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1 Abstract

Star-like patterns have been found on many lakes that have a snow cover on top of a thin
ice layer. A number of workers have described these ‘lake stars’ but there have been no
attempts at constructing a mathematical model of the formation process. Here we put
forth a mathematical model that describes the formation of radial fingers emanating from a
central source. Performing linear stability analysis on the steady state solution, we are able
to accurately predict the formation of fingers but the number of fingers is very sensitive to
input parameters. We also carry out scaled experiments. At small times and to first order,
the results of these experiments agree with our linear theory.

2 Introduction

It is a common occurrence that snow falls on lakes that already have a thinly ice covered
surface. Holes often form in the thin ice (for reasons not well understood [3]), after which
warm lake water flows through the hole and through the snow layer. This warm water
melts the snow and leaves dark regions where the snow has melted away. The pattern left
by this process looks star-like (see Figure 1) and we call this pattern a ‘lake star.” Lake
stars have been described a number of times (e.g. [3, 2, 5]) but very little work has been
done to understand the formation process. Knight [3] outlines a physical idea that is meant
to describe the process, but no attempt is made at determining whether this idea can be
translated into a physical model that produces results consistent with field observation.
The main idea of Knight is that locations with faster flow rates melt preferentially, leading
to even faster flow rates and therefore to an instability that results in fingers. This idea is
qualitatively similar to many other geomorphologic instability such as the ones discussed
by Schorghofer et al. [4]. We take this idea as the starting point for our model.

3 Mathematical Model

3.1 Mathematical Formulation

In order to model the physics of lake star formation, we make a number of assumptions.
Many of these assumptions are not strictly true but are reasonable approximations that
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Figure 1: Typical lake star pattern. The branched arms are approximately 1 m in length.

facilitate the attainment of a simple solution that can be easily compared with observations.
We shall discuss each assumption when it is made.

We begin our analysis by supposing that there exists a central hole through which warm
lake water can seep. Both Katsaros [2] and Woodcock [5] attribute these holes as well
as the associated lake star patterns to convection patterns within the lake. However, at
least in some circumstances the holes seem to be formed from protrusions (e.g. sticks that
poke through the ice surface) [3] thus casting doubt on the convection idea. Lake stars are
observed in all of these circumstances so we treat the hole formation as independent of,
but necessary for, lake star formation. As discussed by Knight [3], the hole results in a
water level that extends above the thin ice and into a slush (wet snow) layer. We therefore
treat this (warm) water region as having a constant height above the ice or equivalently a
constant pressure head. This pressure head drives flow of water through the slush layer,
subject to a melting condition (Stefan condition) at the water-slush interface. We treat
flow within the slush as a Darcy flow of water at 0°C. Temperature within the liquid region
is assumed to obey the (advection-diffusion) heat equation. The water in both the liquid
and slush regions is treated as incompressible. In order to fully specify the mathematical
problem, we require an outer boundary at which the pressure head is also known. While
pressure measurements have not been made in the field, circular water-saturated regions
(a few meters in radius) typically surround the lake stars. It therefore seems reasonable
to assume that the differential pressure head falls to zero somewhere in the vicinity of this
circular boundary. The actual boundary at which the differential pressure head is zero likely
is not completely uniform (as in Figure 4 of Knight [3]) but is at least a good approximation
especially before strong finger formation (i.e. in the linear regime in which we perform our
analysis). Finally, we treat the system as a two-dimensional flow. This cannot be strictly
true for two reasons. First, the water in contact with ice must be at 0°C whereas we
treat this water as having an average temperature above freezing. However, perhaps this
assumption is reasonable in a depth averaged sense. Second, the decreasing pressure head
in the radial direction must be accompanied by a corresponding drop in water level, thus
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Figure 2: Schematic of the geometry of the model. The perspective is looking down on a
nascent star. The equations are shown in the domains of the system and described in more
detail below.

making the vertical dimension non-uniform. Therefore, the driving force is more accurately
described as deriving from an axisymmetric gravity current. Regardless, the front whose
stability we assess is controlled by the same essential physical processes that we model
herein. For the purposes of the simple analysis presented here, we shall ignore these two
second order effects but note that the analysis could be extended to account for them.

