energy of ridge building. Assum- 
ing, then, rough equality between the amounts of strain ac- 
commodated by shear along cracks and by extension or com- 
pression perpendicular to cracks or leads, the ratio of dissipa- 
tion in shear to the dissipation in ridging is approximately 
equal to this coefficient of friction, which is probably smaller 
than unity. 

STRESS, STRAIN RATE, AND THE RATE OF WORK 

We regard the ice cover as a two-dimensional continuum in 
which the floes are much smaller than the scales of horizontal 
motion to be resolved. Although individual floes are not 
represented, the constitutive properties of the continuum will 
depend on mechanisms of floe interaction just as the ideal gas 
law can be derived from a model of colliding molecules. 

These floes push on each other at their common boundaries 
with a stress c• which is the difference between the integral of 
the Cauchy stress through the thickness of the ice and the 
hydrostatic load applied by the water in which the ice floats; 
thus it can be thought of as the average contact stress between 
floes. It should be emphasized that, in our two-dimensional 
problem, what we call stress has the dimensions of force per 
unit length. It is convenient to define invariants a• and a• both 
in terms of the stress tensor and in terms of the principal 
stresses tr• and a•.: 

O' I = (negative pressure) = i(ax + a•.) = }a. 
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A one-dimensional thermodynamic model of sea ice is presented that includes the effects 
of snow cover, ice salinity, and internal heating due to penetration of solar radiation. Surface- 
energy balances determine rates of ablation and accretion; diffusion equations govern heat 
transport within the ice and snow. The incoming radiative and turbulent fluxes, oceanic 
heat flux, ice salinity, snow accumulation, and surface albedo are specified as 'functions of 
time. Starting from an arbitrary initial condition, the model is integrated numerically until 
annual equilibrium patterns of temperature and thickness are achieved. The model is applied 
to the central Arctic. Input values for the initial test of the model are based on observational 
data. Values predicted by the model for the average ice thickness (288 cm), amount of surface 
ablation (40 cm), and the temperature field all agree closely with field observations. 
Other results from the model indicate that, under present conditions, the ocean must supply 
I to 2 kcal/cm -• year to the ice; an additional 4 kcal/cm 2 year would cause the ice to vanish. 
Annual snow depths less than 70 cm are shown to have little effect on equilibrium thickness; 
snow depths greater than 70 cm would result in much thicker ice. Comparison of observed and 
calculated temperature profiles suggest that about 2.0 to 2.5 kcal/cm '• year of the incoming 
short-wave radiation penetrates the ice and contributes to internal heating. Average ice albedos 
under 0.50 would cause the ice to vanish in a few years. 

Sea ice accounts (in areal extent) for nearly 
two-thirds of the earth's ice cover. Unlike the 
polar icecaps and alpine glaciers, its vertical 
dimension is small compared to its horizontal 
extent. In the Arctic, ice thickness averages 
2-4 meters [Lyon, 1961; Wittmann and Schule, 
1966]; however, there is a continuous frequency 
distribution from only a few centimeters for 
young ice to several tens of meters for pressure 
ice. Relatively minor changes in climate can thus 
produce large changes in the areal extent of the 
ice cover, significantly affecting the large-scale 
transfer of energy between the atmosphere and 
oceans. In some circumstances this might result 
in a positive feedback process that could con- 
tinue to magnify the original change. Such con- 
siderations have led numerous investigators to 
look to the polar regions for a source of cli- 
matic changes associated with the ice ages of 
the Quaternary [Brooks, 1949; Ewing and 
Donn, 1956, 1958; Do•n and Ewing, 1966; 
Budyko, 1966; Fletcher, 1969]. 

x Contribution 236, Department of Atmospheric 
Sciences, University of Washington, Seattle. 
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There is little doubt that there is an intimate 
connection between the state of the ice pack 
and hemispheric weather patterns, but it must be 
remembered that the atmosphere, oceans, and 
ice cover are all components of a single thermo- 
dynamic system, and a change in any one part 
necessarily resu!ts in compensating changes in 
the others. Separation of cause and effect is a 
necessary prerequisite to understanding the 
system. Although the physical principles govern- 
ing the operation of each component are rela- 
tively well understood, complete solution of 
such a system is now beyond the range of our 
abilities. 

Efforts to numerically simulate the behavior 
of the atmosphere have been highly successful. 
Even though the simulations do not completely 
describe atmospheric and oceanic interactions, 
short and medium-range forecasts have proven 
accurate because the major variations in the 
oceans proceed about 2 orders of magnitude 
more slowly than in the atmosphere. Compar- 
able models of the oceans are being developed 
[e.g., Bryan and Cox, 1968]. Recently, Manabe 
and Bryan [1969] have reported initial results 
from a model which successfully couples the 
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The polar oceans contain sea ice of many thicknesses ranging from open water to thick pressure ridges. 
Since many of the physical properties of the ice depend upon its thickness, it is natural to expect its large- 
scale geophysical properties to depend on the relative abundance of the various ice types. The ice pack is 
treated as a mixture whose constituents are determined by their thickness and whose composition is deter- 
mined by the area covered by each constituent. A dimensionless function g(h), the ice thickness distribu- 
tion, is defined such that g(h) dh is the fraction of a given area covered by ice of thickness greater than h 
but less than h + dh. A theory is developed to explain how the ice thickness distribution changes in 
response to thermal and mechanical forcing. The theory models the changes in thickness due to melting 
•'hd freezing and the rearrangement of existing ice to form leads and pressure ridges. In its present form 
the model assumes as inputs a growth rate function and the velocity field of the ice pack. The model is 
tested using strain data derived from the positions of three simultaneous manned drifting stations in the 
central Arctic during the period 1962-1964 and growth rates inferred from climatological heat flux 
averages. The results are compared with estimates ofg based on submarine measurements of ice thickness. 

INTRODUCTION 

On a geophysical scale the ice pack can be thought of as a 
mixture of individual constituents which, because of their 
different thicknesses, respond differently to similar thermal 
and mechanical forcing. A given region of pack ice may con- 
tain open water, young ice centimeters thick, multiyear ice a 
few meters thick, and pressure ice up to tens of meters thick 
(Figures 1 and 2). Among the many properties of sea ice 
strongly dependent upon its thickness are compress'ive 
strength, rate of growth, surface temperature, turbulent and 
radiative heat exchange with the atmosphere, potential energy, 
and salt content. Consequently, the aggregate properties of the 
ice pack may be inferred from the properties and relative 
abundance of each constituent. In the first part of this paper 
we describe the small-scale processes involved in producing 
and maintaining ice of different thicknesses, and from these we 
develop a model to describe the large-scale consequences. 

Consider some region R in the ice pack with an area R, and 
with a length scale assumed to be large compared with the 
typical length scales of ridges, leads, and floes. Let A(h•, h•.) be 
the area within R covered by ice of thickness h in the range h• 
< h < ha; we then define the thickness distribution g(h) by 

g(h) dh '-' •,•(hl, h2) (1) 
As we shall discuss later, g(h) is also a function of time and 
position. While little is known regarding spatial or temporal 
variations in g(h) in either polar ocean, there is a spatter of 
data from the central Arctic from which we infer the general 
form of g(h) in that region. Figure 3, after LeSchack et al, 
[[•971] and Swithinbank [1972], shows thickness distributions 
calculated from submarine data. 

