The shallow water equations
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The shallow water equations

This lecture:
1) Derive the shallow water equations
2) Their mathematical structure
3) Some consequences
4) Some open questions



Derive shallow water equations

1. Commonly used in large-scale ocean models
2. Start with Euler's equations, no surface tension
Dn

p=0, T =dm+uVn=w, on z = 7(x,y,1)

Du 1 R —~

E+—Vp+gZ = (), V' U =O, -h(x;y) <z< n(x)y)t)
Ie

i-V(z+h(x,y)= 0=w+ i Vh(x,y), on z = -h(x,y)



Derive shallow water equations

1. Commonly used in large-scale ocean models
2. Start with Euler's equations, no surface tension

D ~
p:Oa F?=&IW+M°VTI=Wa onz= 77(?@)/1)
Du 1 . y
—+—Vp+gz=0. V=0, -h(xy)<z<n(xyt)
Dt p
i V(z+h(x,y)= 0=w+i-Vh(xy),  ONz=-h(xy)

3. Step one: global mass conservation



Derive shallow water equations

V=0, -h(x.y) <z < n(x.y.1)



Derive shallow water equations

V=0, -h(x.y) <z < n(x.y.1)

f_nh V- ildz = f _"h [Ju+dy+dwldz=0



Derive shallow water equations

Viic0,  h(ry) <z <@
f_nh [V-uldz = f_”h[axu +d,v+dwldz=0

> 4 o"xf_nh[u]dz —ul_, dn +ul, d.(-h)
+d, ["Vldz —v1, am +v L, 0, (-h)

+wl —-wl, =0.



Derive shallow water equations

Viic0,  h(ry) <z <@
f_nh [V-uldz = f_”h[axu +d,v+dwldz=0

0, [ luldz —ul_, dm +ul, d,(~h)
+0, f_nh[v]dz vl dn +vl, d,(=h)

+wl —-wl, =0.



Derive shallow water equations

Viic0,  h(ry) <z <@
f_nh [V-uldz = f_”h[axu +d,v+dwldz=0

n
5’xf_h[u]dz -ul_, dn

77
+5yf_h[v]dz vl dn

+w |77 =0,



Derive shallow water equations

V-u=0, -h(x,y) < z < nlx,y,t)
f_nh [V-uldz = f_"h[axu +d,v+dwldz=0

n
o"xf_h[u]dz ~ul_, dm

n
+d, [ [vldz —v 1, o

+w |77 = ().

> gn+d, [ [wdz+d, [ [vlidz=0. (exact)




Derive shallow water equations

Summary so far (no approximations):
e (Conservation of mass:

om+0, [ [uldz+d, [ [vldz=0.

« 3 momentum eqg’ns:

Du 1 Vit of = 0
E+E p+8z2=0, -h(x,y) <z < n(x.y1)



Derive shallow water equations

Step 2: Assume long waves, but not small
amplitudes.

Du 1 . -h(x,y) <z < n(xy,t)
—+—Vp+gz=0,
Dt p

* Neglect vertical accelerations

w1
g<+—& +g=0,
D~ p P+ 8

=» Hydrostatic pressure
p(X,y,Z,t) =g {T]()C,y,t) — Z}



Derive shallow water equations

Hydrostatic pressure in fluid
p(x,y,2,t) = go1N(x,y,t) - 2}

du+udu+vdu+wdu+gdmn=0,

dyv+udyv+vdy+wdyv+gdn=0.

e Assume no vertical variation in (u, v)
dy+u@u+v@u+w@{:g@n=0,
chwMW+v%v+Qéx\8%n=Q

om+0d, [ [uldz+ 4, [ [vldz=0.



Shallow water equations

on+d A+ h);+d,1(v(n+h); =0,
du+udu+vdu+gdn=0,

Jdv+udyv+viy+gdn=0.

 /(x,y): known bottom topography

e Allows for variable depth in natural way

e Want: {n(x,y,1), u(x,y,t), v(x,y,1)}

o Similar to equations for gas dynamics in 2-D
« Common variation: include (Earth’s) rotation

Q: What is mathematical structure of eq'ns?