Translating the description in the previous paragraph into mathematical language, we
have the following system of equations (see also Figure 2):

%—f—l—u-VTz/{VzT r; <r<a(p,t), (1)
T=0 a(p,t)<r<rg, (2)

p=po 1T <r< a(¢7t)7 (3)
Vip=0 a(o,t) <r <o, (4)
V.u=0 r<r<a(p,t), (5)

u |a,: u |a+ r= a((bat)’ (6)

u= —%Vp a(p,t) <r <ro, (7)
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with boundary conditions

0= —%VT r = a(t), (8)
To r=mr;
T=<¢0 r=a(o,t), 9)
0 r=mr
bo T=Ty
p=9qpo r=a(el), (10)
0 r=mg

where (1) describes advection-diffusion in the liquid, (4) and (5) describe mass conservation
with a Darcy flow (7) in the slush, (8) is the Stefan condition, and (9) and (10) are the
temperature and pressure boundary conditions, respectively. Note that (3) and (5) can both
be satisfied since the liquid region has an effectively infinite permeability. T is temperature,
u is Darcy fluid velocity, p is pressure, and a denotes the liquid-slush interface. Liquid
properties are k (thermal diffusivity), C'p (specific heat) and p (dynamic viscosity). Slush
properties are II (permeability), & (solid fraction) and L (latent heat).
Non-dimensionalizing the equations yields

00

§+u'v0:ev20 ro <71 < a(ep,t), (11)
0=0 a(o,t)<r<l, (12)
p=1 r <r<a(et), (13)
V=0 a(pt)<r<l, (14)
V-ou=0 r<r<a(p,t), (15)
u |a,: u |a+ r= a((bat)’ (16)
u=-Vp a(o,t)<r<l, (17)
with boundary conditions

Q= —gve r=a($,t), (18)

1 r=mnr
0=<0 r=a(pt), (19)

0 r=1

1 r=mnr;
p=41 r=a(st), (20)

0 r=1
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where all variables are now non-dimensional with length, velocity, pressure and temperature
scaled (respectively) by

[ ~ 1o, (21)
1I
U=~ 22, (22)
HKro
P ~ Po, (23)
T~Ty T=T, (24)

and non-dimensional parameters € and S are given by

K
&L
= . 2
S Colh (26)

In the lake star system, liquid temperatures must be less than or equal to 4°C since the
lake is frozen at the top. Making conservative estimates, Ty < 4°C, & > 0.3 and L/Cp ~
80°C then S > 6 > 1. Estimating ug (lem/hr < ug < 10cm/hr) and r¢ (0.3m < rg < 3m)
from the field observations of Knight [3] and using x ~ 10~ "m?s~! yields ¢ < 0.1 < 1.
Assuming S > 1 (quasi-stationary approximation, which we adopt henceforth) and e < 1,
equations (11) - (20) are easily solved for a purely radial flow with cylindrical symmetry
(no ¢ dependence) and circular liquid-slush interface. This (boundary layer) solution is

1 1

—uf=——— Z§ 1 27
u = uf log(ao)rr ri <r<l, (27)
log(r)
= > ag, 28
Db log(ag) T > ag (28)
r %(—l/log(ao)+25)
p=1— (—) r < ao, (29)
ao
Saodo
=1 30
—1/log(ag) +2¢ (30)
where equation (30) has an approximate implicit solution for a( given by
2
ag 1 4 t
20 2421 = _. 1
D a3 log(ao) = (31)

3.2 Linear Stability Analysis

In order to study the growth of perturbations from steady state, we perform a linear stability
analysis around this cylindrically symmetrical flow. In this linear approximation, we still
have a purely radial flow since the azimuthal component of flow enters quadratically with
perturbations from steady state. Setting

r=agp+er, (32)
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¢ = ed,
0 =0+ f(r')eF e+,
a=ag+ Egeik’q5'+crt’

we first solve (14) subject to (20). For ¢ < 1 and € < k' then

1 k' + ot —k'/e
_ log(r) | gexp(ik'¢ + ot) (g) > a,
0

log(ap) —aglog(ap)
so that )
_ 1 1 k:_’ gexp(ik'¢’ + ot) r —k'/e1 e a
- —log(ag) r € —aglog(ao) ao 0

Substituting (37) into (16) and satisfying (15) yields

1 1 K g
_ T SR k' o t .
i Tog(ag) 7 + - Tog(ao) exp(ik'¢’ +ot) r <ag

Substituting (38) into (11), and dropping terms of O(e) gives

1

12 k/ C 1 800
—aglog(ap)

" _ —1pr k _
f ¢ f f g Tog(ag)

where ( = r/ag = 1+ er’/ap, with boundary conditions given by

f(r'=—c0) =0,
f(?“l _ gezk’qb’—',-at) 0.