Two phenomena act to alter the thickness of floating ice 
and, consequently, cause changes in g(h): thermodynamic 
processes are responsible for mass changes at the upper and 
lower boundaries of the ice, and mechanical processes, 
resulting from the nonuniform motion of the ice, cause the for- 
mation of leads and pressure ridges. The pack ice observed in 
the field is vastly different from the ice that would exist if either 
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of these processes were somehow suppressed. If the ice did not 
deform, for instance, all the ice in a particular climatic region 
would approach a uniform thickness of thermodynamic 
equilibrium. If, on the other hand, the thermodynamics were 
turned off so that there could be no freezing or melting, then 
eventually all the ice thinner than some critical value would be 
heaved up into pressure ridges. Assuming that the rubble pile 
associated with most pressure ridges would remain con- 
solidated, the ice p_ack would then settle into a steady state 
consisting of deformed ice and open water. Despite the 
simplified nature of these examples, they emphasize the critical 
difference in character between the thermodynamics and the 
mechanics: on a yearlong average the thermodynamics strives 
for a single equilibrium thickness by net accretion to the thin 
ice and net ablation from the thick; in contrast, the mechanics 
creates both thick pressure ice and open water. The ther- 
modynamics seeks the mean and the mechanics the extremes. 
The thickness distribution is an historical integral of the con- 
tinuous and simultaneous action of these two processes. 

Except for fast ice near the continental margins the ice pack 
i,s in continual motion, driven by the atmosphere and ocean. 
For reasons not treated here (e.g., thermal cracking and un- 
even hydrostatic loading) we assume that the ice cover is 
isotropic and densely fractured. It is able to move and to 
deform significantly because of concentrated deformations at 
cracks, rather than by even and continuous deformation 
throughout. Figure 4 shows time series of divergence and shear 
on a 1000-km scale in the central Arctic; the values are derived 
from daily position measurements of three contemporaneous 
drifting stations, T-3, Arlis 2, and NP-10, over a 2-year period. 
The data have been smoothed with a time scale of about 1 
week to suppress the rather large measurement errors. (To our 
knowledge, the motions of these and the other 25 or so 
manned drifting stations are not available in published form. 
The data have been collected from many sources and are ac- 
cessible through the office of the Arctic Ice Dynamics Joint 
Experiment (Aidjex)at the University of Washington, Seattle.) 
The motion is seen to be generally diverging, the magnitude of 
the shear being comparable to the divergence. Similar results 
have been obtained on a 100-km scale' over a period of a few 
months [Thorndike, 1974] and on smaller scales by Hibler et al. 
[1974]. These data describe an ice pack that undergoes de- 
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Pack Ice by Ridging 

D. A. ROTHROCK 
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A large-scale area of pack ice contains ice of various thicknesses from zero to many meters. As the area 
deforms, thin ice is ridged into thicker ice, in a way that depends on the strain rate and the instantaneous 
thickness distribution. By equating the plastic work to the production of gravitational potential energy 
and the frictional dissipation in this ridging process we relate the yield curve for plastic deformation of the 
ice pack to the way ice thicknesses are redistributed by ridging. 

INTRODUCTION 

Pack ice is an aggregate of many pieces of floating ice sheets. 
In order for the aggregate to deform significantly, these pieces 
override one another, breaking off blocks and forming long 
sinuous piles of rubble, called pressure ridges, both above the 
ice where they become the dominant feature, and beneath the 
ice projecting down into the ocean. The description of the 
mechanical properties of such an aggregate of floes has been a 
recognized glaciological problem for more than two decades. 
The problem is to determine the stress that must be applied to 
the boundary of a region containing many floes to cause that 
region to deform in a specified way. 

The ice pack has been modeled variously as a viscous 
material [Campbell and Rasmussen, 1972; Hibler, 1974], an in- 
compressible inviscid fluid [Rothrock, 1975], and a cavitating 
fluid [Nikiforov et al., 1967; Doronin, 1970]. Of these three, 
only the assumption of the cavitating behavior is based on any 
professed notion of the actual processes of interaction between 
floes; and the mechanism in that case is that, rather than sup- 
port tensile stress, floes separate, and open water appears. 
Subsequently, more attention has ,been focused on the 
mechanisms of floe interaction which must control the 
behavior of this aggregate. 

The first theory of pack ice as a plastic material was 
presented by Coon [1974], who likened the ice in shear to a 
granular material. To calculate a maximum compressive load 
p*, Coon proposed two controlling mechanisms: breaking of 
pieces in bending by rafting or ridging and the buckling of 
these pieces under the horizontal load. Calculated from the 
buckling loads, p* depended on the thickness of ice involved. 
Thus Coon presented a family of yield surfaces for different ice 
thicknesses. 

In a closer examination of pressure ridging, Parmerter and 
Coon [1973] developed a kinematic model in which they 
retained Coon's mechanism of breaking in bending. The 
buckling was not modeled; in fact, no stresses in the horizontal 
plane were considered explicitly. They deduced the horizontal 
stress by equating the work of this stress to the increase in 
potential energy in the ridge. As in Coon's theory, this stress 
depended on the particular thickness of ice being ridged, 
although in a more complicated way. 

It is our purpose here to generalize the energy arguments of 
Parmerter and Coon and thus to develop a plastic constitutive 
equation for real pack ice in which ice of many different 
thicknesses ridges simultaneously. To do so, we refer to the 
thickness distribution of a large-scale region with its aggregate 
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of thick floes interlaced with thinner ice and to the equation 
governing changes in this distribution [Thorndike et al., 1975]. 
We will then formulate in some detail two energy sinks in 
terms of the thickness distribution: the generation of 
(gravitational) potential energy and the frictional losses in the 
rubble pile of a ridge. The energy relationship is then written 
by equating the work required to deform the ice cover to these 
sinks of energy. We will show that this relationship not only is 
satisfied by a set of plastic constitutive equations, but also 
supplies the yield curve which the plastic equations require be 
given as a material property. 

In our energy equation we neglect two known energy sinks. 
The first of these, the loss due to fracture of the ice sheet into 
blocks as ridging proceeds, was shown by Parmerter and Coon 
to be negligible. The second is the frictional loss in shearing 
between floes; we have no firm estimate of its magnitude, but it 
is probably no greater than the sinks we are including. The 
only basis for this statement is the notion of a Coulomb fric- 
tion model which suggests that the shear stress accompanying 
the shearing of cracks or leads should be equal to some coeffi- 
cient of friction multiplied by the normal load. But we have as- 
serted that the normal loads between floes are controlled by 
the frictional and potential energy of ridge building. Assum- 
ing, then, rough equality between the amounts of strain ac- 
commodated by shear along cracks and by extension or com- 
pression perpendicular to cracks or leads, the ratio of dissipa- 
tion in shear to the dissipation in ridging is approximately 
equal to this coefficient of friction, which is probably smaller 
than unity. 

STRESS, STRAIN RATE, AND THE RATE OF WORK 

We regard the ice cover as a two-dimensional continuum in 
which the floes are much smaller than the scales of horizontal 
motion to be resolved. Although individual floes are not 
represented, the constitutive properties of the continuum will 
depend on mechanisms of floe interaction just as the ideal gas 
law can be derived from a model of colliding molecules. 

