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Figure 4: Diagram of our model.

The unknowns in our problem are the rotation rate Ω and the toroidal component of the

magnetic field Bφ. The forms of Ω and Bφ are given by solving the azimuthal component

of the Navier-Stokes equation and the magnetic induction equation respectively:

2ρΩc × u = −∇p +

(

1

µ0
∇× B

)

× B + ρν∇2
u, (5)

0 = ∇× (u × B) − η∇×∇× B, (6)

where ρ is the density, Ωc the (constant) global rotation of the system, µ0 the magnetic

permeability, ν and η the viscous and the magnetic diffusivities respectively.

Rigid rotation is assumed at the interface with the inner sphere. Therefore, the angular

velocity at the inner boundary is

Ω(rin, θ) = Ωin. (7)

At the outer boundary we use the angular velocity profile of the solar convective zone

Ω(rout, θ) = Ωout(θ) = Ωeq(1 − a cos
2 θ − b cos

4 θ). (8)

For the toroidal magnetic field we will test different boundary conditions in order to evaluate

their influence on the rotation profile. If we assume that the region exterior to the fluid is

an electric insulator then the toroidal magnetic field has to be zero at the boundaries:

Bφ(rin, θ) = 0, (9)

Bφ(rout, θ) = 0. (10)
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If we assume that the fluid is surrounded by a conductor with the same permeability and

conductivity as the fluid in the shell, then the radial and tangential components of the

magnetic field and its derivatives must be continuous, and the induction equation in a

steady state provides us the following boundary condition:

[∇2
B]φ = 0 for r < rin and r > rout. (11)

A difficult question is to decide which boundary condition is more relevant for the solar

interior. This work will shed some light on the problem.

Finally the angular momentum must be conserved since the system is in a steady-state.

Therefore the total torque applied in a spherical shell in the fluid is equal to zero:

∫

π/2

0

(

ρνr2
sin

2 θ
∂Ω

∂r
+ r sin θ

BrBφ

µ0

)

sin θdθ = 0. (12)

The first term is the viscous torque whereas the second term is the magnetic torque. This

equation determines uniquely Ωin.

3 Insulating boundary conditions

We consider first the magnetic boundary conditions (9) and (10).

3.1 Solution in the bulk

In the bulk of the fluid, we will assume that we are in the limit of small magnetic and viscous

diffusivities. This assumption is roughly valid in the Sun since the magnetic and viscous

Ekman numbers E�
η and E�

ν which measure the ratio of magnetic and viscous diffusivities

(resp.) over the Coriolis force are assumed to be about 3× 10
−14

and 2× 10
−15

(resp.). We

will therefore neglect both the viscous and magnetic diffusivities. Given our assumptions,

the equilibria that govern the system are

2ρΩc × u = −∇p +

(

1

µ0
∇× B

)

× B, (13)

0 = ∇× (u × B) . (14)

Combining the φ-component of equation (14) and equation (4) and the fact that u and B

are divergence-free, we obtain

[∇× (u × B)]
φ

= r sin θBp · ∇Ω = 0. (15)

Therefore in the bulk, the fluid is in a Ferraro iso-rotation state:

Bp · ∇Ω = 0, (16)

or in other words Ω is constant along the poloidal magnetic field lines in a meridional plane.

Using the φ-component of equation (13), we find

[(

1

µ0
∇× B

)

× B

]

φ

=
1

r sin θ
Bp · ∇(r sin θBφ) = 0, (17)
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so the quantity S ≡ r sin θBφ is also constant along poloidal magnetic field lines.

Moreover, we can show that Bp ·∇A = 0. Since A(r, θ) ∝ sin2
θ

r
then

sin2
θ

r
remains constant

along a magnetic field line. This determines the relationship between θin (the colatitude of

emergence of a field line out of the core) and θout the colatitude where the same field line

connects with the convection zone (figure 5):

sin
2 θin

rin

=
sin

2 θout

rout

. (18)

The relationship between θout and θin can be written as θout = Θ(θin) where

θin

θout

θmax

C

Figure 5: Picture of the dipolar magnetic field lines in the bulk of the fluid. The blue layers

represent the boundary layers.

Θ(θ) = sin
−1

(

(rout/rin)
1/2

sin θ
)

. (19)

The magnetic field line which connects to the equatorial plane at rout, which we call C,

crosses the inner sphere at the colatitude

θmax = sin
−1

(

rin

rout

)1/2

= Θ

(π

2

)

. (20)

The poloidal magnetic field lines which have a colatitude at the inner sphere between θmax

and π/2 connect to the inner sphere in the southern hemisphere without crossing the outer

sphere. Because of isorotation we will assume that the equatorial region included between

the equatorial plane and the line C is rotating uniformly. Consequently the integration of

the total torque in rin can be reduced to the region above the magnetic field line C:

∫

π/2

0
−→

∫

θmax

0
. (21)

This approximation allows us to avoid the equatorial region where the boundary layer

approach presented in the next section is not valid.
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3.2 Solution in the boundary layers

Equations (5) and (6) in the azimuthal direction can be written in spherical coordinates as

(Rüdiger & Kitchatinov, [3])

η

[

∂

∂θ

(

1

sin θ

∂(Bφ sin θ)

∂θ

)

+ r
∂2

(Bφr)

∂r2

]

= r

(

∂Ω

∂θ

∂A

∂r
− ∂Ω

∂r

∂A

∂θ

)

, (22)

ρν

[

1

sin
3 θ

∂

∂θ

(

sin
3 θ

∂Ω

∂θ

)

+
1

r2

∂

∂r

(

r4 ∂Ω

∂r

)]

=

1

µ0r2 sin
3 θ

(

r
∂A

∂r

∂(Bφ sin θ)

∂θ
− sin θ

∂A

∂θ

∂(Bφr)

∂r

)

. (23)

First we will consider the inner boundary layer. In order to simplify these equations we

will use a stretched variable in the boundary layer:

ζ =
r − rin

δin

. (24)

We assume that variations with θ are very small compared to those in the ζ-direction. We

will therefore neglect the θ-derivative in the equations. Note that this hypothesis happens

to fail near the equator where the boundary layer thickness diverges (see below). Equa-

tions (22) and (23) become

η
rin

δin

∂2Bφ

∂ζ2
= −∂Ω

∂ζ

∂A

∂θ
, (25)

ρνµ0
r3
in

sin
2 θ

δin

∂2
Ω

∂2ζ
= −∂A

∂θ

∂Bφ

∂ζ
. (26)

Combining these equations, we find

∂3Bφ

∂ζ3
=

∂Bφ

∂ζ
, (27)

∂3
Ω

∂ζ3
=

∂Ω

∂ζ
, (28)

provided

δin =
(µ0ρνη)

1/2

2 cos θB0
. (29)

This boundary layer is an Hartmann layer. Its thickness is proportional to the geometric

mean of the magnetic and viscous diffusivities. Moreover the layer becomes thinner if we

increase the strength of the imposed magnetic field. The layer is singular near the equator

where cos θ → 0.

The solutions of (27) and (28) are

Bφ(ζ, θ) = bin

0 (θ) + bin

1 (θ)eζ
+ bin

2 (θ)e−ζ , (30)

Ω(ζ, θ) = Ω
in

0 (θ) + Ω
in

1 (θ)eζ
+ Ω

in

2 (θ)e−ζ . (31)
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When ζ → ∞, Ω and Bφ have to remain bounded, and so Ω
in
1 = bin

1 = 0. Applying the

boundary conditions and the matching conditions, we find

Ω(ζ → 0, θ) = Ωin = Ω
in

0 (θ) + Ω
in

2 (θ) , (32)

Ω(ζ → ∞, θ) = Ω
in

0 (θ) , (33)

Bφ(ζ → 0, θ) = 0 = bin

0 (θ) + bin

2 (θ) , (34)

Bφ(ζ → ∞, θ) = bin

0 (θ) . (35)

Ω
in
0 (θ) and bin

0 (θ) are the solutions in the bulk of the fluid where we neglect viscous and

magnetic diffusivities. We will then call them Ω0(r, θ) and b0(r, θ). Finally the solutions are

Bφ(ζ, θ) = b0(rin, θ)(1 − e−ζ
), (36)

Ω(ζ, θ) = Ω0(rin, θ)(1 − e−ζ
) + Ωine−ζ . (37)

Using either (25) or (26), we find the relation between b0 and Ω0:

b0(θ, rin) =
δin

ηrin

∂A

∂θ
(Ω0(rin, θ) − Ωin) =

(

µ0ρν

η

)1/2

rin sin θ (Ω0(rin, θ) − Ωin) . (38)

Since the boundary condition on the inner core imposed that Bφ(rin, θ) = 0, and ρν is

assumed to be constant in the boundary layer, (12) becomes

∫

θmax

0
sin

3 θ
∂Ω

∂r
dθ = 0, (39)

which can be written as

∫

θmax

0

sin
3 θ

δin

∂Ω

∂ζ
dθ = 0. (40)

Using (37), we have

∂Ω

∂ζ
= (Ω0(rin, θ) − Ωin) e−ζ

=⇒ ∂Ω

∂ζ

∣

∣

∣

∣

ζ=0

= Ω0(rin, θ) − Ωin. (41)

Moreover

δin ∝ 1

cos θ
. (42)

Therefore (40) becomes

∫

θmax

0
sin

3 θ cos θ (Ω0(rin, θ) − Ωin) dθ = 0. (43)

Condition (12) should be valid everywhere in the fluid. In the bulk of the fluid, the kinematic

viscosity is neglected, so the torque applied to a spherical shell at radius rin + ε, where

ε > δin, is only the magnetic torque and (12) becomes

∫

π/2

0
(rin + ε) sin

2 θ
BrBφ(rin + ε, θ)

µ0
dθ = 0. (44)
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Using the value of Bφ in the bulk given by (38) and since Br ∝ cos θ we find the condition

∫

π/2

0
sin

3 θ cos θ (Ω0(rin + ε, θ) − Ωin) dθ = 0, (45)

which is the same condition as previously. The viscous torque acts only on the boundary

layer whereas the magnetic torque acts in the bulk, but together they maintain the previous

condition everywhere in the fluid.

We have to determine the value of Ω0(rin, θ) in order to calculate a value for Ωin. To

match Ω0(rin, θ) to its value at the outer boundary we have to find the solution in the outer

boundary.

We use the stretched variable in the outer boundary layer:

ξ =
rout − r

δout

. (46)

Proceeding as for the inner boundary layer, we find

Bφ(ξ, θ) = b0(rout, θ)(1 − e−ξ
), (47)

Ω(ξ, θ) = Ω0(rout, θ)(1 − e−ξ
) + Ωout(θ)e−ξ, (48)

with

b0(rout, θ) =

(

ρνµ0

η

)1/2

rout sin θ (Ωout(θ) − Ω0(rout, θ)) , (49)

and

δout =
(µ0ρνη)

1/2

2 cos θB0

(

rout

rin

)3

= δin

(

rout

rin

)3

. (50)

The thickness of the outer boundary layer δout is larger than that of the inner boundary

because the imposed magnetic field is proportional to 1/r3
, and therefore weaker at the

outer boundary.