Math structure #1: Hyperbolic PDEs

)

on+d(wm+h)}+d(v)n+h);=0,
du+udu+vdu+gdn=0,
dyv+udyv+vdy+gdmn=0.

\V)

N+ h 0] /n\
u Old. | u

0 ul \vj

v n+h O]

0 v 0

g 0 v

(ud.h + vdyh\
0

. 0 )



Math structure #1: Hyperbolic PDEs

on+d(wm+h)}+d(v)n+h);=0,
du+udu+vdu+gdn=0,

dyv+udyv+vdy+gdmn=0.

M\ [u n+h O] (n) [v n+h O (n\ (udh+vdh)
ul+|g u 0ld|ul+]|0 % Old,| u|=- 0

\v) |0 0) ul \v) |g 0 vl \v) \ 0) )
No dispersion! Solutions are non-dispersive.

Eq’'ns admit discontinuous (weak) solutions, that
approximate breaking waves [How do waves break?]

CLAWPACK (www.clawpack.org) developed by
Randy Leveque (U of W) and others




Math structure #2 (ifv=0,7,=0):
Method of characteristics (Stoker, 1948)

dM+h)+ud.m+h)+(m+h)du=0,
du+udu+gd m+h)=gdh.




Math structure #2 (if v=0,J, =0):
Method of characteristics (Stoker)

(g). 0.(M+h)+ud (m+h)+M+h)d.u=0,

1

du+udu+gd m+h)=gdh.

e Define c’(x,y,.0)=g-(n+h)



Math structure #2 (if v=0,J, =0):
Method of characteristics (Stoker)

(g). 0.(M+h)+ud (m+h)+M+h)d.u=0,

1

du+udu+gd m+h)=gdh.

e Define c’(x,y,.0)=g-(n+h)

c[0,(2c)+ud . (2c)+ (c)d.ul] =0,
du+udu+(c)d (2c)=gd h,

d(u+2c)+ud (u+2c)+(c)d (u+2c)=gdh,
d(u—2c)+ud (u—-2c)—(c)d (u-2c)=gd h.




Math structure #2 (if v=0,J, =0):
Method of characteristics (Stoker)

d(u+2c)+ud (u+2c)+(c)d (u+2c)=gdh,
d(u—2c)+ud (u-2c)—-(c)d (u-2c)=gd h.

e Along curves in the x-t plane defined by

@—u+c dlu+2c) dh

Along dt ’ dt dx
@ e d(u-2c) @
dr ’ dt dx

e If i =constor h(x)=mx+ b, = Riemann invariants
o Apparently this method does not generalize to {x,y,}.



Math structure #3: Linearize eq'ns

om+d (wm+h)}+d(v)n+h);=0,
du+udu+vdu+gdmn=0,

dyv+udyv+vdyv+gdn=0.

an+d (uh)+ d, (vh) =0,
du+gdn=0,
dyv+gdn=0.



Math structure #3: Linearize eq'ns

om+d {(wn+h);+d1(v)(n+h);=0,
du+udu+vdu+gdmn=0,
dyv+udyv+vdyv+gdn=0.

/\/E . é)tu-l_ g&xn=0’ C(xay)=@)
Vh dyv+gdn=0.

3,(n\8) + 3, (uh - \[gh) + 3, (vVh - 1[gh) =0,
3,(ulh) +~[gh - 3,(ng) = 0,
3,(v\h) +~/gh - 3,(n/g) =0.

Good form for linearized equations: % = h(x,y)




Structure #3: Linearized eq’'ns

3,(n\g) + 0, (uh - \[gh) + 3, (vVh - 1[gh) =0,
3,(ulh) +~[gh - 3,(ng) = 0,
3,(v\h) +~/gh - 3,(n/g) =0.