These floes push on each other at their common boundaries 
with a stress c• which is the difference between the integral of 
the Cauchy stress through the thickness of the ice and the 
hydrostatic load applied by the water in which the ice floats; 
thus it can be thought of as the average contact stress between 
floes. It should be emphasized that, in our two-dimensional 
problem, what we call stress has the dimensions of force per 
unit length. It is convenient to define invariants a• and a• both 
in terms of the stress tensor and in terms of the principal 
stresses tr• and a•.: 

O' I = (negative pressure) = i(ax + a•.) = }a. 
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A one-dimensional thermodynamic model of sea ice is presented that includes the effects 
of snow cover, ice salinity, and internal heating due to penetration of solar radiation. Surface- 
energy balances determine rates of ablation and accretion; diffusion equations govern heat 
transport within the ice and snow. The incoming radiative and turbulent fluxes, oceanic 
heat flux, ice salinity, snow accumulation, and surface albedo are specified as 'functions of 
time. Starting from an arbitrary initial condition, the model is integrated numerically until 
annual equilibrium patterns of temperature and thickness are achieved. The model is applied 
to the central Arctic. Input values for the initial test of the model are based on observational 
data. Values predicted by the model for the average ice thickness (288 cm), amount of surface 
ablation (40 cm), and the temperature field all agree closely with field observations. 
Other results from the model indicate that, under present conditions, the ocean must supply 
I to 2 kcal/cm -• year to the ice; an additional 4 kcal/cm 2 year would cause the ice to vanish. 
Annual snow depths less than 70 cm are shown to have little effect on equilibrium thickness; 
snow depths greater than 70 cm would result in much thicker ice. Comparison of observed and 
calculated temperature profiles suggest that about 2.0 to 2.5 kcal/cm '• year of the incoming 
short-wave radiation penetrates the ice and contributes to internal heating. Average ice albedos 
under 0.50 would cause the ice to vanish in a few years. 

Sea ice accounts (in areal extent) for nearly 
two-thirds of the earth's ice cover. Unlike the 
polar icecaps and alpine glaciers, its vertical 
dimension is small compared to its horizontal 
extent. In the Arctic, ice thickness averages 
2-4 meters [Lyon, 1961; Wittmann and Schule, 
1966]; however, there is a continuous frequency 
distribution from only a few centimeters for 
young ice to several tens of meters for pressure 
ice. Relatively minor changes in climate can thus 
produce large changes in the areal extent of the 
ice cover, significantly affecting the large-scale 
transfer of energy between the atmosphere and 
oceans. In some circumstances this might result 
in a positive feedback process that could con- 
tinue to magnify the original change. Such con- 
siderations have led numerous investigators to 
look to the polar regions for a source of cli- 
matic changes associated with the ice ages of 
the Quaternary [Brooks, 1949; Ewing and 
Donn, 1956, 1958; Do•n and Ewing, 1966; 
Budyko, 1966; Fletcher, 1969]. 

x Contribution 236, Department of Atmospheric 
Sciences, University of Washington, Seattle. 
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There is little doubt that there is an intimate 
connection between the state of the ice pack 
and hemispheric weather patterns, but it must be 
remembered that the atmosphere, oceans, and 
ice cover are all components of a single thermo- 
dynamic system, and a change in any one part 
necessarily resu!ts in compensating changes in 
the others. Separation of cause and effect is a 
necessary prerequisite to understanding the 
system. Although the physical principles govern- 
ing the operation of each component are rela- 
tively well understood, complete solution of 
such a system is now beyond the range of our 
abilities. 

Efforts to numerically simulate the behavior 
of the atmosphere have been highly successful. 
Even though the simulations do not completely 
describe atmospheric and oceanic interactions, 
short and medium-range forecasts have proven 
accurate because the major variations in the 
oceans proceed about 2 orders of magnitude 
more slowly than in the atmosphere. Compar- 
able models of the oceans are being developed 
[e.g., Bryan and Cox, 1968]. Recently, Manabe 
and Bryan [1969] have reported initial results 
from a model which successfully couples the 
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The polar oceans contain sea ice of many thicknesses ranging from open water to thick pressure ridges. 
Since many of the physical properties of the ice depend upon its thickness, it is natural to expect its large- 
scale geophysical properties to depend on the relative abundance of the various ice types. The ice pack is 
treated as a mixture whose constituents are determined by their thickness and whose composition is deter- 
mined by the area covered by each constituent. A dimensionless function g(h), the ice thickness distribu- 
tion, is defined such that g(h) dh is the fraction of a given area covered by ice of thickness greater than h 
but less than h + dh. A theory is developed to explain how the ice thickness distribution changes in 
response to thermal and mechanical forcing. The theory models the changes in thickness due to melting 
•'hd freezing and the rearrangement of existing ice to form leads and pressure ridges. In its present form 
the model assumes as inputs a growth rate function and the velocity field of the ice pack. The model is 
tested using strain data derived from the positions of three simultaneous manned drifting stations in the 
central Arctic during the period 1962-1964 and growth rates inferred from climatological heat flux 
averages. The results are compared with estimates ofg based on submarine measurements of ice thickness. 

INTRODUCTION 

On a geophysical scale the ice pack can be thought of as a 
mixture of individual constituents which, because of their 
different thicknesses, respond differently to similar thermal 
and mechanical forcing. A given region of pack ice may con- 
tain open water, young ice centimeters thick, multiyear ice a 
few meters thick, and pressure ice up to tens of meters thick 
(Figures 1 and 2). Among the many properties of sea ice 
strongly dependent upon its thickness are compress'ive 
strength, rate of growth, surface temperature, turbulent and 
radiative heat exchange with the atmosphere, potential energy, 
and salt content. Consequently, the aggregate properties of the 
ice pack may be inferred from the properties and relative 
abundance of each constituent. In the first part of this paper 
we describe the small-scale processes involved in producing 
and maintaining ice of different thicknesses, and from these we 
develop a model to describe the large-scale consequences. 

Consider some region R in the ice pack with an area R, and 
with a length scale assumed to be large compared with the 
typical length scales of ridges, leads, and floes. Let A(h•, h•.) be 
the area within R covered by ice of thickness h in the range h• 
< h < ha; we then define the thickness distribution g(h) by 

g(h) dh '-' •,•(hl, h2) (1) 
As we shall discuss later, g(h) is also a function of time and 
position. While little is known regarding spatial or temporal 
variations in g(h) in either polar ocean, there is a spatter of 
data from the central Arctic from which we infer the general 
form of g(h) in that region. Figure 3, after LeSchack et al, 
[[•971] and Swithinbank [1972], shows thickness distributions 
calculated from submarine data. 

Two phenomena act to alter the thickness of floating ice 
and, consequently, cause changes in g(h): thermodynamic 
processes are responsible for mass changes at the upper and 
lower boundaries of the ice, and mechanical processes, 
resulting from the nonuniform motion of the ice, cause the for- 
mation of leads and pressure ridges. The pack ice observed in 
the field is vastly different from the ice that would exist if either 
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of these processes were somehow suppressed. If the ice did not 
deform, for instance, all the ice in a particular climatic region 
would approach a uniform thickness of thermodynamic 
equilibrium. If, on the other hand, the thermodynamics were 
turned off so that there could be no freezing or melting, then 
eventually all the ice thinner than some critical value would be 
heaved up into pressure ridges. Assuming that the rubble pile 
associated with most pressure ridges would remain con- 
solidated, the ice p_ack would then settle into a steady state 
consisting of deformed ice and open water. Despite the 
simplified nature of these examples, they emphasize the critical 
difference in character between the thermodynamics and the 
mechanics: on a yearlong average the thermodynamics strives 
for a single equilibrium thickness by net accretion to the thin 
ice and net ablation from the thick; in contrast, the mechanics 
creates both thick pressure ice and open water. The ther- 
modynamics seeks the mean and the mechanics the extremes. 
The thickness distribution is an historical integral of the con- 
tinuous and simultaneous action of these two processes. 