Since S = Bφr sin θ is constant along a poloidal magnetic field line, we have

b0(rin, θin)rin sin θin = b0(rout, θout)rout sin θout. (51)

Using (38) and (49), we find

(rin sin θ)
2
(Ω0(rin, θ) − Ωin) = (rout sinΘ(θ))

2
(Ωout(Θ(θ)) − Ω0(rout,Θ(θ))) . (52)

Since the bulk of the fluid is in a state of iso-rotation, we expect that Ω0(rin, θ) =

Ω0(rout,Θ(θ)). Consequently,

Ω0(rin, θ) =
1

1 +
(rin sin θ)2

(rout sinΘ(θ))2

Ωout(Θ(θ)) +
1

1 +
(rout sin Θ(θ))2

(rin sin θ)2

Ωin, (53)

Ω0(rin, θ) =
1

1 +
r3

in

r3

out

Ωout(Θ(θ)) +
1

1 +
r3

out

r3

in

Ωin. (54)

244



The condition (43) becomes

∫

θmax

0
sin

3 θ cos θ





1

1 +
r3

in

r3
out

Ωout(θout) + Ωin



−1 +
1

1 +
r3
out

r3

in







 dθ = 0, (55)

with

Ωout(Θ(θ)) = Ωeq

[

1 − a

(

1 − rin

rout

sin
2 θ

)

− b

(

1 − rin

rout

sin
2 θ

)2
]

. (56)

We find

Ωin

Ωeq

=

∫

θmax

0

(

1 − a(1 − rin

rout

sin
2 θ) − b(1 − rin

rout

sin
2 θ)

2
)

sin
3 θ cos θdθ

∫

θmax

0 sin
3 θ cos θdθ

, (57)

Ωin

Ωeq

= 1 − a

3
− b

6
. (58)

Using the values provided by the observations of the Sun, a = 0.17 and b = 0.08, we find

Ωin/Ωeq = 0.93. The remarks that we can draw from this result are:

• The result does not depend on the gap between the two spheres.

• It is the same value as that observed in the Sun. Therefore we can wonder if this value

has a physical explanation. It is hard to answer this question but it is possible that

our simple model catches an essential feature of the dynamics of the solar radiative

zone.

3.3 No inner boundary

We wonder what happens if there is no inner boundary layer. Indeed the interface between

the nuclear core and the radiative zone is not a physical barrier submitted to no-slip con-

ditions. The nuclear core is defined simply as the place where the temperature is large

enough to trigger nuclear reactions. Therefore the interface between the inner core and the

radiative zone is merely an isotherm, and not a physical boundary.

The total torque applied on the outer sphere is

∫

π/2

0
ρνr2

out sin
3 θ

∂Ω

∂r

∣

∣

∣

∣

rout

dθ = 0, (59)

∂Ω

∂r

∣

∣

∣

∣

rout

= − 1

δout

∂Ω

∂ξ

∣

∣

∣

∣

ξ→0

= − 1

δout

(Ω0(rout, θ) − Ωout(θ)). (60)

We will match the solution in the bulk at rout with Ωin the angular velocity at rin. Under

these assumption the whole radiative zone is rotating uniformly at the angular velocity Ωin

(see figure 6). Consequently we have

∫

π/2

0
sin

3 θ cos θ(Ωout(θ) − Ωin)dθ = 0, (61)
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Ωin

Ω0(rout,θ)

Figure 6: Diagram of the model when considering no inner boundary. The radiative zone

is uniformly rotating and the outer boudary layer undergoes a strong shear.

where

Ωout(θ) = Ωeq

(

1 − a cos
2 θ − b cos

4 θ
)

. (62)

The whole interior is rotating at the angular velocity

Ωin

Ωeq

=

∫

π/2
0 sin

3 θ cos θ(1 − a cos
2 θ − b cos

4 θ)dθ
∫

π/2
0 sin

3 θ cos θdθ
, (63)

Ωin

Ωeq

= 1 − a

3
− b

6
. (64)

We find the same expression as previously. If a mechanism is able to impose an uniform

rotation to the radiative zone interior, then the presence of the outer boundary alone pre-

vents the transfer of the angular velocity from the convective zone to the deep radiative

zone along open magnetic field lines. In the outer boundary layer the zonal shear is very

strong, as in the solar tachocline.

3.4 Characteristic features of this toy model of the solar radiative zone

Our boundary layer analysis provided a solution valid from the poles to the magnetic field

line C. The solution in the equatorial zone can be deduced from geometrical considerations:

• The solutions are either symmetric or antisymmetric with respect to the equatorial

plane due to the symmetry of the imposed poloidal magnetic field. The angular

velocity, for example, is symmetric.

• The toroidal field on the other hand is antisymmetric with respect to the equatorial

plane; therefore S is also antisymmetric. An important consequence of this fact is that

since S has to be constant along the magnetic field lines, S and so the toroidal field

must be equal to zero in the equatorial region where field lines connect the northern

and southern hemispheres.
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• Another consequence is that the equatorial region, defined as the region between the

equatorial plane and the magnetic field line C, rotates at the constant angular velocity

Ωin = 0.93Ωeq.

• The presence of a rapidly rotating layer around the equatorial region is due to the

fact that a magnetic field line that connects just above the equator in the outer sphere

transfers the fast angular velocity of the convective zone at the equator until the inner

sphere.

• This rapidly rotating layer shears the poloidal magnetic field lines and creates a strong

toroidal magnetic field (the Ω-effect).

• Towards the poles the angular velocity transfered from the convective zone is lower.

Therefore the angular velocity in the bulk decreases at high latitudes.

An outline of the geometry of our asymptotic model of the solar radiative zone is presented

figure 7.

Ωin Ωeq
Βφ=0

Figure 7: Asymptotic model of the conducting fluid flow between two rotating spheres (no

viscosity, no magnetic diffusivity)

3.5 Comparison with numerical results

The code used to compare the analytical results with numerical simulations is a stripped

version of the code of Garaud & Garaud [1] modified to solve equations (22) and (23) only.

The same assumptions as in our analytical model are made except that the kinematic and
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magnetic diffusivities are not neglected in the main body of the fluid. The same boundary

conditions are adopted. Numerical simulations are limited by the fact that assuming very

low diffusivities means that the boundary layers are very thin and can not be resolved

numerically. To overcome this problem, diffusivities are enhanced by multiplying them by

a factor f . f = 1 means that the values adopted in the simulations are the solar values.

Figure 8 show the convergence of the numerical value of the ratio Ωin/Ωeq towards the

analytical value of 0.93 when decreasing the factor f . The results of a numerical simulation

are presented in figure 9. The structure of the angular velocity and the toroidal magnetic

field are similar to the ones predicted by our model in section 3.4. The rapidly rotating

layer is visible.

1e+05 1e+06 1e+07 1e+08 1e+09 1e+10 1e+11

f

0.92

0.93

0.94

0.95

Ωin/Ωeq

Figure 8: Ratio of the angular velocity at the inner sphere and at the equator of the

convective zone in function of the factor f . The dots represent the results of the numerical

simulations and the dashed line the analytical value. Note theat f = 10
10

corresponds to

Eν = 2 · 10−5
and Eη = 3 · 10−4

.

The total torque (12) computed numerically as a function of the colatitude (figure 10)

is equal to zero if θ > θmax. This remark validates our assumption of neglecting the

contribution of the equatorial region (section 3.1).

4 Conducting boundary conditions

We now consider applying boundary condition (11) to the toroidal magnetic field. In the

convective zone and inner core the media are assumed to have the same electic conductivity

and permeability as the fluid in the shell. Therefore the tangential components of the

magnetic field are continuous. Outside the fluid domain Bφ satisfies the induction equation

248



Figure 9: Results of the numerical simulations computed at f = 10
8
. Left: angular velocity

in a quadrant of the meridional plane (top) and at a fixed radius just above the inner

boundary layer (bottom). Right: function S = r sin θBφ similarly plotted.

0 10 20 30 40 50 60 70 80 90
−2

−1

0

1

2
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x 10

−5
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θmax

Figure 10: Total torque at rin in function of the colatitude.
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in the steady-state:

[

∇2
B

]

φ
= 0 (65)

⇒ ∇2Bφ − Bφ

r2 sin
2 θ

= 0. (66)

The solution of this equation on both sides of the cavity are

Bφ(r ≤ rin, θ) =

∞
∑

n=0

ain

n rn
d

dθ
[Pn(cos θ)] , (67)

Bφ(r ≥ rout, θ) =

∞
∑

n=0

aout

n r−(n+1) d

dθ
[Pn(cos θ)] , (68)

where Pn is the n-th Legendre polynomial. The continuity of Bφ and its r-derivative has to

be verified across the interface. Applying these conditions to the solutions in the boundary

layers (30), we find

∞
∑

n=0

ain

n rn

in

d

dθ
[Pn(cos θ)] = b0(rin, θ) + bin

2 (θ), (69)

∞
∑

n=0

ain

n nrn−1
in

d

dθ
[Pn(cos θ)] = − 1

δin

bin

2 (θ), (70)

∞
∑

n=0

aout

n r
−(n+1)
out

d

dθ
[Pn(cos θ)] = b0(rout, θ) + bout

2 (θ), (71)

∞
∑

n=0

−aout

n (n + 1)r
−(n+2)
out

d

dθ
[Pn(cos θ)] =

1

δout

bout

2 (θ). (72)

The system of equations arising from this choice of boundary conditions is too complex to

solve in spherical coordinates. For simplicity, we adopt a local cartesian box model for the

boundary layers.

4.1 The Cartesian box

The model is illustrated in figure 11. We make the same assumptions as previously and in-

troduce periodicity in the y-direction (equivalent to the θ-direction in spherical coordinates).

The system is invariant in the x-direction, which corresponds to the φ-direction in the orig-

inal spherical coordinates. A magnetic field is imposed in the z-direction, and depends only

on y. The magnetic field and the velocity are decomposed in cartesian coordinates as

B = (b, 0, B0), (73)

u = (u, 0, 0). (74)

We solve the system for the unknown b and u. The Navier-Stokes and the induction equa-

tions in the x-direction become under our assumptions

B0(y)
∂b

∂z
= −ρνµ0∇2u, (75)

B0(y)
∂u

∂z
= −η∇2b. (76)
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Figure 11: Diagram of the cartesian box.

4.2 Boundary layers

As in the spherical case, we use a stretched variable in the boundary layers. For the inner

boundary, we use

ζ =
z

δin

, (77)

and for the outer boundary

ξ =
1 − z

δout

. (78)

In our boundary layer approximation, the y-derivative will be neglected. The previous

equations become in the inner boundary

B0(y)
∂b

∂ζ
= −ρνµ0

δin

∂2u

∂ζ2
, (79)

B0(y)
∂u

∂ζ
= − η

δin

∂2u

∂ζ2
. (80)

In the outer boundary layer the equations are similar apart from the sign. Combining the

above equations in each boundary layer, we find

∂3b

∂ζ3
=

∂b

∂ζ
, (81)

∂3u

∂ζ3
=

∂u

∂ζ
, (82)

with

δin = δout =
(ρνηµ0)

1/2

B0(y)
= δ. (83)
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As previously, these boundary layers are Hartmann layers. The solutions of these equations

are, in the inner boundary,

u(ζ, y) = u0(z = 0, y) + uin

2 (y)e−ζ , (84)

b(ζ, y) = b0(z = 0, y) + bin

2 (y)e−ζ , (85)

bin

2 (y) =
ρνη

δB0(y)
uin

2 (y). (86)

The solutions in the outer boundary are analogous, apart from sign changes. Angular

momentum conservation gives us the condition

∫ 2π

0

[

ρν
∂u

∂z
+

1

µ0
B0b

]

dy = 0. (87)

Moreover, continuity of the velocity in the bulk along the magnetic field lines
2

of B0 provides

another condition

u0(z = 1, y) = u0(z = 0, y), (88)

b0(z = 1, y) = b0(z = 0, y). (89)

The boundary conditions on the velocity are

u(z = 0, y) = uin, (90)

u(z = 1, y) = uout(y). (91)

In order to find an analogy with the previous case, we will first study the case where b = 0

outside on both sides.