To first order in g, (41) is equivalent to

06y
r_ — g —
Solving (39) subject to (40) and (42) gives
N g ag At g r'/(—ao log(ao))
= 1— - J
) = e Tog(an) ( 5 log(ao)> C T Vo)

with

1 1 1
A= [ et ()2 + 4R
a0 <—10g(a0) \/ (Trogtao) )
2

~_ 1+ _ A +1
= —2a9log(ag) log?(ag)

Equation (18) can be rewritten as

100
S@ / ‘r '=g exp(ik!¢'+ot)>
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Figure 3: Stability curve: Nondimensional growth rate ¢ versus nondimensional wavenum-
ber k. Scales for the axes are given at the upper left (o axis) and the lower right corners
(k' axis). o is plotted for the range of plausible a¢ (blue and red curves) and for the
approximation (47) (green curve).

so that substituting (43) into (45) gives the nondimensional growth rate (o) as a function
of wave number (k'):

o= m <\/1 + 4k log?(ag) — 1) (#Og(ao) - 1> . (46)

Equation (46) can be approximated in 0 < z <1 as

o~ ————u(l —x), (47)

where x = —k'log(ag)/ag.

The stability curve (46) and the approximation (47) are plotted in Figure 3. The
essential features of (46) are a maximum in the range 0 < k' < ag/log(ap), zero growth
rate at k' = ag/log(ap) and a linear increase in stability with &’ for large &’. The maximum
growth rate occurs at approximately

ag

K & —————, 48
with (nondimensional) growth rate
a
Omazx 0 (49)

48 log?(ag)

Translating (48) and (49) back into dimensional quantities, we find that the most unstable
mode has angular size given by

720k (7 T
¢degrees = <_0> IOg <_0> ) (50)
upTo ao ao
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and has growth rate given by

Odim = 4o <@> . (51)

4857 log2 (ro/ag) \To

3.3 Numerical Results

For observed lake stars, some of the relevant parameters are not well constrained. A plau-
sible guess for rg is the radius of the wetted (snow) region around the lake stars since it
is a reasonable estimate that if there were significant excess pressure at this point then
the wetting from would have advanced further. Field observations [3, 5, 2] constrain this
wetted radius to be 1.5m < rg < 4m. However, it is also possible that the effective value
of rg (rgf f ) is less than this either because the wetted radius is smaller earlier in the star
formation process or because the ambient pressure level is reached prior to reaching the
wetting front. The most logical interpretation of ag is either as the radius of the lake star
(Flakestar) O as the radius of the roughly circular liquid-filled region at the center of the
lake star (77iquiq) (see Figure 4). From field observations [3, 5, 2] Im < 7jgkestar S 2m and
0.1m S 7iguia S 0.5m. Although ro, rjgkestar and riquiq €ach have a substantial range, the
ratios Tigkestar/T0 and Tiiguid/To are observed to have a somewhat smaller range of values:
0.3 S Takestar/T0 S 0.6 and 0.07 S 7piguia/ro S 0.15. These constraints are useful since

equations (50) and (51) are more sensitive to ag/r¢ than ag or r¢ independently. Here we

take ag ~ 7iiquiq as the appropriate value of ag during the initial stages of star formation,

although perhaps rgf !

is sufficiently less than rg that 7jggestar/T0 1S @ better approximation
to ag/ rgf  than Tliquid/To- Knight [3] estimates the rate of advance of the wetting front to
be somewhat less than 10cm/hr. If the interpretation of r¢ above is correct then this rate
gives a reasonable estimate of ug as 1.4-107°m/s < ug < 2.8-107°m/s. & is well constrained
by measurements to be x ~ 10~ m?s~!.