Except for fast ice near the continental margins the ice pack 
i,s in continual motion, driven by the atmosphere and ocean. 
For reasons not treated here (e.g., thermal cracking and un- 
even hydrostatic loading) we assume that the ice cover is 
isotropic and densely fractured. It is able to move and to 
deform significantly because of concentrated deformations at 
cracks, rather than by even and continuous deformation 
throughout. Figure 4 shows time series of divergence and shear 
on a 1000-km scale in the central Arctic; the values are derived 
from daily position measurements of three contemporaneous 
drifting stations, T-3, Arlis 2, and NP-10, over a 2-year period. 
The data have been smoothed with a time scale of about 1 
week to suppress the rather large measurement errors. (To our 
knowledge, the motions of these and the other 25 or so 
manned drifting stations are not available in published form. 
The data have been collected from many sources and are ac- 
cessible through the office of the Arctic Ice Dynamics Joint 
Experiment (Aidjex)at the University of Washington, Seattle.) 
The motion is seen to be generally diverging, the magnitude of 
the shear being comparable to the divergence. Similar results 
have been obtained on a 100-km scale' over a period of a few 
months [Thorndike, 1974] and on smaller scales by Hibler et al. 
[1974]. These data describe an ice pack that undergoes de- 
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A large-scale area of pack ice contains ice of various thicknesses from zero to many meters. As the area 
deforms, thin ice is ridged into thicker ice, in a way that depends on the strain rate and the instantaneous 
thickness distribution. By equating the plastic work to the production of gravitational potential energy 
and the frictional dissipation in this ridging process we relate the yield curve for plastic deformation of the 
ice pack to the way ice thicknesses are redistributed by ridging. 

INTRODUCTION 

Pack ice is an aggregate of many pieces of floating ice sheets. 
In order for the aggregate to deform significantly, these pieces 
override one another, breaking off blocks and forming long 
sinuous piles of rubble, called pressure ridges, both above the 
ice where they become the dominant feature, and beneath the 
ice projecting down into the ocean. The description of the 
mechanical properties of such an aggregate of floes has been a 
recognized glaciological problem for more than two decades. 
The problem is to determine the stress that must be applied to 
the boundary of a region containing many floes to cause that 
region to deform in a specified way. 

The ice pack has been modeled variously as a viscous 
material [Campbell and Rasmussen, 1972; Hibler, 1974], an in- 
compressible inviscid fluid [Rothrock, 1975], and a cavitating 
fluid [Nikiforov et al., 1967; Doronin, 1970]. Of these three, 
only the assumption of the cavitating behavior is based on any 
professed notion of the actual processes of interaction between 
floes; and the mechanism in that case is that, rather than sup- 
port tensile stress, floes separate, and open water appears. 
Subsequently, more attention has ,been focused on the 
mechanisms of floe interaction which must control the 
behavior of this aggregate. 

The first theory of pack ice as a plastic material was 
presented by Coon [1974], who likened the ice in shear to a 
granular material. To calculate a maximum compressive load 
p*, Coon proposed two controlling mechanisms: breaking of 
pieces in bending by rafting or ridging and the buckling of 
these pieces under the horizontal load. Calculated from the 
buckling loads, p* depended on the thickness of ice involved. 
Thus Coon presented a family of yield surfaces for different ice 
thicknesses. 

In a closer examination of pressure ridging, Parmerter and 
Coon [1973] developed a kinematic model in which they 
retained Coon's mechanism of breaking in bending. The 
buckling was not modeled; in fact, no stresses in the horizontal 
plane were considered explicitly. They deduced the horizontal 
stress by equating the work of this stress to the increase in 
potential energy in the ridge. As in Coon's theory, this stress 
depended on the particular thickness of ice being ridged, 
although in a more complicated way. 

It is our purpose here to generalize the energy arguments of 
Parmerter and Coon and thus to develop a plastic constitutive 
equation for real pack ice in which ice of many different 
thicknesses ridges simultaneously. To do so, we refer to the 
thickness distribution of a large-scale region with its aggregate 
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of thick floes interlaced with thinner ice and to the equation 
governing changes in this distribution [Thorndike et al., 1975]. 
We will then formulate in some detail two energy sinks in 
terms of the thickness distribution: the generation of 
(gravitational) potential energy and the frictional losses in the 
rubble pile of a ridge. The energy relationship is then written 
by equating the work required to deform the ice cover to these 
sinks of energy. We will show that this relationship not only is 
satisfied by a set of plastic constitutive equations, but also 
supplies the yield curve which the plastic equations require be 
given as a material property. 

In our energy equation we neglect two known energy sinks. 
The first of these, the loss due to fracture of the ice sheet into 
blocks as ridging proceeds, was shown by Parmerter and Coon 
to be negligible. The second is the frictional loss in shearing 
between floes; we have no firm estimate of its magnitude, but it 
is probably no greater than the sinks we are including. The 
only basis for this statement is the notion of a Coulomb fric- 
tion model which suggests that the shear stress accompanying 
the shearing of cracks or leads should be equal to some coeffi- 
cient of friction multiplied by the normal load. But we have as- 
serted that the normal loads between floes are controlled by 
the frictional and potential energy of ridge building. Assum- 
ing, then, rough equality between the amounts of strain ac- 
commodated by shear along cracks and by extension or com- 
pression perpendicular to cracks or leads, the ratio of dissipa- 
tion in shear to the dissipation in ridging is approximately 
equal to this coefficient of friction, which is probably smaller 
than unity. 

STRESS, STRAIN RATE, AND THE RATE OF WORK 

We regard the ice cover as a two-dimensional continuum in 
which the floes are much smaller than the scales of horizontal 
motion to be resolved. Although individual floes are not 
represented, the constitutive properties of the continuum will 
depend on mechanisms of floe interaction just as the ideal gas 
law can be derived from a model of colliding molecules. 

These floes push on each other at their common boundaries 
with a stress c• which is the difference between the integral of 
the Cauchy stress through the thickness of the ice and the 
hydrostatic load applied by the water in which the ice floats; 
thus it can be thought of as the average contact stress between 
floes. It should be emphasized that, in our two-dimensional 
problem, what we call stress has the dimensions of force per 
unit length. It is convenient to define invariants a• and a• both 
in terms of the stress tensor and in terms of the principal 
stresses tr• and a•.: 

O' I = (negative pressure) = i(ax + a•.) = }a. 
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A one-dimensional thermodynamic model of sea ice is presented that includes the effects 
of snow cover, ice salinity, and internal heating due to penetration of solar radiation. Surface- 
energy balances determine rates of ablation and accretion; diffusion equations govern heat 
transport within the ice and snow. The incoming radiative and turbulent fluxes, oceanic 
heat flux, ice salinity, snow accumulation, and surface albedo are specified as 'functions of 
time. Starting from an arbitrary initial condition, the model is integrated numerically until 
annual equilibrium patterns of temperature and thickness are achieved. The model is applied 
to the central Arctic. Input values for the initial test of the model are based on observational 
data. Values predicted by the model for the average ice thickness (288 cm), amount of surface 
ablation (40 cm), and the temperature field all agree closely with field observations. 
Other results from the model indicate that, under present conditions, the ocean must supply 
I to 2 kcal/cm -• year to the ice; an additional 4 kcal/cm 2 year would cause the ice to vanish. 
Annual snow depths less than 70 cm are shown to have little effect on equilibrium thickness; 
snow depths greater than 70 cm would result in much thicker ice. Comparison of observed and 
calculated temperature profiles suggest that about 2.0 to 2.5 kcal/cm '• year of the incoming 
short-wave radiation penetrates the ice and contributes to internal heating. Average ice albedos 
under 0.50 would cause the ice to vanish in a few years. 