4.3 Insulating boundaries

In this case, the boundary conditions for the tangential magnetic field are

b(z = 0, y) = b0(z = 0, y) + bin

2 (y) = 0, (92)

b(z = 1, y) = b0(z = 1, y) + bout

2 (y) = 0. (93)

Using (86), we find

2b0(z, y) = −bin

2 − bout

2 =
ρνη

δB0(y)

(

uout

2 (y) − uin

2 (y)
)

. (94)

When ζ → 0 and ξ → 0,

u0(z = 0, y) + uin

2 (y) = uin, (95)

u0(z = 0, y) + uout

2 (y) = uout(y), (96)

and using the continuity of u0 in the bulk along the y-lines

uin

2 (y) − uout

2 (y) = uin − uout(y). (97)

Plugging this equation into (87) we find

∫ 2π

0
B0(y)(uout(y) − uin)dy = 0. (98)

This equation is analogous to (43) by geometrical transformation.

2lines of constant y.
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4.4 Conducting boudaries

When conducting boundaries are applied, the tangential component of the field is continuous

across the interface. Outside of the fluid, the tangential magnetic field satisfies

∂2b

∂y2
+

∂2b

∂z2
= 0. (99)

For z /∈ [0, 1] the field can be written as

b(z ≤ 0, y) = βin

0 +

∞
∑

n=1

βin

n (z)einy, (100)

b(z ≥ 1, y) = βout

0 +

∞
∑

n=1

βout

n (z)einy , (101)

where the functions βn satisfies

−n2βn +
∂2βn

∂z2
= 0. (102)

The solution of this equation is

βn(z) = αne±nz, (103)

which has to remain bounded

if z > 1 : βout

n (z) = αout

n e−nz, (104)

if z < 0 : βin

n (z) = αin

n enz. (105)

The field is continuous at the interface so

bin

0 (y) + bin

2 (y) = βin

0 +

∑

βin

n (z = 0)einy, (106)

bout

0 (y) + bout

2 (y) = βout

0 +

∑

βout

n (z = 1)einy. (107)

The z-derivative of b also has to be continous across the interface which yields the two

additional equations

−1

δ
bin

2 (y) =

∞
∑

n=1

nβin

n (z = 0)einy , (108)

1

δ
bout

2 (y) =

∞
∑

n=1

−nβout

n (z = 1)einy. (109)

Adding the previous equations yields

1

δ

(

bin

2 (y) + bout

2 (y)
)

= −
∞
∑

n=1

n
(

βin

n (z = 0) + βout

n (z = 1)
)

einy. (110)
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Combining the relation between b2 and u2 in both boundary layers (86), we find

bin

2 (y) + bout

2 (y) =
ρην

B0(y)

1

δ
(uin

2 − uout

2 ), (111)

bin

2 (y) + bout

2 (y) =
ρην

B0(y)

1

δ
(uin − uout(y)). (112)

The results of the previous equations gives us

ρην

B0(y)

1

δ2
(uin − uout(y)) = −

∞
∑

n=1

n
(

βin

n (z = 0) + βout

n (z = 1)
)

einy
(113)

⇒
∫ 2π

0

ρην

B0(y)

1

δ2
(uin − uout(y))dy =

−
∫ 2π

0

∞
∑

n=1

n
(

βin

n (z = 0) + βout

n (z = 1)
)

einydy. (114)

Since the box is 2π periodic in the y-direction and β in
n (z = 0) and βout

n (z = 1) are constant,

the right-hand side is equal to zero. Since δ ∝ 1/B0 we have

∫ 2π

0
B0(y)(uout(y) − uin)dy = 0. (115)

This condition is similar to the case where b = 0 outside. Therefore we expect to find the

same rotation rate in the radiative zone with this kind of boundary condition. This means

that the boundary conditions imposed on the tangential field should a priori not influence

the rotation rate of the fluid.

4.5 Numerical results

Figure 12: Numerical results with conducting boundary conditions.

The results of a simulation where
[

∇2B
]

φ
= 0 is imposed on both sides is presented

in figure 12. We find that the inner core rotates with angular velocity Ωin = 0.86Ωeq,

contradicting the results of our analytic model of section 4.4. This value is lower than
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the case with insulating boundaries because we notice that the fast angular velocity of the

bottom of the equatorial convective zone is not propagated until the inner region of the

radiative zone. We observe that the toroidal field Bφ is about ten times stronger than in

the case where Bφ = 0 was imposed on both boundaries. We also observe, in figure 12, that

the Ferraro state is broken in the bulk of the fluid:

Bp · ∇Ω = η∇2Bφ 6= 0. (116)

It therefore appears that magnetic diffusivity plays a role in the bulk of the fluid which

explains why our analytical model fails to reproduce the numerical results.

5 Conclusions

This work allows us to draw several conclusions and perspectives:

• Our toy model with an open magnetic field and vaccum magnetic boundary conditions

provides a prediction of the interior rotation rate of the radiative zone in good agree-

ment with both solar observations and full numerical simulations (including meridional

circulations and all the non-linear terms (figure 3)). We find the solar value whereas

the structure is not uniformly rotating. Moreover it allows us to understand the force

balance of the system. The interior rotation rate of our simple model can provide

insight into the physical processes that occur in the solar radiative zone.

• The boundary conditions chosen for the toroidal field have important consequences

for the rotation of the fluid. However, the more relevant conditions for the Sun are

difficult to determine.

• The confined field case needs to be investigated because of its believed relevance to

the Sun.
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Bounds on Surface Stress Driven Flows
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1 Introduction

In the past fifteen years the background method of Constantin, Doering, and Hopf has

been used to derive rigorous bounds on transport in fluid mechanics equations. The back-

ground method is based on the decomposition of the velocity or temperature field into a

background field and a fluctuation field. The background field is specified so that the fluc-

tuation field satisfies a partial differential equation with homogeneous boundary conditions.

Many bounding problems have a variational formulation under the background method.

The background method has been used to prove bounds on the mechanical dissipation rate

in various driven turbulent flows. This work was started by Constantin and Doering [4].

They studied the mechanical dissipation in shear flows at high Reynolds number. Since

then there has been a large number of papers about dissipation in turbulent shear flow with

different boundary conditions and geometries.

We extend this technique to flows driven by stress at the boundary, namely Marangoni

convection and surface shear stress driven flow. In the case of surface shear stress driven

flow we study the energy stability of the laminar flow solution as a function of the Grashoff

number and prove an upper bound on the friction coefficient for high Reynolds number.

Tang, Caulfield, and Young [6] first used the background method to prove bounds for this

type of problem and we compare our results to theirs.

The problem of Marangoni convection is related to that of stress driven shear flow. In the

Marangoni case the surface stress is due to surface tension gradients. Pearson [5] developed

the linear theory for Marangoni convection in 1958, and Davis [3] used variational methods

to study the nonlinear stability problem in 1969. In the case of infinite Prandtl number we

use nonvariational methods to improve the estimate of the critical Marangoni number for

nonlinear stability of the conduction solution. We also use the background method to prove

an upper bound on the Nusselt number in Marangoni convection.

2 Surface Stress Driven Flow

We consider the problem of flow in the two dimensional domain in Figure 2 subject to

periodic boundary conditions in the horizontal x direction, no slip conditions at z = 0, and
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Figure 1: Domain for the surface stress driven flow.

a fixed shear stress at z = h. The full system of equations is:

∂u

∂t
+ u · ∇u + ∇p = ν∆u (1)

∇ · u = 0 (2)

u|z=0 = 0 (3)

uz|z=h = 0 (4)

ν
∂ux

∂z
= τ (5)

We take periodic boundary conditions in x, with a domain length L.

2.1 Energy Stability Analysis in Two Dimensions

The laminar flow solution of these equations is ux =
τz

ν
. We perform the energy stability

analysis of this solution by making the substitution u = U +
τz

ν
x̂. The resulting system of

equations is:

∂U

∂t
+ U · ∇U +

τz

ν

∂U

∂x
+ Uz

τ

ν
x̂ + ∇p = ν∆U (6)

∇ · U = 0 (7)

Ux|z=0 = 0 (8)

∂Ux

∂z
|z=h = 0 (9)

Uz|z=0,1 = 0 (10)
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Take the dot product of the momentum equation with U and integrate over the domain to

derive the energy expression:

1

2

d‖U‖2

dt
+

∫

τ

ν
UxUzdxdz = −ν‖∇U‖2

(11)

If
d‖U‖2

dt
< 0 for all U satisfying the perturbation’s boundary conditions then the base

solution is stable. This derivative is given by a quadratic form −Q in U :

Q = ν‖∇U‖2
+

∫

τ

ν
UxUzdxdz (12)

We use variational methods to minimize Q, subject to the constraints ∇ · U = 0 and

‖U‖2
= 1. The resulting Euler-Lagrange equations are:

λUx = −ν∆Ux +
∂q

∂x
+

τ

2ν
Uz (13)

λUz = −ν∆Uz +
∂q

∂z
+

τ

2ν
Ux (14)

∇ · U = 0 (15)

‖U‖2
= 1 (16)

Here q is the Lagrange multiplier associated with incompressibility and λ is the Lagrange

multiplier associated with the normalization condition. We non-dimensionalize the equa-

tions by making the substitutions x′
=

x

h
and z′ =

z

h
. Define the Grashoff number Gr =

τh
2

ν2 .

Then if U ′
(x′, z′) = U(x, z) we have the following equations:

λUx = −∆Ux +
Gr

2
Uz +

∂q

∂x
(17)

λUz = −∆Uz +
Gr

2
Ux +

∂q

∂z
(18)

(19)

If the smallest eigenvalue λmin > 0 then Q is positive definite and the base solution

is stable. Since the system is two dimensional we introduce the stream function Ψ, which

satisfies
∂Ψ
∂x

= Uz and
∂Ψ
∂z

= −Ux. Take linear combinations of the x and z derivatives of

the resulting equations to eliminate the pressure. The Euler Lagrange equations become a

fourth order equation:

λ∆Ψ = −∆
2
Ψ − Gr

∂2
Ψ

∂x∂z
(20)

∂Ψ

∂x
|z=0,1 = 0 (21)

∂Ψ

∂z
|z=0 = 0 (22)

∂2
Ψ

∂z2
|z=1 = 0 (23)

(24)
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The system is periodic in x so we write Ψ in terms of its Fourier series. Let k = πj/L
be the wavenumber. We write Ψ =

∑

k
Ψ̂ke

ıkx
. Then the equations become:

λ

(

∂2
Ψ̂

∂z2
− k2

Ψ̂

)

= −
(

∂4
Ψ̂

∂z4
− 2k2 ∂2

Ψ̂

∂z2
+ k4

Ψ̂

)

− ıGrk
∂Ψ̂

∂z
(25)

Ψ̂|z=0,1 = 0 (26)

∂Ψ̂

∂z
|z=0 = 0 (27)

∂2
Ψ̂

∂z2
|z=1 = 0 (28)

We have supressed the k dependence of Ψ̂k. We search for the critical Grashoff number below

which all of the eigenvalues λ are positive. This can be done with numerical methods. Each

Fourier mode Ψ̂ satisfies a fourth order ODE in z. We used finite differences to calculate the

smallest eigenvalue corresponding to each k and determined the critical Grashoff number

from this. After discretizing in z the differential equation becomes a generalized eigenvalue

problem. We find that the critical Grashoff number is Gr = 140, at a value of k = 3.1.