« Consequence (a): Eliminate {uh,vvh}




Structure #3: Linearized eq’'ns

3,(n\g) + 0, (uh - \[gh) + 3, (vVh - 1[gh) =0,
3,(ulh) +~[gh - 3,(ng) = 0,
3,(v\h) +~/gh - 3,(n/g) =0.

« Consequence (a): Eliminate {uh,vvh}

> 9°(g) =V {gh-V(/g)}

Linear wave equation in 2-D, with variable speed (¢’ = gh).
(Come back to use this.)



Structure #3: Linearized eq’'ns

3,(n\g) + 0, (uh - \[gh) + 3, (vVh - 1[gh) =0,
3,(ulh) +~[gh - 3,(ng) = 0,
3,(v\h) +~/gh - 3,(n/g) =0.

« Consequence (a): Eliminate {uh,vvh}

9 (M g) =V -{gh-V(1n/g)}

Linear wave equation in 2-D, with variable speed (¢ = gh).
e« Consequence (b): Wave eq’'n drops one t-derivative.
Define vorticity:  w(x,y,0)=du-4,v

-> dw=0




Applications: Linearized wave eg'n

9 (/g) =V -{gh-V(n/g)}

e Tsunamis

— A good model for the propagation of a tsunami
across the open ocean (away from shore, where the
wave compresses horizontally, and grows vertically).

— In the open ocean, the local speed of propagation, in
any direction, is ¢ = [gh(x,y)



Applications: Linearized wave eg'n

9 (/g) =V -{gh-V(n/g)}

e Tsunamis

— A good model for the propagation of a tsunami
across the open ocean (away from shore, where the
wave compresses horizontally, and grows vertically).

— In the open ocean, the local speed of propagation, in
any direction, is ¢ = [gh(x,y)

e Wave shoaling (see lecture 20)



Math structure #4: Track vorticity in 2-D

on+d(wm+h)}+d(v)n+h);=0,
du+udu+vdu+gdn=0,

dyv+udyv+vdy+gdmn=0.

e Define w=du-dy
e Compute, from (2), (3)

d,(w)+ ud (wh vd (w)+ (w)du+d,y)=0

(1)
(2)
(3)



Math structure #4: Track vorticity in 2-D

on+d(wm+h)}+d(v)n+h);=0,
du+udu+vdu+gdn=0,

dyv+udyv+vdy+gdmn=0.

e Define w=du-dy
e Compute, from (2), (3)

d,(w)+ ud (wh vd (w)+ (w)du+d,y)=0
> d,0+ d . (uwr d,(vw) =0

= Total (integrated) vorticity is conserved.

(1)
(2)
(3)

(4)



Math structure #4: Track vorticity in 2-D

om+dA(wm+h)+d1(v)(n+h)};=0, (1)
du+udu+viu+gdn=0, (2)
dv+udy+vdy+gdn=0. (3)

e Define w=du-0dyv
e Compute, from (2), (3)

d,(w) + ud (whvd (0) + (w)(du+dyv)=0 (4)
0,0+ 9, (uwr d,(vw) =0 (5)

Total (integrated) vorticity is conserved.
e From (1)
g, +h)+ud M+ hyvd, m+h)+M+h)@u+dy)=0 (6)



Math structure #4: Track vorticity in 2-D

n+d{(wmn+h}+d{(v)n+h)}=0, (1)
du+udu+viu+gdn=0, (2)
dv+udy+vdy+gdn=0. (3)

3,() + ud () v, (w) + (@)(J,u+dv) =0 (4)

J,(n+h)+ud.(n+hvdm+h)+Mm+h)(du+dy)=0 (6)
w 0y w

> at(n+h)+uax(n+h)+vay(n+h)=o (7)




Math structure #4: Track vorticity in 2-D

om+dA(wm+h)+d1(v)(n+h)};=0, (1)
du+udu+viu+gdn=0, (2)
dv+udy+vdy+gdn=0. (3)

3,() + ud () v, (w) + (@)(J,u+dv) =0 (4)
d,(m+h)+ud. M+ hvd m+h)+ M+ h)(du+dy)=0 (6)
d, J, /