Sea ice accounts (in areal extent) for nearly 
two-thirds of the earth's ice cover. Unlike the 
polar icecaps and alpine glaciers, its vertical 
dimension is small compared to its horizontal 
extent. In the Arctic, ice thickness averages 
2-4 meters [Lyon, 1961; Wittmann and Schule, 
1966]; however, there is a continuous frequency 
distribution from only a few centimeters for 
young ice to several tens of meters for pressure 
ice. Relatively minor changes in climate can thus 
produce large changes in the areal extent of the 
ice cover, significantly affecting the large-scale 
transfer of energy between the atmosphere and 
oceans. In some circumstances this might result 
in a positive feedback process that could con- 
tinue to magnify the original change. Such con- 
siderations have led numerous investigators to 
look to the polar regions for a source of cli- 
matic changes associated with the ice ages of 
the Quaternary [Brooks, 1949; Ewing and 
Donn, 1956, 1958; Do•n and Ewing, 1966; 
Budyko, 1966; Fletcher, 1969]. 

x Contribution 236, Department of Atmospheric 
Sciences, University of Washington, Seattle. 
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There is little doubt that there is an intimate 
connection between the state of the ice pack 
and hemispheric weather patterns, but it must be 
remembered that the atmosphere, oceans, and 
ice cover are all components of a single thermo- 
dynamic system, and a change in any one part 
necessarily resu!ts in compensating changes in 
the others. Separation of cause and effect is a 
necessary prerequisite to understanding the 
system. Although the physical principles govern- 
ing the operation of each component are rela- 
tively well understood, complete solution of 
such a system is now beyond the range of our 
abilities. 

Efforts to numerically simulate the behavior 
of the atmosphere have been highly successful. 
Even though the simulations do not completely 
describe atmospheric and oceanic interactions, 
short and medium-range forecasts have proven 
accurate because the major variations in the 
oceans proceed about 2 orders of magnitude 
more slowly than in the atmosphere. Compar- 
able models of the oceans are being developed 
[e.g., Bryan and Cox, 1968]. Recently, Manabe 
and Bryan [1969] have reported initial results 
from a model which successfully couples the 
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The polar oceans contain sea ice of many thicknesses ranging from open water to thick pressure ridges. 
Since many of the physical properties of the ice depend upon its thickness, it is natural to expect its large- 
scale geophysical properties to depend on the relative abundance of the various ice types. The ice pack is 
treated as a mixture whose constituents are determined by their thickness and whose composition is deter- 
mined by the area covered by each constituent. A dimensionless function g(h), the ice thickness distribu- 
tion, is defined such that g(h) dh is the fraction of a given area covered by ice of thickness greater than h 
but less than h + dh. A theory is developed to explain how the ice thickness distribution changes in 
response to thermal and mechanical forcing. The theory models the changes in thickness due to melting 
•'hd freezing and the rearrangement of existing ice to form leads and pressure ridges. In its present form 
the model assumes as inputs a growth rate function and the velocity field of the ice pack. The model is 
tested using strain data derived from the positions of three simultaneous manned drifting stations in the 
central Arctic during the period 1962-1964 and growth rates inferred from climatological heat flux 
averages. The results are compared with estimates ofg based on submarine measurements of ice thickness. 

INTRODUCTION 

On a geophysical scale the ice pack can be thought of as a 
mixture of individual constituents which, because of their 
different thicknesses, respond differently to similar thermal 
and mechanical forcing. A given region of pack ice may con- 
tain open water, young ice centimeters thick, multiyear ice a 
few meters thick, and pressure ice up to tens of meters thick 
(Figures 1 and 2). Among the many properties of sea ice 
strongly dependent upon its thickness are compress'ive 
strength, rate of growth, surface temperature, turbulent and 
radiative heat exchange with the atmosphere, potential energy, 
and salt content. Consequently, the aggregate properties of the 
ice pack may be inferred from the properties and relative 
abundance of each constituent. In the first part of this paper 
we describe the small-scale processes involved in producing 
and maintaining ice of different thicknesses, and from these we 
develop a model to describe the large-scale consequences. 

Consider some region R in the ice pack with an area R, and 
with a length scale assumed to be large compared with the 
typical length scales of ridges, leads, and floes. Let A(h•, h•.) be 
the area within R covered by ice of thickness h in the range h• 
< h < ha; we then define the thickness distribution g(h) by 

g(h) dh '-' •,•(hl, h2) (1) 
As we shall discuss later, g(h) is also a function of time and 
position. While little is known regarding spatial or temporal 
variations in g(h) in either polar ocean, there is a spatter of 
data from the central Arctic from which we infer the general 
form of g(h) in that region. Figure 3, after LeSchack et al, 
[[•971] and Swithinbank [1972], shows thickness distributions 
calculated from submarine data. 

Two phenomena act to alter the thickness of floating ice 
and, consequently, cause changes in g(h): thermodynamic 
processes are responsible for mass changes at the upper and 
lower boundaries of the ice, and mechanical processes, 
resulting from the nonuniform motion of the ice, cause the for- 
mation of leads and pressure ridges. The pack ice observed in 
the field is vastly different from the ice that would exist if either 
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of these processes were somehow suppressed. If the ice did not 
deform, for instance, all the ice in a particular climatic region 
would approach a uniform thickness of thermodynamic 
equilibrium. If, on the other hand, the thermodynamics were 
turned off so that there could be no freezing or melting, then 
eventually all the ice thinner than some critical value would be 
heaved up into pressure ridges. Assuming that the rubble pile 
associated with most pressure ridges would remain con- 
solidated, the ice p_ack would then settle into a steady state 
consisting of deformed ice and open water. Despite the 
simplified nature of these examples, they emphasize the critical 
difference in character between the thermodynamics and the 
mechanics: on a yearlong average the thermodynamics strives 
for a single equilibrium thickness by net accretion to the thin 
ice and net ablation from the thick; in contrast, the mechanics 
creates both thick pressure ice and open water. The ther- 
modynamics seeks the mean and the mechanics the extremes. 
The thickness distribution is an historical integral of the con- 
tinuous and simultaneous action of these two processes. 

Except for fast ice near the continental margins the ice pack 
i,s in continual motion, driven by the atmosphere and ocean. 
For reasons not treated here (e.g., thermal cracking and un- 
even hydrostatic loading) we assume that the ice cover is 
isotropic and densely fractured. It is able to move and to 
deform significantly because of concentrated deformations at 
cracks, rather than by even and continuous deformation 
throughout. Figure 4 shows time series of divergence and shear 
on a 1000-km scale in the central Arctic; the values are derived 
from daily position measurements of three contemporaneous 
drifting stations, T-3, Arlis 2, and NP-10, over a 2-year period. 
The data have been smoothed with a time scale of about 1 
week to suppress the rather large measurement errors. (To our 
knowledge, the motions of these and the other 25 or so 
manned drifting stations are not available in published form. 
The data have been collected from many sources and are ac- 
cessible through the office of the Arctic Ice Dynamics Joint 
Experiment (Aidjex)at the University of Washington, Seattle.) 
The motion is seen to be generally diverging, the magnitude of 
the shear being comparable to the divergence. Similar results 
have been obtained on a 100-km scale' over a period of a few 
months [Thorndike, 1974] and on smaller scales by Hibler et al. 
[1974]. These data describe an ice pack that undergoes de- 
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A large-scale area of pack ice contains ice of various thicknesses from zero to many meters. As the area 
deforms, thin ice is ridged into thicker ice, in a way that depends on the strain rate and the instantaneous 
thickness distribution. By equating the plastic work to the production of gravitational potential energy 
and the frictional dissipation in this ridging process we relate the yield curve for plastic deformation of the 
ice pack to the way ice thicknesses are redistributed by ridging. 