2.2 Energy Stability for a Three Dimensional Stress Driven Flow

Consider the following non-dimensionalized equations for a three dimensional stress driven

flow:

∂u

∂t
+ u · ∇u + ∇p = ∆u (29)

∇ · u = 0 (30)

uz|z=0,1 = 0 (31)

ux|z=0 = 0 (32)

uy|z=0 = 0 (33)

∂ux

∂z
|z=1 = Gr (34)

∂uy

∂z
|z=1 = 0 (35)

The domain is periodic in x and y. A steady solution to this equation is ux = Grz. If

we make the substitution U = u + îGrz we can perform the same analysis as in the two

dimensional case. The variational formulation is different and so is the set of Euler-Lagrange

equations:

λUx = −∆Ux +
Gr

2
Uz +

∂q

∂x
(36)

λUy = −∆Uy +
∂q

∂y
(37)

λUz = −∆Uz +
Gr

2
Ux +

∂q

∂z
(38)
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If we assume that the eigenfuction for the lowest eigenvalue is not a function of x, we

can introduce the stream function Ψ defined by
∂Ψ
∂y

= Uz and
∂Ψ
∂z

= −Uy. The lowest

frequency eigenmodes of shear driven flows tend to be Langmuir circulation flows that are

independent of the streamwise direction. Our use of this assumption is justified by empirical

observations within this field [6]. The Euler Lagrange equations become:

λUx =
Gr

2

∂Ψ

∂y
− ∆Ux (39)

−λ
∂Ψ

∂z
=

∂q

∂y
+ ∆

∂Ψ

∂z
(40)

λ
∂Ψ

∂y
=

∂q

∂z
− ∆

∂Ψ

∂y
+

Gr

2
Ux (41)

Taking the z derivative with respect to the second expression and the y derivative with

respect to the first and third we can subtract the last two to eliminate the pressure:

λ
∂Ux

∂y
=

Gr

2

∂2
Ψ

∂y2
− ∆

∂Ux

∂y
(42)

λ∆Ψ = −∆
2
Ψ +

Gr

2

∂Ux

∂y
(43)

We can write an ODE for the fourier modes of Ψ:

λıkUx = −Gr

2
k2

Ψ̂ − ık

(

∂2Ux

∂z2
− k2Ux

)

(44)

λ

(

∂2
Ψ̂

∂z2
− k2

Ψ̂

)

= −
(

∂4
Ψ̂

∂z4
− 2k2 ∂2

Ψ̂

∂z2
+ k4

Ψ̂

)

+
Gr

2
ıkUx (45)

Ψ̂|z=0,1 = 0 (46)

∂Ψ̂

∂z
|z=0 = 0 (47)

∂2
Ψ̂

∂z2
|z=1 = 0 (48)

Ux|z=0 = 0 (49)

∂Ux

∂z
|z=1 = 0 (50)

This is an ODE and we can discretize it and convert it into a generalized eigenproblem.

We look for the critical Grashoff number Gr where the system first has a negative eigenvalue

for some k. We find that Grc = 51.7 at k = 2.1. This is in agreement with work done by

Tang, Caulfield, and Young [6].

2.3 Bounds on the Energy Dissipation in Two Dimensions

Define 〈·〉 to be the space time average and ·̄ to be the horizontal and time average. Begin

by taking the dot product of the momentum equation with u. After averaging we find that:

ν
〈

|∇u|2
〉

=
τ

h
ūx(h) (51)
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Define the dissipation ε = 〈ν|∇u|2〉, Reynolds number of the flow to be Re =
ūx(h)h

ν
, and the

friction coefficient to be Cf =
εh

ūx(h)3
. For the steady state solution Cf (Re) =

1
Re

. We want

to determine a limit on how Cf might scale with the Reynolds number by proving bounds on

the mean horizontal velocity at the z = h. Introduce a background field horizontal velocity

U(z) such that U satisfies the same boundary conditions as u. Consider the decomposition

u = îU + ũ. The following are the dimensionless equations for ũ:

∂ũ

∂t
+ ũ · ∇ũ + ∇p + U

∂ũ

∂x
+ îũz

dU

dz
= ∆ũ + î

d2U

dz2
(52)

ũ|z=0 = 0 (53)

ũz|z=h = 0 (54)

∂ũx

∂z
|z=h = 0 (55)

Take the dot product with ũ and compute the space time average:

0 = −
〈

|∇ũ|2
〉

−
〈

dU

dz
ũxũz

〉

+

〈

ũx

d2U

dz2

〉

(56)

The time derivative term vanishes because ‖ũ‖2
is bounded. If we integrate the last term

by parts in the z direction the previous expression becomes:

0 = −
〈

|∇ũ|2
〉

−
〈

dU

dz
ũxũz

〉

+ Gr ¯̃ux(1) −
〈

∂ũx

∂z

dU

dz

〉

(57)

= −
〈

|∇ũ|2
〉

−
〈

dU

dz
ũxũz

〉

+ Gr(ūx(1) − U(1)) −
〈

∂ũx

∂z

dU

dz

〉

(58)

Substitute îU(z) + ¯̃u(z) = ū(z) into
〈

|∇u|2
〉

:

1

2

〈

|∇u|2
〉

=
1

2

〈

|∇ũ|2
〉

+
1

2

〈

dU

dz

2〉

+

〈

∂ũx

∂z

dU

dz

〉

(59)

We take a linear combination of these expressions so as to eliminate the
〈

∂ũx

∂z

dU

dz

〉

term:

1

2

〈

|∇u|2
〉

= −
〈

1

2
|∇ũ|2 +

dU

dz
ũxũz

〉

+ Gr(ūx(1) − U(1)) +
1

2

〈

dU

dz

2〉

(60)

Now we define the quadratic form QU (ũ):

QU (Ũ) =

〈

1

2
|∇ũ|2 +

dU

dz
ũxũz

〉

(61)

Finally we combine this definition with the identity
〈

|∇u|2
〉

= Grūx(1) to produce:

ūx(1) = 2U(1) − 1

Gr

〈

dU

dz

2〉

+
2

Gr
Q (62)

If we choose U so that Q is positive definite we arrive at the following bound for ūx(1):

ūx(1) ≥ 2U(1) − 1

Gr

〈

dU

dz

2〉

(63)
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Define the background horizontal velocity profile to be linear in z in horizontal boundary

layers near the top and bottom boundary and constant elsewhere:

U(z) = Grz 0 < z < δ1 (64)

= Grδ1 δ1 < z < 1 − δ2 (65)

= Gr(δ1 + δ2 + z − 1) 1 − δ2 < z < 1 (66)

Then U(1) = Gr(δ1+δ2) and ūx(1) ≥ Gr(δ1+δ2). We need to choose δ1 and δ2 to maximize

the sum while keeping Q positive definite. We drop the accents and refer to the fluctuations

away from the background as u.

Q =
1

2
‖∇u‖2

+ Gr

∫

δ1

0
uxuzdzdx + Gr

∫ 1

1−δ2

uxuzdxdz (67)

We start with the second term on the right hand side:

∫ ∫

δ1

0
uxuzdzdx =

∫ ∫

δ1

0

∫

z

0

(

∂ux

∂z′
uz + ux

∂u′
z

∂z′

)

dz′dxdz (68)

Now we use incompressibility to eliminate the ux

∂u′
z

∂z′
= −ux

∂ux

∂x
= −∂‖ux‖

2

∂x
term. Then we

find:

∣

∣

∣

∣

∫ ∫

δ1

0
uxuzdzdx

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∫

δ1

0

∫

z

0

(

∂ux

∂z′

∫

z′

0

∂u′′
z

∂z′′
dz′′

)

dz′dxdz

∣

∣

∣

∣

∣

(69)

≤
∫ ∫

δ1

0

∫

z

0

∣

∣

∣

∣

∂ux

∂z′

∣

∣

∣

∣

√
z′‖∂uz

∂z
‖δ1,zdz′dxdz (70)

≤
∫ ∫

δ1

0

z√
2
‖∂ux

∂z
‖δ1,z‖

∂uz

∂z
‖δ1 ,zdxdz (71)

≤ δ2
1

4
√

2

(

1

C
‖∂ux

∂z
‖2

δ1
+

C

2
‖∂ux

∂x
‖2

δ1
+

C

2
‖∂uz

∂z
‖2

δ1

)

(72)
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Here ‖ · ‖δ1
=

(

∫ ∫

δ1

0 ·2dxdz
)1/2

and ‖ · ‖1−δ2
=

(

∫ ∫ 1
1−δ2

·2dxdz
)1/2

. Similarly define

‖ · ‖δ1,z =

(

∫

δ1

0 (·)2dz
)1/2

. If we choose C =
1√
2

we find

∣

∣

∣

∫ ∫

δ1

0 uxuzdzdx
∣

∣

∣
≤ δ

2

1

16‖∇u‖2
. We

can perform an identical analysis at the top boundary layer, and set δ1 = δ2 to prove that

Q ≥ 1

2
‖∇u‖2 − Gr

δ2
1

8
‖∇u‖2

δ1
− Gr

δ2
1

8
‖∇u‖2

1−δ2
(73)

≥
(

1

2
− Gr

δ2
1

8

)

‖∇u‖2
(74)

This is positive if δ1 ≤ 2Gr−1/2
. This means that ūx(1) ≥ 4Gr1/2

. In terms of units

ūx(h) = ūx(1)
ν

h
≥ 4τ1/2

. The friction coefficient Cf =
τ

ū(h)2 ≤ 1
16 .

2.4 Bounds in Three Dimensions

We can use much of the same algebra to derive bounds for the three dimensional case.

The equations are the same except that there is a y component in the velocity field. As a

result we have the same ū(h) ≥ 2U(1) − 1
Gr

〈

(

dU

dz

)2
〉

as long as Q ≥ 0. We pick the same

background profile as in the two dimensional case, linear near each boundary and constant

in the bulk.