<n+ )+ u (77 (7)

¢ (

77+h) is called the “potential vorticity”

« (7)is called “Ertel’s theorem™ (1942)

« Potential vorticity is carried (without change) by each
“fluid particle” (i.e., by each water column)



Math structure #4: Track vorticity in 2-D

om+dA(wm+h)+d1(v)(n+h)};=0, (1)
du+udu+viu+gdn=0, (2)
dv+udy+vdy+gdn=0. (3)

3, (—= )+ ud, ( (7)
T]+

« Let G(&) be any differentiable function

Then &G(g)—fi—G Jc  etc.
S
>  9{G> )}+ua {G (8)
T]+

Any smooth function of C——) is carried by each water column

n+h



Math structure #4: Track vorticity in 2-D

om+dA(wm+h)+d1(v)(n+h)};=0, (1)
du+udu+viu+gdn=0, (2)
dv+udy+vdy+gdn=0. (3)

0.0+ J (U ay (vw) =0 (9)

I{G(—

(8)

+



Math structure #4: Track vorticity in 2-D

om+dL(wmn+h)i+d{(vn+h)}=0, (1)
du+udu+viu+gdn=0, (2)
dv+udy+vdy+gdn=0. (3)

d.0+ d_(Hw)+ ay (vaw) =0 ()
I{G(— (8)
+
> 9w G2 (9)
n+h n+

Infinitely many conservation laws!



Math structure #4: Track vorticity in 2-D

om+dA(wm+h)+d1(v)(n+h)};=0, (1)
du+udu+viu+gdn=0, (2)
dv+udy+vdy+gdn=0. (3)

W w w
o"t{a)-G(n+h)}+ ud {w G(T)+h)}+ vd {w G(T]+h)}=0 (9)

The potential vorticity is very constrained.

Q: Can we split the motion from these equations
Into 2 pieces:

e 2 “irrotational” pressure waves, with speed+/g(n+ k)
e arotational wave, constrained by (9)?



Last topic: How do waves break”

on+dA(wmn+h);+d{(v)n+h)}=0,
du+udu+vdu+gdn=0,

dyv+udyv+vdy+gdmn=0.

(1)
(2)
(3)

The shallow water equations are hyperbolic, so
waves can break in shallow water, and they do.

Q: What mathematical model(s) of wave breaking
should be added to these equations to describe

wave breaking in shallow water?
e dissipative “shock waves” ?
e dispersive “collisionless shocks” ?
o other ? (please specify)



How do waves break in shallow water?
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Choice 1: A “plunging breaker” - dissipative
(CLAWPACK probably uses this)



How do waves break in shallow water?
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How do waves break in shallow water?

Front of 2004
tsunami reaches

the shore of
Thailand

N Ote tWO b re a kl n g . The tsunami of 26 December 2004 approaching Hat Ray Leah beach on the Krabi coast, Thailand. (Copyright Scanpix
wave fronts

(photos from
Constantin

& Johnson, 2008)




How do waves break in shallow water?

Front of 2004
tsunami
reaches the

shore of
Thailand

Train of
oscillatory
waves behind
front

(Constantin &
Johnson)




How do waves break |n shallow water’?

Photo due to
Clark Little, SWNS

Summary:

The “shallow water equatlons are S|m|Iar to the
equations of gas dynamics in 2-D. But breaking
water waves seem to be more complicated than
ordinary shock waves in gas dynamics.

Q: How to model wave breaking properly?




Thank you for your attention

(photo due to Clark Little, SWNS)



Wave shoaling in shallow water

Q: Why do waves crests in shallow water often
line up parallel to the beach?




Wave shoaling in shallow water
o=V -{gh(x,y)Vn}

If & = h(x) near shore, then ¢(x) =+/gh(x)

beach

/Ty

deep ocean




Wave shoaling in shallow water

Q: Why do waves
crests in shallow
water often line
up parallel to

the beach?

Jones Beach
Long Island, NY