INTRODUCTION 

Pack ice is an aggregate of many pieces of floating ice sheets. 
In order for the aggregate to deform significantly, these pieces 
override one another, breaking off blocks and forming long 
sinuous piles of rubble, called pressure ridges, both above the 
ice where they become the dominant feature, and beneath the 
ice projecting down into the ocean. The description of the 
mechanical properties of such an aggregate of floes has been a 
recognized glaciological problem for more than two decades. 
The problem is to determine the stress that must be applied to 
the boundary of a region containing many floes to cause that 
region to deform in a specified way. 

The ice pack has been modeled variously as a viscous 
material [Campbell and Rasmussen, 1972; Hibler, 1974], an in- 
compressible inviscid fluid [Rothrock, 1975], and a cavitating 
fluid [Nikiforov et al., 1967; Doronin, 1970]. Of these three, 
only the assumption of the cavitating behavior is based on any 
professed notion of the actual processes of interaction between 
floes; and the mechanism in that case is that, rather than sup- 
port tensile stress, floes separate, and open water appears. 
Subsequently, more attention has ,been focused on the 
mechanisms of floe interaction which must control the 
behavior of this aggregate. 

The first theory of pack ice as a plastic material was 
presented by Coon [1974], who likened the ice in shear to a 
granular material. To calculate a maximum compressive load 
p*, Coon proposed two controlling mechanisms: breaking of 
pieces in bending by rafting or ridging and the buckling of 
these pieces under the horizontal load. Calculated from the 
buckling loads, p* depended on the thickness of ice involved. 
Thus Coon presented a family of yield surfaces for different ice 
thicknesses. 

In a closer examination of pressure ridging, Parmerter and 
Coon [1973] developed a kinematic model in which they 
retained Coon's mechanism of breaking in bending. The 
buckling was not modeled; in fact, no stresses in the horizontal 
plane were considered explicitly. They deduced the horizontal 
stress by equating the work of this stress to the increase in 
potential energy in the ridge. As in Coon's theory, this stress 
depended on the particular thickness of ice being ridged, 
although in a more complicated way. 

It is our purpose here to generalize the energy arguments of 
Parmerter and Coon and thus to develop a plastic constitutive 
equation for real pack ice in which ice of many different 
thicknesses ridges simultaneously. To do so, we refer to the 
thickness distribution of a large-scale region with its aggregate 
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of thick floes interlaced with thinner ice and to the equation 
governing changes in this distribution [Thorndike et al., 1975]. 
We will then formulate in some detail two energy sinks in 
terms of the thickness distribution: the generation of 
(gravitational) potential energy and the frictional losses in the 
rubble pile of a ridge. The energy relationship is then written 
by equating the work required to deform the ice cover to these 
sinks of energy. We will show that this relationship not only is 
satisfied by a set of plastic constitutive equations, but also 
supplies the yield curve which the plastic equations require be 
given as a material property. 

In our energy equation we neglect two known energy sinks. 
The first of these, the loss due to fracture of the ice sheet into 
blocks as ridging proceeds, was shown by Parmerter and Coon 
to be negligible. The second is the frictional loss in shearing 
between floes; we have no firm estimate of its magnitude, but it 
is probably no greater than the sinks we are including. The 
only basis for this statement is the notion of a Coulomb fric- 
tion model which suggests that the shear stress accompanying 
the shearing of cracks or leads should be equal to some coeffi- 
cient of friction multiplied by the normal load. But we have as- 
serted that the normal loads between floes are controlled by 
the frictional and potential energy of ridge building. Assum- 
ing, then, rough equality between the amounts of strain ac- 
commodated by shear along cracks and by extension or com- 
pression perpendicular to cracks or leads, the ratio of dissipa- 
tion in shear to the dissipation in ridging is approximately 
equal to this coefficient of friction, which is probably smaller 
than unity. 

STRESS, STRAIN RATE, AND THE RATE OF WORK 

We regard the ice cover as a two-dimensional continuum in 
which the floes are much smaller than the scales of horizontal 
motion to be resolved. Although individual floes are not 
represented, the constitutive properties of the continuum will 
depend on mechanisms of floe interaction just as the ideal gas 
law can be derived from a model of colliding molecules. 

These floes push on each other at their common boundaries 
with a stress c• which is the difference between the integral of 
the Cauchy stress through the thickness of the ice and the 
hydrostatic load applied by the water in which the ice floats; 
thus it can be thought of as the average contact stress between 
floes. It should be emphasized that, in our two-dimensional 
problem, what we call stress has the dimensions of force per 
unit length. It is convenient to define invariants a• and a• both 
in terms of the stress tensor and in terms of the principal 
stresses tr• and a•.: 

O' I = (negative pressure) = i(ax + a•.) = }a. 
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Some Results from a Time-Dependent Thermodynamic Model of 
Sea Ice x 
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A one-dimensional thermodynamic model of sea ice is presented that includes the effects 
of snow cover, ice salinity, and internal heating due to penetration of solar radiation. Surface- 
energy balances determine rates of ablation and accretion; diffusion equations govern heat 
transport within the ice and snow. The incoming radiative and turbulent fluxes, oceanic 
heat flux, ice salinity, snow accumulation, and surface albedo are specified as 'functions of 
time. Starting from an arbitrary initial condition, the model is integrated numerically until 
annual equilibrium patterns of temperature and thickness are achieved. The model is applied 
to the central Arctic. Input values for the initial test of the model are based on observational 
data. Values predicted by the model for the average ice thickness (288 cm), amount of surface 
ablation (40 cm), and the temperature field all agree closely with field observations. 
Other results from the model indicate that, under present conditions, the ocean must supply 
I to 2 kcal/cm -• year to the ice; an additional 4 kcal/cm 2 year would cause the ice to vanish. 
Annual snow depths less than 70 cm are shown to have little effect on equilibrium thickness; 
snow depths greater than 70 cm would result in much thicker ice. Comparison of observed and 
calculated temperature profiles suggest that about 2.0 to 2.5 kcal/cm '• year of the incoming 
short-wave radiation penetrates the ice and contributes to internal heating. Average ice albedos 
under 0.50 would cause the ice to vanish in a few years. 

Sea ice accounts (in areal extent) for nearly 
two-thirds of the earth's ice cover. Unlike the 
polar icecaps and alpine glaciers, its vertical 
dimension is small compared to its horizontal 
extent. In the Arctic, ice thickness averages 
2-4 meters [Lyon, 1961; Wittmann and Schule, 
1966]; however, there is a continuous frequency 
distribution from only a few centimeters for 
young ice to several tens of meters for pressure 
ice. Relatively minor changes in climate can thus 
produce large changes in the areal extent of the 
ice cover, significantly affecting the large-scale 
transfer of energy between the atmosphere and 
oceans. In some circumstances this might result 
in a positive feedback process that could con- 
tinue to magnify the original change. Such con- 
siderations have led numerous investigators to 
look to the polar regions for a source of cli- 
matic changes associated with the ice ages of 
the Quaternary [Brooks, 1949; Ewing and 
Donn, 1956, 1958; Do•n and Ewing, 1966; 
Budyko, 1966; Fletcher, 1969]. 

x Contribution 236, Department of Atmospheric 
Sciences, University of Washington, Seattle. 
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There is little doubt that there is an intimate 
connection between the state of the ice pack 
and hemispheric weather patterns, but it must be 
remembered that the atmosphere, oceans, and 
ice cover are all components of a single thermo- 
dynamic system, and a change in any one part 
necessarily resu!ts in compensating changes in 
the others. Separation of cause and effect is a 
necessary prerequisite to understanding the 
system. Although the physical principles govern- 
ing the operation of each component are rela- 
tively well understood, complete solution of 
such a system is now beyond the range of our 
abilities. 