We begin with the second term in Q and find that:

˛

˛

˛

˛

Z Z Z

δ1

0

uxuzdxdydz

˛

˛

˛

˛

≤

Z Z Z

δ1

0

z‖
∂ux

∂z
‖

δ1,z
‖

∂uz

∂z
‖

δ1,z
dxdydz (75)

≤
δ
2

1

2

„

1

2C

Z

dx

Z

dy‖
∂ux

∂z
‖
2

δ1,z
+

C

2
(1 − a)

Z

dx

Z

dy‖
∂uz

∂z
‖
2

δ1,z
+

C

2
a

Z

dx

Z

dy‖
∂ux

∂x
+

∂uy

∂y
‖
2

δ1,y

«

(76)

=
δ2

1

4

„

1

C
‖

∂ux

∂z
‖
2

δ1
+ C(1 − a)‖

∂uz

∂z
‖
2

δ1
+ Ca‖

∂ux

∂x
‖
2

δ1
+ Ca‖

∂uy

∂y
‖
2

δ1
+ Ca‖

∂ux

∂y
‖
2

δ1
+ Ca‖

∂uy

∂x
‖
2

δ1

«

(77)

Choose a =
1
2 and C =

√
2 to find that

∣

∣

∣
Gr
∫ ∫ ∫

δ1

0 uxuzdxdydz
∣

∣

∣
≤ δ2

1

4
√

2
‖∇u‖2

δ1
. We make

the transformation z 7→ 1 − z to study the upper boundary layer:

∣

∣

∣

∣

∫

dx

∫

dy

∫

δ2

0
uxuzdz

∣

∣

∣

∣

≤
∫

dx

∫

dy

∫

δ2

0
dz

2

π

(
∫ 1

δ2

(
∂ux

∂z
)
2dz′

)1/2 √
z‖∂uz

∂z
‖1−δ2,z (78)

≤ 3δ
3/2
2

2π

(

1

C
‖∂ux

∂z
‖2

+
C

2
‖∂uz

∂z
‖2

δ2
+

C

2
‖∂ux

∂x
‖2

δ2
+

C

2
‖∂uy

∂y
‖2

δ2

)

(79)

Combining these two terms we find that:

|Q − 1

2
‖∇u‖2| ≤ Gr

δ2
1

4
√

2
‖∇u‖2

δ1
+ Gr

3δ
3/2
2

2π

(

1

C
‖∂ux

∂z
‖2

+
C

2
‖∇u‖2

δ2

)

(80)

≤ Gr

([

δ2
1

4
√

2
+

3δ
3/2
2

2π

1

C

]

‖∂ux

∂z
‖2

+
δ2
1

4
√

2
‖∇u‖2

)

(81)

= Gr

([

δ2
1

4
√

2
+

3
√

2δ3
2

2π2δ1

]

‖∂ux

∂z
‖2

+
δ2
1

4
√

2
‖∇u‖2

)

(82)
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Figure 2: Stanton Diagram of the TCY bounds and the bounds proven here on Cf

In the last line we made the choice C =
πδ

2

1

3
√

2δ
3/2

2

. This shows that the ratio of the

boundary layers
δ2

δ1
. Gr−1/6

. In order to produce a prefactor for the scaling of ū(1) we

take δ2 = 0. Then δ1 =

√

2
√

2Gr−1/2
and ū(h) ≥

√

2
√

2τ1/2
. The corresponding friction

coefficient is Cf ≤ 1
2
√

2
= .354. The bound proved by Tang, Caulfield, and Young[6] is

Cf < .0237, which is stronger than this bound.

3 Infinite Prandtl Number Marangoni Convection

Consider the equations describing infinite prandtl number Marangoni convection:

∇p = ∆u (83)

∂T

∂t
+ u · ∇T = ∆T (84)

u|z=0 = 0 (85)

T |z=0 = 0 (86)

uz|z=1 = 0 (87)

∂T

∂z
|z=1 = −1 (88)

∂ux

∂z
|z=1 = −Ma

∂T

∂x
|z=1 (89)
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Take the divergence of the momentum equation:

∆p = ∇ · ∆u (90)

= ∆∇ · u (91)

= 0 (92)

If we take the Laplacian of the momentum equation we will find that u solves the biharmonic

equation:

∆
2u = ∆∇p (93)

= ∇∆p (94)

= 0 (95)

We will be interested in the z component of the velocity for the background method. If we

take the Fourier transform in the z direction it satisfies an ordinary differential equation:

d4uz

dz4
− 2k2 d2ux

dz2
+ k4ux = 0 (96)

uz|z=0 = 0 (97)

duz

dz
|z=0 = 0 (98)

uz|z=1 = 0 (99)

d2uz

dz2
|z=1 = k2Maθ(1) (100)

This has an exact solution:

u
k

= −Maθ
k
(1)

2 sinh(k)
2 sinh(k) cosh(k)

k
− 2

(sinh(kz) − kz cosh(kz) + (k coth(k) − 1) z sinh(kz)) (101)

Define fk(z) =
u

k

Maθ
k
(1) .

We have plotted the modes in Figure 3. For large value of k the functions are concen-

trated near z = 1. For very large values of k the maximum value of fk goes to zero. For

small values of k the maximum of fk is extremely small and the function is concentrated

over the entire unit interval. For values of k near 3 and 4 the maximum is large and the

concentration is also over a significant portion of the unit interval.

Set up the background method by making the substitution T = τ(z)+θ, where τ(0) = 0

and
dτ

dz
(1) = −1. Then the field θ satisfies the equation:

∂θ

∂t
+ uz

dτ

dz
+ u · ∇θ = ∆θ +

d2τ

dz2
(102)

θ(z = 0) = 0 (103)

∂θ

∂z
(1) = 0 (104)

If we multiply the θ evolution equation by θ and integrate over space we get the expres-

sion:

1

2

∂‖θ‖2

∂t
= −

∫

dx

∫

dz
(

θuzτ
′ − θτ ′′

)

− ‖∇θ‖2
(105)
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Figure 3: Plots of the functions fk.

3.1 Energy Stability

Make the substitution τ = −z in the previous equation. The solution τ = −z will be stable

when the quadratic form Q = ‖∇θ‖2 −
∫

uzθdA is positive definite. Allow uk to stand for

the kth Fourier coefficient of uz. Substitute the expression for the Fourier series of θ and

uz into Q:

Q =

∑

k

∫ 1

0
dz

(

−2<(θkuk) + (
dθk

dz
)
2
+ k2θ2

k

)

dz (106)

Then use the Cauchy-Schwarz inequality:

|
∫ 1

0
dz2<(θkuk)| ≤ Maθk(1)‖fk‖‖θk‖ (107)

≤ Ma‖dθk

dz
‖‖θk‖‖fk‖ (108)

≤ Ma

2
‖fk‖

(

k‖dθk

dz
‖2

+
1

k
‖θk‖2

)

(109)

If for each k the quantity
Ma

2k
‖fk‖ is less than 1 the form Q will be positive definite. Since

we know the fk we can write this condition explicitly:

0

@

Z

1

0

dz

"

2 sinh(k)
2 sinh(k) cosh(k)

k
− 2

(sinh(kz) − kz cosh(kz) + (k coth(k) − 1) z sinh(kz))

#

2
1

A

1/2

≤
2k

Ma
(110)

This allows us to calculate the critical Marangoni number to be Mac > 58.3. The maxi-

mum occurs at k = 2.4. This estimate is slightly better than the estimate published Davis in
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1969. Davis used variational methods and his bound is valid for all Prandtl numbers. The

variational problem that he set up used natural boundary conditions to eliminate the terms

that come from integrating by parts along the boundary. This weakening of the boundary

condition is what makes it possible to improve the scaling using nonvariational methods.

3.2 Upper Bounds on the Nusselt Number

We define the Nusselt number to be the ratio of heat transport to heat transport due to

conduction, so that it measures the strength of convection. Conduction requires a temper-

ature gradient, so one would expect that when convection is strong the fixed heat flux is

maintained with a minimal temperature gradient. The result is that the temperature at the

top becomes low. Therefore we define the Nusselt number as − 1
T (z=1) . If we multiply the

time evolution equation for T by T and average we find that:

1

Nu
= ‖∇T‖2

(111)

Take the energy evolution equation for ‖θ‖2
and time average it:

0 = −
∫

dx

∫

dz(θuzτ
′ − θτ ′′

) − ‖∇θ‖2
(112)

Now use the expression ‖∇θ‖2
= ‖∇T‖2 − ‖τ ′‖2 − 2

∫

dxdzτ ′ ∂θ

∂z
to write:

0 = −2

∫

dx

∫

dz(θuzτ
′ − θτ ′′

) − ‖∇θ‖2 − ‖∇T‖2
+ 2

∫

dxdzτ ′ ∂θ

∂z
+ ‖τ ′‖2

(113)

0 = −2

∫

dx

∫

dz(θuzτ
′
) − ‖∇T‖2 − 2θ̄(1) − ‖∇θ‖2

+ ‖τ ′‖2
(114)

0 = −2

∫

dx

∫

dz(θuz) − 2T̄ (1) + 2τ̄ (1) − ‖∇θ‖2
+ ‖τ ′‖2

+ ‖∇T‖2
(115)

− 1

Nu
= −2

∫

dx

∫

dz(θuzτ
′
) − ‖∇θ‖2

+ 2τ̄ (1) + ‖τ ′‖2
(116)

If the functional Q = 2
∫

dx
∫

dz(θuzτ
′
) + ‖∇θ‖2

is always positive we can prove an upper

bound on the Nusselt number:

1

Nu
≥ −2τ̄(1) −

∫

dzτ ′2
(117)

We choose the derivative of the background profile τ to be equal to −1 in a layer of

width δ1 near the bottom and δ2 near the top. We choose τ ′
to be constant in the bulk:

τ(z) = −z 0 < z < δ1 (118)

= −δ1 δ1 < z < 1 − δ2 (119)

= −δ1 − z + 1 − δ2 1 − δ2 < z < 1 (120)

Then
1

Nu
≥ δ1 + δ2 as long as

∫

dx
∫

dz(2θuz) + ‖∇θ‖2
is positive. Write this in terms

of the Fourier decomposition of θ and uz:

0 ≤
∑

k

[

2

∫

δ1

0
dz<(θkuk) + 2

∫ 1

1−δ2

dz<(θkuk) + ‖dθk

dz
‖2

+ k2‖θk‖2

]

(121)
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Figure 4: Background profile for Marangoni convection.

If for all k the quantity 2
∫

δ1

0 dz<(θkuk) + 2
∫ 1
1−δ2

dz<(θkuk) + ‖dθ
k

dz
‖2

+ k2‖θk‖2 > 0 the

form Q will be positive definite.

We begin the analysis with the lower boundary layer. We start by replacing uk with

Maθk(1)fk. Then we use the fundamental theorem of calculus:

|
∫

δ1

0
fkθk(1)θkdz| ≤

∫

δ1

0
|fkθk|dz‖dθk

dz
‖ (122)

≤
∫

δ1

0

√
z|fk|‖

dθk

dz
‖2

(123)

Let F (z) = supkf(z). Then we need to evaluate
∫

δ1

0

√
zF (z)dz to determine the scaling.

As z goes to zero each fk scales as ckz
2

so there is reason to believe that F might have the

same behavoir. We verified numerically that for extremely small z the value of k at which

the maximum over fk is realized has a lower bound, implying that there is some c such that

F (z) < cz2
. We show this in Figure 3.2. This means we can choose δ

7/2
1 = O(Ma−1

), or

that Nu < O(Ma2/7
). We can calculate the prefactor numerically. We set δ2 = 0. We find

that Nu < .84Ma2/7
.

Boeck and Thess have used numerical methods to find solutions of the infinite Prandtl

number Marangoni problem. They analyzed the scaling of the Nusselt number of their nu-

merical solutions with respect to the Marangoni number and found that Nu = .446Ma .238
.

They also theorized that Nu ∼ Ma2/9
[1]. We compare their data to our bound in Figure

3.2.

3.3 Heat Transport with finite Prandtl Number

We consider the problem of Marangoni Convection in a system with finite Prandt number.

The system is described by the equations:
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Figure 5: Scaling of the functions fk for different values of k near z = 0.