Using these parameter values, our linear theory predicts the most unstable mode to
have wavelength between 8° and 130°. Letting N equal the number of branches, then
N = 360°/¢geq so that we expect between three and 45 branches (initially). These values
of N encompass the observed values for lake stars (4 < N < 15), although the largest
values (15 < N < 45) are never observed. Despite the dearth of field observations, we are
encouraged by many qualitative features such as the fact that stars with larger values of
ap/ro seem to have a larger number of branches. Additionally, our analysis predicts that
(given constant ag/rp) larger values of rg and ug would result in more branches. Larger
po (higher water height within the slush layer) and larger IT (less well-packed snow) would
result in larger values of ug. Thus, some of the variability among field observations is likely
to be due to variations in these quantities (for which we have no direct observations).

At this point, it is worth restating the fact that the theory presented here is only a linear
one and the phenomenon of lake stars is highly non-linear since the dendritic arms are far
from small perturbations to a radially symmetric pattern. Since the non-linear growth
phase is likely difference from the linear one, it should not be surprising that our model
results only approximately agree with observations. In order to more accurately predict
observations, one could perform a weakly non-linear pattern formation analysis (e.g. as
in Cross and Hohenberg [1]) (which may result in a Landau-type equation) or one could
solve the system numerically. Both of these approaches would likely yield improved results.
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Figure 4: Schematic showing rg, Tgf ! s Tlakestar a0d Tiguid-

However, while it is true that a more complex physical model may provide more detailed
predictions than the model developed here, the state of the field observations does not at
this time warrant that level of detail.

4 Experimental Setup

To check the validity of our analysis, we perform laboratory experiments. The goal of these
experiments is more to test the conceptual ideas in our simple mathematical model than to
make a quantitative connection with the observed lake stars. In these experiments, we cool
a circular plate to slightly below freezing (=~ —0.5°C); place a 0.5 to 1-cm high, roughly
circular layer of slush on top; and flow 1°C water through the slush (see Figure 5).

To simulate wet snow we place ice in a high-power blender until the slush is visually
uniform, although there is inevitably a range of grain sizes. To form the circular layer of
slush we hand-pack the slush directly on the cold circular plate. We attempt to form a
constant thickness, roughly circular layer simply by molding the slush and removing excess
slush until the correct geometry remains. During this process air bubbles are sometimes
incorporated which causes the slush permeability to be variable. This variable permeability
likely affects our quantitative results.

We perform the experiment 14 times. The parameters that we vary are the initial size
of the water-filled central hole (ag), the initial size of the circular slush layer (rg), and the
flow rate (@) (which determines wug). In each run an attempt is made to manually vary
the flow rate so that the water level (hg) in the central hole remains roughly constant. In
many of the runs, we begin the experiment without the central hole. In practice, however,
the first few drops of warm water create a circular hole with radius one to three times the
radius of the nozzle that delivers the water (0.5cm < ag < 1.0cm). It is significantly more
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Figure 5: Experimental Setup: A 30 cm diameter plate with a built in manifold is connected
to a cooling reservoir and maintained within a degree of freezing. A separate reservoir of
fresh water 1° above freezing delivers fresh water at 1°C to the center.

difficult to prepare a uniform (permeability) sample with a circular hole initially present.
These runs are therefore more difficult to interpret.

We observe fingering of some type in every experimental run. From this we can conclude
that fingers are a robust feature under the conditions provided. However, there seem to be
two distinct types of fingering: small-scale fingering (see Figure 6) that forms soon after the
start of the experiment, and larger channel-like fingers (see Figure 7) that are ubiquitous
at later times of the experiment and often extend from the central hole to the outer edge
of the slush. Since the channel-like fingers provide a direct path for water to flow (without
Darcy flow within the slush), these are likely not directly analogous with lake star fingers.
The initial small-scale fingering, on the other hand, have characteristics more like the lake
stars. We therefore assume that these small-scale features are the ones of interest. One
should note, however, that the larger channel-like fingers seem to form out of small-scale
fingers, so there may be a continuum of finger-like features and it is likely that the channels
represent a very non-linear growth of the small-scale figures. In each experiment we measure
ao, 10, ho, @, and distance between fingers (d), which we tabulate in Table 1. From these
quantities, we can calculate ug = Q/(27roho), Pcalc = Pdegrees [from equation (50)] and
Gobs = 180°ds/(mag), and therefore compare scaled experiments both with the model and
field observations.