Efforts to numerically simulate the behavior 
of the atmosphere have been highly successful. 
Even though the simulations do not completely 
describe atmospheric and oceanic interactions, 
short and medium-range forecasts have proven 
accurate because the major variations in the 
oceans proceed about 2 orders of magnitude 
more slowly than in the atmosphere. Compar- 
able models of the oceans are being developed 
[e.g., Bryan and Cox, 1968]. Recently, Manabe 
and Bryan [1969] have reported initial results 
from a model which successfully couples the 
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The Thickness Distribution of Sea Ice 
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The polar oceans contain sea ice of many thicknesses ranging from open water to thick pressure ridges. 
Since many of the physical properties of the ice depend upon its thickness, it is natural to expect its large- 
scale geophysical properties to depend on the relative abundance of the various ice types. The ice pack is 
treated as a mixture whose constituents are determined by their thickness and whose composition is deter- 
mined by the area covered by each constituent. A dimensionless function g(h), the ice thickness distribu- 
tion, is defined such that g(h) dh is the fraction of a given area covered by ice of thickness greater than h 
but less than h + dh. A theory is developed to explain how the ice thickness distribution changes in 
response to thermal and mechanical forcing. The theory models the changes in thickness due to melting 
•'hd freezing and the rearrangement of existing ice to form leads and pressure ridges. In its present form 
the model assumes as inputs a growth rate function and the velocity field of the ice pack. The model is 
tested using strain data derived from the positions of three simultaneous manned drifting stations in the 
central Arctic during the period 1962-1964 and growth rates inferred from climatological heat flux 
averages. The results are compared with estimates ofg based on submarine measurements of ice thickness. 

INTRODUCTION 

On a geophysical scale the ice pack can be thought of as a 
mixture of individual constituents which, because of their 
different thicknesses, respond differently to similar thermal 
and mechanical forcing. A given region of pack ice may con- 
tain open water, young ice centimeters thick, multiyear ice a 
few meters thick, and pressure ice up to tens of meters thick 
(Figures 1 and 2). Among the many properties of sea ice 
strongly dependent upon its thickness are compress'ive 
strength, rate of growth, surface temperature, turbulent and 
radiative heat exchange with the atmosphere, potential energy, 
and salt content. Consequently, the aggregate properties of the 
ice pack may be inferred from the properties and relative 
abundance of each constituent. In the first part of this paper 
we describe the small-scale processes involved in producing 
and maintaining ice of different thicknesses, and from these we 
develop a model to describe the large-scale consequences. 

Consider some region R in the ice pack with an area R, and 
with a length scale assumed to be large compared with the 
typical length scales of ridges, leads, and floes. Let A(h•, h•.) be 
the area within R covered by ice of thickness h in the range h• 
< h < ha; we then define the thickness distribution g(h) by 

g(h) dh '-' •,•(hl, h2) (1) 
As we shall discuss later, g(h) is also a function of time and 
position. While little is known regarding spatial or temporal 
variations in g(h) in either polar ocean, there is a spatter of 
data from the central Arctic from which we infer the general 
form of g(h) in that region. Figure 3, after LeSchack et al, 
[[•971] and Swithinbank [1972], shows thickness distributions 
calculated from submarine data. 

Two phenomena act to alter the thickness of floating ice 
and, consequently, cause changes in g(h): thermodynamic 
processes are responsible for mass changes at the upper and 
lower boundaries of the ice, and mechanical processes, 
resulting from the nonuniform motion of the ice, cause the for- 
mation of leads and pressure ridges. The pack ice observed in 
the field is vastly different from the ice that would exist if either 
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of these processes were somehow suppressed. If the ice did not 
deform, for instance, all the ice in a particular climatic region 
would approach a uniform thickness of thermodynamic 
equilibrium. If, on the other hand, the thermodynamics were 
turned off so that there could be no freezing or melting, then 
eventually all the ice thinner than some critical value would be 
heaved up into pressure ridges. Assuming that the rubble pile 
associated with most pressure ridges would remain con- 
solidated, the ice p_ack would then settle into a steady state 
consisting of deformed ice and open water. Despite the 
simplified nature of these examples, they emphasize the critical 
difference in character between the thermodynamics and the 
mechanics: on a yearlong average the thermodynamics strives 
for a single equilibrium thickness by net accretion to the thin 
ice and net ablation from the thick; in contrast, the mechanics 
creates both thick pressure ice and open water. The ther- 
modynamics seeks the mean and the mechanics the extremes. 
The thickness distribution is an historical integral of the con- 
tinuous and simultaneous action of these two processes. 

Except for fast ice near the continental margins the ice pack 
i,s in continual motion, driven by the atmosphere and ocean. 
For reasons not treated here (e.g., thermal cracking and un- 
even hydrostatic loading) we assume that the ice cover is 
isotropic and densely fractured. It is able to move and to 
deform significantly because of concentrated deformations at 
cracks, rather than by even and continuous deformation 
throughout. Figure 4 shows time series of divergence and shear 
on a 1000-km scale in the central Arctic; the values are derived 
from daily position measurements of three contemporaneous 
drifting stations, T-3, Arlis 2, and NP-10, over a 2-year period. 
The data have been smoothed with a time scale of about 1 
week to suppress the rather large measurement errors. (To our 
knowledge, the motions of these and the other 25 or so 
manned drifting stations are not available in published form. 
The data have been collected from many sources and are ac- 
cessible through the office of the Arctic Ice Dynamics Joint 
Experiment (Aidjex)at the University of Washington, Seattle.) 
The motion is seen to be generally diverging, the magnitude of 
the shear being comparable to the divergence. Similar results 
have been obtained on a 100-km scale' over a period of a few 
months [Thorndike, 1974] and on smaller scales by Hibler et al. 
[1974]. These data describe an ice pack that undergoes de- 
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A large-scale area of pack ice contains ice of various thicknesses from zero to many meters. As the area 
deforms, thin ice is ridged into thicker ice, in a way that depends on the strain rate and the instantaneous 
thickness distribution. By equating the plastic work to the production of gravitational potential energy 
and the frictional dissipation in this ridging process we relate the yield curve for plastic deformation of the 
ice pack to the way ice thicknesses are redistributed by ridging. 

INTRODUCTION 

Pack ice is an aggregate of many pieces of floating ice sheets. 
In order for the aggregate to deform significantly, these pieces 
override one another, breaking off blocks and forming long 
sinuous piles of rubble, called pressure ridges, both above the 
ice where they become the dominant feature, and beneath the 
ice projecting down into the ocean. The description of the 
mechanical properties of such an aggregate of floes has been a 
recognized glaciological problem for more than two decades. 
The problem is to determine the stress that must be applied to 
the boundary of a region containing many floes to cause that 
region to deform in a specified way. 

The ice pack has been modeled variously as a viscous 
material [Campbell and Rasmussen, 1972; Hibler, 1974], an in- 
compressible inviscid fluid [Rothrock, 1975], and a cavitating 
fluid [Nikiforov et al., 1967; Doronin, 1970]. Of these three, 
only the assumption of the cavitating behavior is based on any 
professed notion of the actual processes of interaction between 
floes; and the mechanism in that case is that, rather than sup- 
port tensile stress, floes separate, and open water appears. 
Subsequently, more attention has ,been focused on the 
mechanisms of floe interaction which must control the 
behavior of this aggregate. 

The first theory of pack ice as a plastic material was 
presented by Coon [1974], who likened the ice in shear to a 
granular material. To calculate a maximum compressive load 
p*, Coon proposed two controlling mechanisms: breaking of 
pieces in bending by rafting or ridging and the buckling of 
these pieces under the horizontal load. Calculated from the 
buckling loads, p* depended on the thickness of ice involved. 
Thus Coon presented a family of yield surfaces for different ice 
thicknesses. 