Figure 6: Plot of Nusselt and Marangoni number of numerical data compared to the rigorous

upper bound and the critical Marangoni number
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P−1
(
∂u

∂t
+ u · ∇u) = −∇p + ∆u (124)

∇ · u = 0 (125)

∂T

∂t
+ u · ∇T = ∆T (126)

u(z = 0) = ~0 (127)

T (z = 0) = 1 (128)

u3(z = 1) = 0 (129)

∂T

∂z
(z = 1) = −1 (130)

∂u1

∂z
= −Ma

∂T

∂x
(z = 1) (131)

∂θ

∂z
(z = 1) = 0 (132)

The Nusselt number of this flow is defined as Nu = − 1
T̄ (1)

. Multiply the equation for

the temperature by T and average it over the volume. All the terms on the left hand side

vanish, the first term because the norm of temperature is bounded and the advection term

because there is no flux across the upper and lower boundaries. Therefore we find that:

0 =

∫

V

T∆TdV (133)

= −‖∇T‖2
+

∫

ΓV

T
∂T

∂z
dA (134)

= −
∫

z=1
TdA − ‖∇T‖2

(135)

This means that Nu =
1

‖∇T‖2 . Introduce a background profile τ(z). We choose τ to satisfy

a homogeneous Dirichlet condition at z = 0 and the Neumann condition
∂τ

∂z
= −1 at z = 1.

Then we can decompose the temperature T = τ(z) + θ(x, z, t) where θ = 0 at z = 0 and

∂θ

∂z
= 0 at z = 1. For each τ there is an equation for θ:

∂θ

∂t
+ u · ∇θ + uz

∂τ

∂z
= ∆θ +

∂2τ

∂z2
(136)

Multiply this equation by θ and take the average over space and time. Again the first two

terms on the left hand side vanish:

0 = −‖∇θ‖2 − θ̄(1) − 〈θuzτ
′〉 − 〈∂θ

∂z
〉 (137)

Now substitute τ and θ for T into ‖∇T‖2
=

1
Nu

:

1

Nu
= ‖∇θ‖2

+ ‖∇τ‖2
+ 2

∫

∇θ · ∇τdV (138)

= −‖∇θ‖2 − 2θ̄(1) − 2〈θuzτ
′〉 +

∫

τ ′2dv (139)
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In the last line we added two times the identity in the previous equation. In order to

incorporate the Marangoni condition we need the momentum equation. We take the dot

product of the momentum equation with u and calculate the space time average:

0 = −‖∇u‖2
+

∫

z=1
ux

∂ux

∂z
dA (140)

= −‖∇u‖2 − Ma

∫

z=1
ux

∂θ

∂x
dA (141)

= −‖∇u‖2 − Ma

∫

V

∂

∂z
(ux

∂θ

∂x
)dV (142)

Consider linear combinations of this expression and the equation for the Nusselt number:

1

Nu
= −‖∇θ‖

2
− 2θ̄(1) − 2〈θuzτ

′
〉 +

Z

V

τ
′2

dv + C(‖∇u‖
2 + Ma

Z

V

∂

∂z
(ux

∂θ

∂x
)dV ) (143)

= −‖∇θ‖
2
− 2(T̄ (1) − τ̄(1)) − 2〈θuzτ

′
〉 +

Z

V

τ
′2

dv + C(‖∇u‖
2 + Ma

Z

V

∂

∂z
(ux

∂θ

∂x
)dV ) (144)

= −2τ̄(1) − 〈τ
′2
〉 + Q(θ, τ, u) (145)

In the second to last line we used the fact that θ = T − τ . In the last line we used the fact

that Nu = − 1
T̄ (1)

and defined the quadratic form Q:

Q(θ, τ, u) = ‖∇θ‖2
+ 2〈θuzτ

′〉 + C(‖∇u‖2
+ Ma

∫

∂

∂z
(ux

∂θ

∂x
)) (146)

Suppose that Q > 0 for all u, θ, for some given choice of τ . Then
1

Nu
< −2τ̄(1) − 〈τ ′2〉.

The bound on the Nusselt number will only depend on the choice of τ . Therefore the task

will be to choose a τ that maximizes the bound on
1

Nu
subject to the constraint that Q is

positive. The background τ only affects Q through the term 〈θuzτ〉, which can be negative.

Therefore it would make sense to make this term as small as possible. Define τ such that

τ ′
is zero everywhere except near the upper and lower boundaries.

τ = −z z < δ1 (147)

τ = −δ1 δ1 < z < 1 − δ2 (148)

τ = −δ1 − δ2 + 1 − z 1 − δ2 < z < 1 (149)

With this choice of τ the expression 〈θuzτ
′〉 reduces to the inner product of uz and θ

over regions of width δ1 and δ2 near the boundaries. The τ also satisfies the boundary

conditions. We treat the top and bottom layer separately, starting with the bottom layer:

∫

δ1

0
θuzdV ≤

∫

δ1

0

(
∫

z

0
| ∂

∂z′
θdz′|

)(
∫

z

0
| ∂

∂z′′
uzdz′′|

)

dxdz (150)

≤
∫

δ1

0
z‖∂θ

∂z
‖‖∂uz

∂z
‖dxdz (151)

=
δ2
1

2
‖∂θ

∂z
‖‖∂uz

∂z
‖ (152)
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It is more difficult to deal with the upper layer because θ is not zero on the upper boundary.

As a result we have to use the Poincare inequality instead of the method we just used on

the lower layer. We can choose δ2 = 0 and not effect the scaling.

The term involving the Marangoni number must also be controlled by the norms of the

derivatives of u and θ.

Ma

∫

∂

∂z

(

ux

∂θ

∂x

)

= Ma

∫
(

∂ux

∂z

∂θ

∂x
− ∂ux

∂x

∂θ

∂z

)

(153)

≤ ‖∂ux

∂z
‖‖∂θ

∂x
‖ + ‖∂uz

∂z
‖‖∂θ

∂z
‖ (154)

Here we have used the fact that u is incompressible. Now we have bound on Q in terms

of first derivatives of u and θ. We are only interested in the scaling and do not make an

effort here to derive an optimal bound. If we take C = 1 we find that Q is positive when

the following equation for λ has no negative solutions:

(1 − λ)
4 − (

δ4

4
+

Maδ2

2
)(1 − λ)

2
= 0 (155)

This is satisfied as long as
δ
4

4 +
Maδ

2

2 < 1. This suggests that for large Ma δ . Ma−1/2
.

This suggests that Nu . Ma1/2
.

The scaling Nu . Ma1/2
is considerably weaker than the infinite Prandtl number case.

On the other hand, simulations by Boeck and Thess do not indicate that the actual scaling

is weaker for the finite Prandtl number case. The reason that this scaling is so much worse is

because we were unable to take advantage of the relationship between the temperature and

velocity fields. It was possible to achieve the 2/7th bound because we knew what the Fourier

modes of the velocity field were. However the relationship is much more complicated in the

finite Prandtl number case and we were unable to use it. In general, improvements of the

bounds produced by the background method in Raleigh-Benard convection were achieved

by using the relationship [2], so it seems reasonable to expect that this bound could be

improved by such considerations.

4 Conclusion

We presented rigorous upper bounds for the friction coefficient in stress driven shear flow

and also derived the critical Grashoff number for the stability of the laminar flow solution.

Tang, Caulfield, and Young first used the background method to analyze this problem.

We were able to prove an analytic bound on the friction coefficient using the full stress

boundary condition. We improved the lower bound on the critical Marangoni number for

nonlinear stability in infinite dimensional Prandtl number Marangoni convection. We also

proved that Nu < .84Ma2/7
for the same problem. In finite Prandtl number Marangoni

convection we were unable to do any better than Nu ∼ Ma1/2
.
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Continual skipping - getting a kick from water

Ian Hewitt

1 Introduction

Attempting to ‘skip’ stones at the beach is familiar to many - throwing the stone into the

water surface in such a way that it bounces several times before eventually sinking. This

project investigates whether, by towing an object along at a sustained horizontal velocity,

it can continually skip along the surface, and looks at the fluid dynamics which might cause

this to happen.

We conduct experiments in which we tow an inclined plane (which we refer to here as a

paddle) through the water at different speeds and observe whether it glides steadily through

the water or whether it oscillates and skips clear of the surface. We then attempt to explain

the observations with some simple models for the height of the paddle.

We find that a light paddle will continually skip provided the water speed is large enough,

and the size of the bounces increases with the water speed above this threshhold. We can

study how this depends on the mass of the paddle, and also its width.

The steady planing state, at least when treated as two dimensional, is a classical problem

[4, 16] and also bears some similarity to steady flow beneath a sluice gate [18, 1] or a

surfboard [17]. However the stability of this state has not received much attention and

allowing for time dependence significantly alters the problem.

A related body of research looks at ‘water entry’ of an object, the majority of which has

military applications; particularly the impact of torpedoes and bombs on the surface and

the forces on a seaplane’s floats during landing [19, 20, 8]. The main questions in this case

are whether the force exerted by the water on the entering object is large enough to cause

it to ricochet off the surface (usually not desired for torpedoes, but famously put to effect

by Barnes Willis’s ‘bouncing bomb’), or whether the seaplane will maintain its stability as

a result of the force experienced on the floats.

Mathematical models of the response of both shallow and deep water due to an impacting

object have been developed [9, 20, 7], looking at the wetted region of the object, the high

speed jets which are ejected and the force on the object; taking into account all the details

of the water flow makes the results reasonably complicated. A simpler description of the

force on the object was used recently to describe experiments on skipping stones [3, 13],

and we use this as a starting point for a description of our experiments. It will be seen that

this model is too simplistic and we must add some extra physics - namely the ‘splash-up’

of water ahead of the object - to explain the observed skipping.
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Figure 1: Experimental setup. A counterbalanced wooden arm of length 2a is pivoted at

a fixed point, with a paddle attached to one end and a laser attached to the other. The

paddle side is weighed down by a mass m. The paddle is usually 7 cm wide, although some

experiments used a wider 10 cm paddle. The laser shines a beam at an angle β onto a

screen where its position is captured by a video camera at 30 frames per second.

2 Experiments

The setup for the experiments is shown in figure 1. We performed most of the experiments

in a large (2 m diameter) rotating tank with the paddle held by an arm onto a fixed pivot.

By changing the angular velocity of the rotating tank we could adjust the water speed

beneath the paddle and arm, which were aligned parallel to the water flow near the edge of

the tank.

The arm holding the paddle was counterbalanced on the other side so that the weight of

the paddle pulling it down could be made small. By adding additional masses on top of the

paddle we could then increase its weight. Attached to the arm was a laser pointer which

shined its beam upwards onto a screen (see figure 1). The screen could be recorded with a

video camera, and the position of the laser obtained from analysing the images. We used

a standard 30 frames per second analog recorder, so could extract the position of the laser

every 1/30 of a second. The position of the laser can then be converted into the vertical

position of the paddle so that we obtain the trajectory of the paddle sampled at 30 Hz.

The water flowing beneath the paddle was about 6 cm deep, but one of the drawbacks

of using a rotating tank was that this depth depended on the flow speed. The surface of

the water is not flat - it is parabolic in shape - and becomes more and more inclined as

the angular velocity of the tank increases. In order to ensure that the paddle bottom was

as near as possible to parallel to the surface (since the surface is parabolic and the paddle

straight, this is not possible exactly) the arm holding the pivot had to be angled differently

for different water speeds.

The tank could be rotated at up to 2 rad s
−1

, and the paddle was positioned about

20 cm from the edge of the tank so that the highest possible water speed was 1.76 m s
−1

.
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Figure 2: 10 s segments of time series for increasing water speed U and mass m = 3.4 g.

This is the vertical displacement of the paddle, but the origin in each case is arbitrarily

chosen to be the minimum position, and is therefore not quite the same for each speed. The

height of the undisturbed water surface is not known exactly but will be between 0− 5 mm

above the minimum. At lower speeds the paddle sits in a steady planing state without

oscillating.