5 Comparison of Theory, Experiment and Field Observa-
tions

In Figure 8 we plot ¢ops versus ¢.q. for the various field observations for which we have esti-
mates of parameters, the laboratory experiments described above, and the model [equation
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Figure 6: Typical experimental run where small-scale fingers are present. For scale, the
nozzle head has diameter of 5 mm.
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Figure 7: Typical run where channels form. This picture is taken from the underside. Note:
part of the slush broke off when it was flipped to image it. The numbers on the ruler are
in cm.
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Figure 8: Comparison of theory, experiment and field observations. Circles are field obser-
vations (cyan = best constrained field observation, black = range of plausible field obser-
vations), crosses are experimental results (red: flag = 1, green: flag = 2, see Table 1), red
line is theory, green line is best-fit line of unflagged (blue) experimental results. Note: all
experimental results have error bars of at least a factor of two in the x-coordinate and 30%
in the y-coordinate (see Table 1).
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Expt # ag (cm) 1o (cm) ho (mm) @ (ml/min) df (cm) flag

1 1.0 8 3 29 0.8 0
2 1.0 8 3 11 0.5 0
3 0.5 10 2 9 1.0 2
4 1.5 10 3 14 0.3 0
5 1.5 9 3 14 0.5 0
6 2.5 8.5 10 143 2.5 1
7 2.5 10 10 86 3.0 1
8 0.7 10 3 14 1.0 0
9 0.5 4.5 3 14 0.4 0
10 1.0 9 10 128 0.9 1
11 2.0 10.5 10 128 0.4 0
12 1.0 3.5 10 71 0.2 0
13 0.3 7.5 3 14 0.5 2
14 0.6 7 3 14 0.5 0

Table 1: Experimental Results: Runs with flag = 1 seem to have channels but show no
clear small-scale fingers. In these cases, channel spacing is taken for dy. Runs with flag
= 2 were not well documented (blurry photos) and therefore difficult to interpret. Errors
are approximately 0.3 cm, 0.5 ¢cm, 2 mm, 5 ml/min and 0.2 cm (respectively) for the five
measured quantities.

(50)]. The most obvious feature of Figure 8 is the large amount of scatter in both the ex-
perimental and observational data. Moreover, the data does not lie on the one-to-one curve
predicted by the model. However, the data are not orders of magnitude off from the model
predictions, and the experimental results even trend in the right direction, having a best-fit
slope of 0.34. We also attempt to find trends in the experimental data not represented
by the model by comparing y = ¢ops/Pcalc VS. various combinations of control parameters
(= z) including rg, ag, ro/ao, Touo, ro/aolog(ro/ag) and log(rg/ag)/(agug). For all plots of
y vs. x, our model predicts a zero slope (and y-intercept of 1). A non-random dependence
of y on x would point to failure of some part of our model. Thus, to test the validity of
our model, we perform significance tests on all non-flagged data with the null hypothesis
being a non-zero slope. In all cases, the null hypothesis is accepted (not rejected) at the
95% confidence level. Thus, although the agreement is far from perfect, the simple model
captures all of the significant trends in the experimental data.

6 Conclusions

By quantifying and extending the qualitative ideas of Knight [3], we have constructed a
mathematical model that is able to explain the radiating finger-like patterns on lake ice that
we call the lake stars. The model yields a prediction for the wavelength of the most unstable
mode as a function of various physical parameters [equation (50)] that agrees decently with
field observations. We also perform experiments in which we observe a similar fingering
pattern. To first order, the experimental results also agree with the model, although there
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is substantial scatter in the data. The disagreement between field observations, model,
and experiment can be attributed to poor measurements and the limitations of the simple
theory, as discussed in more detail in Sections 3.3 and 4. We expect that adding complexity
to the model should yield better quantitative results but that the general idea of the model
and the qualitative predictions that result from it should remain valid.
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