In a closer examination of pressure ridging, Parmerter and 
Coon [1973] developed a kinematic model in which they 
retained Coon's mechanism of breaking in bending. The 
buckling was not modeled; in fact, no stresses in the horizontal 
plane were considered explicitly. They deduced the horizontal 
stress by equating the work of this stress to the increase in 
potential energy in the ridge. As in Coon's theory, this stress 
depended on the particular thickness of ice being ridged, 
although in a more complicated way. 

It is our purpose here to generalize the energy arguments of 
Parmerter and Coon and thus to develop a plastic constitutive 
equation for real pack ice in which ice of many different 
thicknesses ridges simultaneously. To do so, we refer to the 
thickness distribution of a large-scale region with its aggregate 

Copyright (D 1975 by the American Geophysical Union. 

of thick floes interlaced with thinner ice and to the equation 
governing changes in this distribution [Thorndike et al., 1975]. 
We will then formulate in some detail two energy sinks in 
terms of the thickness distribution: the generation of 
(gravitational) potential energy and the frictional losses in the 
rubble pile of a ridge. The energy relationship is then written 
by equating the work required to deform the ice cover to these 
sinks of energy. We will show that this relationship not only is 
satisfied by a set of plastic constitutive equations, but also 
supplies the yield curve which the plastic equations require be 
given as a material property. 

In our energy equation we neglect two known energy sinks. 
The first of these, the loss due to fracture of the ice sheet into 
blocks as ridging proceeds, was shown by Parmerter and Coon 
to be negligible. The second is the frictional loss in shearing 
between floes; we have no firm estimate of its magnitude, but it 
is probably no greater than the sinks we are including. The 
only basis for this statement is the notion of a Coulomb fric- 
tion model which suggests that the shear stress accompanying 
the shearing of cracks or leads should be equal to some coeffi- 
cient of friction multiplied by the normal load. But we have as- 
serted that the normal loads between floes are controlled by 
the frictional and potential energy of ridge building. Assum- 
ing, then, rough equality between the amounts of strain ac- 
commodated by shear along cracks and by extension or com- 
pression perpendicular to cracks or leads, the ratio of dissipa- 
tion in shear to the dissipation in ridging is approximately 
equal to this coefficient of friction, which is probably smaller 
than unity. 

STRESS, STRAIN RATE, AND THE RATE OF WORK 

We regard the ice cover as a two-dimensional continuum in 
which the floes are much smaller than the scales of horizontal 
motion to be resolved. Although individual floes are not 
represented, the constitutive properties of the continuum will 
depend on mechanisms of floe interaction just as the ideal gas 
law can be derived from a model of colliding molecules. 

These floes push on each other at their common boundaries 
with a stress c• which is the difference between the integral of 
the Cauchy stress through the thickness of the ice and the 
hydrostatic load applied by the water in which the ice floats; 
thus it can be thought of as the average contact stress between 
floes. It should be emphasized that, in our two-dimensional 
problem, what we call stress has the dimensions of force per 
unit length. It is convenient to define invariants a• and a• both 
in terms of the stress tensor and in terms of the principal 
stresses tr• and a•.: 

O' I = (negative pressure) = i(ax + a•.) = }a. 
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September Arctic sea ice extent anomalies
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Dynamics

Sea Ice
diverges freely
resists convergence
deforms under high enough pressure
strength depends on area concentration, thickness

Deformation determines
ice thickness distribution
open water exposed to the atmosphere
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Dynamics

Momentum equation scale analysis for Baltic Sea drift ice†

Term Scaling 10n N/m2

Local acceleration ρHU
T -3 -2 for rapid changes

Advective accel. ρHU2

L -4 long term larger?
Coriolis ρHfU -2 generally < -1
Internal ice stress P∗H

L -1 compact drift ice
Air stress ρaCaU2

a -1
Water stress ρw Cw U2

w -1
Pressure gradient ρHfUw -3 generally < -2

†following M. Leppäranta in Scaling Laws in Ice Mechanics and
Ice Dynamics, J. P. Dempsey and H. H. Shen, eds., Kluwer
2001
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CICE

version 4.0

Let’s build a code...

variables/tracers

(for each thickness category)

ice area fraction

ice age

ice/snow volume in each vertical layer

melt ponds

ice/snow energy in each vertical layer

algal ecosystem

surface temperature

3D salinity
energy conserving, multi-layer thermodynamics (ice and snow) multiple-scattering radiation
ice thickness distribution with 5 categories and open water ice bergs
elastic-viscous-plastic (EVP) dynamics
incremental remapping advection
energy-based, multi-category ridging and ice strength
nonuniform, curvilinear, logically rectangular grids dipole, tripole, regional
Fortran 90
parallelization via the Message Passing Interface (MPI) cache-based decomposition
input/output options (format, frequency, type...) coupling issues
code repository and distribution subversion

many countries, dozens of institutions

CICE wiki: http://oceans11.lanl.gov/trac/CICE
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Some lessons from CCSM
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Simulated late 20th century sea ice

courtesy of M. Holland, NCAR
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Some lessons from CCSM

An interim step forward: CCSM3.5
for tuning, biogeochemistry spin-up

Major changes/enhancements include:

Atmospheric model
finite volume dynamical core
polar cloud parameterization

Ocean model
near surface eddy flux scheme
reduced viscosity
60 levels

Land model
hydrology
surface datasets

Sea Ice model
ridging
snow/melt ponds
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P. Gent, "State of the CCSM" address, June 2007
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Some lessons from CCSM
An interim step forward

CCSM3.5

Arctic Sea Ice Thickness

CCSM3 T42CCSM3.5

courtesy of M. Holland, NCAR
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Prognostic salinity
Brine inclusions

Cecilia Bitz
University of Washington

Postdoc
Los Alamos National Laboratory

Wang Xiucheng
Chinese Academy of Sciences
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Sea Ice Ecosystem

Scott Elliott
Nicole Jeffery
Mat Maltrud
Elizabeth Hunke
Los Alamos National Laboratory

Clara Deal
Meibing Jin
IARC, U. of Alaska, Fairbanks
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Sea Ice Ecosystem

stand-alone CICE
WOA nutrient climatology
nitrate, silicate,
ammonium, DMS(P)
limiting by light, nutrients,
melting
coupled POP-CICE
ecosystem in progress
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Ice-ocean dynamic coupling approaches

ocean-ice stress τw = drag coef × quadratic f (Uo − Ui)

1 ice-ocean stress = – (ocean-ice stress)
2 ice-ocean stress = div(ice internal stress) + wind stress
3 various levels of "embedding"
4 variable drag coef
5 resolution of ocean boundary layer

How much is necessary for climate modeling?
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Ice bergs in CICE

E
.H
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Lagrangian particles with finite size
Berg momentum balance includes Coriolis, tilt, wind/ocean
stresses, sea-ice dynamic interaction
Sea ice ridging, momentum balance include berg
interaction

Summer intern: U of Arizona graduate student
Berg data: Todd Arbetter (National Ice Center)

No berg thermodynamics yet
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Snow

compaction and densification
granularization
moisture transport
wind redistribution
slush and snow-ice...

Help needed!
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Lessons in Humility

The basic physical components were done decades ago.

My generation made them work together and with ocean,
atmosphere components in climate models.
New physics directions are fun and exciting, but perhaps
only higher-order effects (?)
Bad atm/ocn forcing makes a bad sea ice simulation.
Observationalists are modelers’ heroes.
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H.M.S. Endurance III

photography by E. Hunke
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