This speed is high enough to cause a light paddle to continually skip along the surface -

indeed there seemed to be no steady planing state in this case and independently of how

the paddle was dropped or placed into the water it would evolve into a bouncing trajectory

which had a characteristic amplitude and frequency. Whilst each bounce was somewhat

irregular - they were not all the same amplitude - the amplitude of the bouncing mode

over a long enough time series was quite well defined. The trajectory was recorded in 45

second time series which were begun long after the paddle was placed in the water - these

trajectories are therefore indicative of the ‘steady’ bouncing behaviour. Examples of the

trajectories obtained are shown in figures 2 and 3. The origin for each of these trajectories

is not the same - due to the experimental setup it was not possible to accurately determine

where on the screen corresponds to the undisturbed water surface, so the displacements

measured can only be regarded as relative displacements. It is also not easy to determine

when the paddle leaves the water surface - we were only able to assess this visually. It

appears that small oscillations are possible with the paddle never leaving the surface - for

instance below speed U = 1.1 m s
−1

in figure 2 and above mass m = 17.3 g in figure 3.

At high water speeds the rotation period of the tank is only just over 3 seconds, which

does not give long for the waves created in the wake of the paddle to be carried round into

its path. We would like the water ahead of the paddle to be as smooth as possible, since

we are looking for natural oscillations rather than setting up a wave pattern around the

tank (unlike [15], for example), so ideally we would like to remove the wake entirely. This
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.

This is the vertical displacement of the paddle, but the origin in each case is arbitrarily

chosen to be the minimum position, and is therefore not quite the same for each mass. The

height of the undisturbed water surface is not known exactly but will be around 5 mm

above the minimum.

is another drawback of the rotating tank setup, and we attempted to minimise the wave

activity ahead of the paddle by padding the sides of the tank with netting, to damp the

waves which reflect off the walls. At large water speeds the center of the tank was also dry

so we similarly padded the inner ‘shoreline’ where the waves would otherwise break and

reflect. This had some effect in smoothing out the water, though we cannot claim to have

removed the waves entirely. However, we do not believe that the presence of waves ahead

of the paddle is what causes the oscillations - although it may lead to a more noisy signal

than we could expect if the water surface were really smooth. By dropping the paddle into

smooth water it was observed that the regular amplitude of bounces was set up before the

first wake had travelled round the tank, suggesting that excitation by the waves is not the

driving mechanism.

The main parameters we varied were the speed of the water U and the mass on the

paddle m, as shown in figures 2 and 3. The power spectrum of these trajectories has a

peak at frequencies close to the evident natural frequency of oscillations, but it is not very

well defined, and the amplitude of the peak is not a good measure of the amplitude of

oscillations. This might be expected since when the paddle leaves the water it ought to

follow a parabolic ballistic trajectory, whereas in the water it may be more sinusoidal; the

combination cannot be expected to decompose clearly in Fourier coefficients.

Instead we analyse the data by isolating individual bounces or oscillations and calculat-

ing their amplitude and period. Each 45 second time series contains over 100 bounces so

we can look at the mean and standard deviation; these are shown in figures 4 and 5. The

standard deviation gives a measure of how variable the amplitude and period are and there-
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Figure 4: Period and amplitude for a paddle of mass 3.4 g (crosses) and mass 17.3 g (circles),

with different water speeds U . These are average periods and amplitudes of oscillations over

a 45 s time interval. The error bars are one standard deviation either side of the mean, and

therefore give an indication of the variability rather than the error.
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Figure 5: Period and amplitude for water speed U = 1.5 m s
−1

, with different paddle masses

m. This shows the average period of oscillation and amplitude, with the error bars showing

one standard deviation either side of the mean. These are taken from the amplitudes and

periods of bounces within a 45 s time interval.

fore how well defined the bouncing mode is. At slow speeds, the trajectories are seen to be

considerably more noisy and irregular and this is evident in the larger standard deviation

for the period.

To summarise what these data show, for a given paddle mass there seems to be a

threshold water speed above which oscillations start to occur (figure 4), and above this, the

amplitude of the oscillations increases, apparently linearly, with the water speed. This is

suggestive of some sort of bifurcation, and we also see that the threshold seems to be higher

for a heavier paddle. When the bounces have large amplitude, there is a simultaneous

increase in the period, as we might expect for ballistic trajectories.

For a constant water speed (figure 3), it appears that the lighter mass undergoes larger

oscillations with a longer period and as the mass is increased the amplitude and period

decrease, with the period levelling off towards a roughly constant 0.2 s.

These are some of the trends which we hope to be able to explain, at least qualitatively,

with a simple model.

We also conducted some experiments with a wider paddle of width 10 cm to examine

the effect of the paddle’s width. For the same mass, the wider paddle undergoes larger

amplitude bounces and appears to require a lower threshold water speed to start oscillating

(figures 6 and 7). This dependence on the width of the paddle is another feature which we
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Figure 6: Period and amplitude for water speed 3.5 m s
−1

, for 5 different masses with 7 cm

and 10 cm wide paddles and with a cylinder shaped paddle. These are average periods

and amplitudes of oscillations over a 45 s time interval. The error bars are one standard

deviation either side of the mean.
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Figure 7: Period and amplitude for a paddle of mass 3.4 g for different water speeds with

7 cm and 10 cm wide paddles and with a cylinder shaped paddle. These are average periods

and amplitudes of oscillations over a 45 s time interval. The error bars are one standard

deviation either side of the mean.

hope the model will capture.

Though we will not discuss them further we also did some tests with a cylindrical paddle

(lengthways across the stream). This oscillated very regularly and with large amplitude and

the threshold to begin oscillating was at a considerably lower water speed. The data are

shown in figures 6 and 7 for completeness.

3 Modeling preliminaries

The vertical position of the paddle is governed by the angle θ between the arm and the

horizontal, so the equation of motion is really conservation of angular momentum about the

pivot. The equation is

I θ̈ = −mga cos θ + Fa cos θ − µa2θ̇, (1)

in which I is the moment of inertia, a is the length of the arm, m is the excess weight on

the paddle side, g is the gravitational acceleration, and F is the vertical force of the water

on the paddle. µ is a friction coefficient which describes the damping by friction in the

hinge and air resistance. The vertical displacement of the paddle is z = a sin θ and since θ
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Figure 8: (a) Forces on a paddle inclined at an angle α to the horizontal water surface, in a

stream moving at speed U . z, measured vertically upwards, is the position of the paddle tip

above the undisturbed surface. (b) Geometry of paddle in the frame of the moving water.

The wetted length lw shown here is the length of the paddle beneath the undisturbed free

surface.

is small we can approximate the equation as

(M + m)z̈ = −mg + F − µż, (2)

in which we define the effective mass M by I = (M + m)a2
.

The Reynolds number based on the depth of the water is large, and is still large even if

the length scale is taken as the depth of the paddle (∼ 5 mm),

Re =
UH

ν
∼ 10

4 − 10
5. (3)

The relevance of surface tension is seen from the Weber number

We =
ρU2z

σ
∼ 100, (4)

in which we take z to be a typical depth of the paddle. Since this is large, inertia is much

more important than surface tension forces which we will henceforth discount.

The remaining forces from the water might be separately described as buoyancy (hy-

drostatic pressure), hydrodynamic pressure and hydraulic drag. The buoyancy is simply

the weight of the water displaced by the wedge shape of the paddle ρgWz2/2 tan α, which

we will see is negligible in comparison with the hydrodynamic force ρU 2Wz at the speeds

(U ∼ 1 m s
−1

) of interest. The Froude number U 2/zg is large, and this is indicative of the

fact that buoyancy is not the principal force from the water; for simplicity, we will therefore

neglect any effects of gravity on the water.

The vertical force of the water on the paddle can therefore be written as

F = Fn cos α − Ft sinα (5)

where Fn is the force acting in the normal direction on the paddle and Ft is the force acting

in the downwards tangential direction. We expect the normal force here to be due to the

hydrodynamic pressure and the tangential force to be due to hydraulic drag, and for the

purposes of the current experiment we expect the normal force producing hydrodynamic lift

to be the most important.
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We begin by following the approach used with some success to model skipping stones

[2, 3, 13], in which the force depends on the relative velocity of the stone or paddle, and its

depth in the water. At high Reynolds number, such a force takes the form

F =
1

2
Cρ|U|2A, (6)

in which U = −U i + żk is the relative velocity, A is the cross sectional area of the object,

and C is a coefficient.

For the context of an object entering the water we expect that the relevant area should

be the cross sectional area in the direction of motion. For an object traveling at an angle

β = − tan
−1

(ż/U) to the horizontal (relative to stationary water) we can therefore expect

(figure 8),

Fn =
1

2
ρ|U|2A =

1

2
ρ|U|2Wlw sin(α + β), (7)

where lw = −z/ sin α is the ‘wetted length’ of the paddle, and W is the width of the paddle.

Note that the wetted length here is taken as being the length of the paddle beneath the

undisturbed water surface: this definition will need to be refined later. This expression

for the force was deduced from experiments conducted by Rosellini et al. [13], but can be

understood in terms of the geometry of figure 8. The coefficient C in (6) is therefore 1 in

this case, provided we choose the correct definition of the area A.

(7) can be written as

Fn = −1

2
ρW (U2

+ ż2
)
1/2z(U − cot α ż), (8)

and when ż is much smaller than U (an approximation which is appropriate for our exper-

iment) this force becomes linear in z and we have, ignoring friction for the moment,

(M + m)z̈ = −mg − 1

2
ρW cos α U 2z, (9)

This is a linear spring equation which oscillates about the steady position

z0 = − 2mg

ρW cos α U 2
, (10)

with frequency

ω =

[

ρW cos α U 2

2(M + m)

]1/2

rad s
−1. (11)

However this assumes that the paddle is always in the water, whereas of course if it goes

above the surface it no longer feels the effect of the water at all. So we can write the

equation of motion as

z̈ = ω2z0 − ω2zH(−z), (12)

where H(−z) is the Heaviside function (0 for z > 0 and 1 for z < 0). If the oscillations

have large enough amplitude they will go above the surface and have projectile motion in

the air,

z̈ = ω2z0. (13)
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Figure 9: Average period and amplitude of oscillations over a 45 s time interval, for water

speed U = 1.5 m s
−1

, with 5 different masses. The error bars show one standard deviation

either side of the mean (crosses), and the circles show the theoretical prediction for the

period (17) if the amplitude is fitted to the observed average for each mass.
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Figure 10: Average period and amplitude of oscillations over a 45 s time interval, for paddle

mass m = 3.4 g, with different water speeds. The error bars show one standard deviation

either side of the mean (crosses), and the circles show the theoretical prediction for the

period (17) if the amplitude is fitted to the observed average for each speed.

The velocity is zero at the maximum height H, and the path is parabolic,

z = H +
1

2
ω2z0t

2, (14)

entering the water at time tc = (−2H/ω2z0)
1/2

with velocity v = −(−2Hω2z0)
1/2

. After

this the motion is sinusoidal

z = z0 − z0 cos ω(t − tc) − (−2Hz0)
1/2

sinω(t − tc), (15)

and will exit the water again at a time

t = tc +
2

ω

[

π − tan
−1

(

−2H

z0

)1/2
]

. (16)

The period of the whole oscillation (for H > 0) is therefore

2

ω

[

π − tan
−1

(

−2H

z0

)1/2

+

(

−2H

z0

)1/2
]

. (17)
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Unlike a simple harmonic oscillator the frequency now depends on the amplitude of the

motion, which is seen from the solutions to be

H − z0 + (z2
0 − 2Hz0)

1/2. (18)

Thus, if we know the amplitude of oscillations we should be able to predict the period

or frequency. By taking the observed amplitudes of the oscillations in the experiment we

can estimate what the periods should be, and the results of such calculations are shown in

figures 9 and 10.

However, there is nothing in (12) which sets the amplitude of oscillations - they are

purely determined by the initial conditions. Moreover, if we introduce the frictional term

−µż any initial conditions will eventually decay towards the steady state. The same will

be true for any force F (z), since the change in energy over a collision starting with z = 0

at t = tIN and ending at z = 0 at t = tOUT is

[

1

2
(M + m)ż2

]tOUT

tIN

=

∫

tOUT

tIN

−mg ż dt +

∫

tOUT

tIN

Fn(z) cos α ż dt −
∫

tOUT

tIN

µż2
dz (19)

= −
∫

tOUT

tIN

µż2
dz < 0. (20)

Thus any force which is a function only of z will result in damped oscillations. In the

experiments we observe that there are oscillations which continue indefinitely, and their

amplitude naturally selects itself. Thus in the equation of motion (2) there must be some

destabilzing process which drives oscillations and it is then the balance between this and

the stabilizing effects of friction which determines their amplitude.

We see that approximating the force in (8) by the linear force in (9) cannot explain

the observed oscillations. By including the full force (8) we also find that the additional

nonlinear terms have a dissipative effect; figure 11 shows the solution to the equation of

motion with F taken as the vertical component of (8):

(M + m)z̈ = −mg − 1

2
ρW cos α(U 2

+ ż2
)
1/2z(U − cot α ż). (21)

For comparison the solution is compared with the solution when the horizontal velocity

U = ẋ is also allowed to vary due to the horizontal component of (8),

(M + m)ẍ = −1

2
ρW sinα(U 2

+ ż2
)
1/2z(U − cot α ż), (22)

as is appropriate for the usual case of a skipping stone.

It seems that the force in (8) is inadequate to describe our observations because it does

not contain any destabilizing effect. This is more evident in the experiments if we look at

the vertical velocity of the paddle while it is continually skipping. Figure 12 shows this

velocity alongside the displacement of the paddle, and it is seen that the vertical velocity is

on average larger when it leaves the water than when it enters the water. Plotting the exit

velocity against entry velocity for each collision (figure 13) we find that the collisions are

super-elastic, meaning the coefficient of normal restitution e = VOUT /VIN is larger than 1,

and this effect grows as the speed of the water is increased.
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Figure 11: (a) Trajectory of a light stone skipping using Rosellini et al.’s [13] parameter-

isation of the hydrodynamic force on the stone, with the horizontal velocity imposed as

U = 1.5 m s
−1

(21). In this case the distance x is equivalent to time t. The dashed line

shows the undisturbed water level. The vertical force on the particle varies through the

collision, causing the bounces to decay. (b) The same but with the horizontal velocity

unconstrained, so that the position x(t) is determined from (22). The horizontal velocity

starts at 1.5 m s
−1

and decreases to zero due to the force of the water.
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Figure 12: Vertical displacement (solid, left axis) and vertical velocity (dashed, right axis),

for the 10 cm wide paddle with mass 3.4 g and water speed U = 1.76 m s
−1

.

284



0 50 100 150
0

20

40

60

80

100

120

140

160

180

200

220

V
IN

 (mm s−1)

V
O

U
T (m

m
 s

−1
)

e ∼1.08

U = 0.97 m s−1

0 50 100 150
0

20

40

60

80

100

120

140

160

180

200

220

V
IN

 (mm s−1)

e ∼1.16

U = 1.23 m s−1

0 50 100 150
0

20

40

60

80

100

120

140

160

180

200

220

V
IN

 (mm s−1)

e ∼1.21

U = 1.5 m s−1

0 50 100 150
0

20

40

60

80

100

120

140

160

180

200

220

V
IN

 (mm s−1)

e ∼1.25

U = 1.76 m s−1

Figure 13: Maximum downward velocity (VIN ) plotted against the immediately following

maximum upward velocity (VOUT ) for each oscillation in a 45 second time interval, for

the 10 cm wide paddle with mass 3.4 g and different water speeds U as shown. VIN and

VOUT presumably occur somewhere close to where the paddle enters the water when it is

bouncing. The values given for the effective coefficient of restitution e are the average of

VOUT /VIN .

So the paddle gains kinetic energy during collisions, and this kinetic energy gain must

be balanced by the loss due to friction during the air-borne motion. In the next section we

discuss what aspects of the hydrodynamic force that can cause this are missing from (8).

3.1 The rise of water ahead of the paddle

The discussion of the previous section leads us to believe that the force from the water

cannot be simply a function of the depth beneath the undisturbed surface level, but varies

in a more complicated way throughout the course of the collision. The reason for this is due

to the water ahead of the paddle piling up there, so that the effective depth, and therefore

the wetted length lw are not just dependent on z (figure 14). This fact was realised by

Wagner [20] who noted that the water around an impacting object rises up to meet it, so

that the area of the water wetting the object is like an expanding plate. Thus the region over

which the water pressure is appreciable is not simply the region beneath the undisturbed

surface, but a larger region. It is necessary to determine what this region is and how it

varies during the course of the collision in order to calculate the force on the object.

A similar mechanism has been used to explain anomalous (larger than 1) values of the

coefficient of normal restitution in oblique elastic collisions - the surface deforms asymmet-

rically so that the effective normal for the collision is tilted [11, 10].

We can still think of the force as in (7), but we need to take more care in determining

lw. There have been some experimental studies of the water rise ahead of a planing hull

[12] which attempt to determine the wetted length as a function of the hull’s width and

trim angle (α). However we expect the variation of this wetted length to be important and

in particular we need to consider how lw varies during the course of the collision. It is not

entirely clear how to do this in a simple way, so we begin by considering a two-dimensional

shallow water model.
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Figure 14: Snapshots of paddle and free surface over the course of a collision showing the

evolution of the splash-up region ahead of the paddle.

Figure 15: Shallow water model setup with the definition of the water depths H, HL and

HT , and the position of the shock x = L(t). The upstream conditions H, U are prescribed

constants, but the other variables are changing over the course of the collision.

4 Shallow water model

The situation we consider is shown in figure 15; it is similar to the steady case modeled by

Tuck & Dixon [17, 14] for the shallow flow beneath a surfboard. The difference between

their model and ours is that we allow the height of the paddle to change and we treat the jet

which is ejected ahead of the paddle as producing a leading ‘wedge’ of water. We treat this

splash-up region ahead of the paddle as a shock, similar to a tidal bore on a river estuary.

The shallow water equations that apply beneath the paddle are, neglecting gravity,

ht − (uh)x = 0, (23)

ρ̄(ut − uux) = px, (24)

in which h is the water depth, u is the velocity in the negative x direction, p is the pressure

and ρ̄ = ρW is the two-dimensional density.

The upstream values H and U are steady, and the values at the trailing edge are labeled

h = HT and u = UT (these will vary in time). At the shock x = L(t) we label h =

HL and u = UL; the differential equations (23) and (24) don’t apply here since there

is a discontinuity, but mass and momentum must still be conserved so we require jump
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conditions,

−(ρ̄HL − ρ̄H)L̇ = (ρ̄HLUL − ρ̄HU), (25)

−(ρ̄HLUL − ρ̄HU)L̇ = (ρ̄HLU2
L + pLHL − ρ̄HU2

). (26)

Note that the pressure on the upstream face of the shock is zero (atmospheric), since we

are neglecting gravity.

If we know the position of the trailing edge of the paddle z above the undisturbed surface

then HT = H + z and the depth of water beneath the paddle (for 0 < x < L(t)) is

h(x, t) = HT + sx, (27)

where s = tanα is the slope of the paddle.

The velocity u(x, t) under the paddle is therefore related to the velocity at the trailing

edge by mass conservation (23),

u(x, t) =
uT HT + żx

HT + sx
= U +

(H + z)∆U − (sU − ż)x

H + sx + z
, (28)

in which we define ∆U = UT −U as the change in water speed from upstream to downstream

of the paddle. The pressure is obtained from integrating the momentum equation (24), also

in terms of ∆U ;

p(x, t)

ρ̄
=

(sU + s∆U − ż)
2x

s(H + sx + z)
− (sU + s∆U − ż)

2x2

2(H + sx + z)2
+

z̈x

s

+
(H + z)(s∆U̇ − z̈) + ż(sU + s∆U − ż)

s2
log

(

1 +
sx

H + z

)

, (29)

the dots all denoting time derivatives.

Combining the jump conditions (25) and (26) gives

pL(HL − H) = ρ̄H(U − UL)
2, (30)

in which we know

HL = H + z + sL. (31)

(25) and (30), with HL, uL and pL coming from (31), (28) and (29), give two equations

for the unknowns L and ∆U which also involve z and its time derivatives, and must therefore

be coupled with the equation of motion for the paddle

(M + m)z̈ = −mg + Fn cos α − µż, (32)

with Fn now given by

Fn(t)

ρ̄
=

∫

L(t)

0

p(x, t)

ρ̄
dx =

(sU + s∆U − ż)
2L2

2s(H + sL + z)
+

z̈L2

2s

+
(

(H + z)(s∆U̇ − z̈) + ż(sU + s∆U − ż)
)

{

H + sL + z

s3
log

(

1 +
sL

H + z

)

− L

s2

}

, (33)
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The combination (25), (30), (31), (28), (29), (32) and (33) provides 3 ordinary differential

equations for the unknowns z, L and ∆U . The initial conditions for the start of a collision

are

z = 0, ż = VIN , L = 0, ∆U = 0, at t = 0. (34)

(29) provides an expression for pL, and from (30) we also have

pL

ρ̄
=

H
(

(H + z)∆U − (sU − ż)L
)2

(H + sL + z)2(sL + z)
. (35)

Combining these we get an expression for ∆U̇ ,

∆U̇
H + z

s
log

(

1 +
sL

H + z

)

=
H
(

(H + z)∆U − (sU − ż)L
)2

(H + sL + z)2(sL + z)
− (sU + s∆U − ż)

2L

s(H + sL + z)
+

(sU + s∆U − ż)
2L2

2(H + sL + z)2

− ż(sU + s∆U − ż)

s2
log

(

1 +
sL

H + z

)

− z̈

s2

(

sL − (H + z) log

(

1 +
sL

H + z

))

, (36)

which can be substituted into the force (33) in the equation of motion to find z̈. After

rearrangement we obtain

z̈





M + m

ρW cos α
− L2

2s
+

(H + sL + z)L log

(

1 +
sL

H+z

)

− sL2

s2 log

(

1 +
sL

H+z

)





= − mg

ρW cos α
− µ

ρW cos α
ż +

(sU + s∆U − ż)
2L2

2s(H + sL + z)
+

(H + sL + z) log

(

1 +
sL

H+z

)

− sL

s log

(

1 +
sL

H+z

)

×
[

H
(

(H + z)∆U − (sU − ż)L
)2

(H + sL + z)2(sL + z)
− (sU + s∆U − ż)

2L

s(H + sL + z)
+

(sU + s∆U − ż)
2L2

2(H + sL + z)2

]

. (37)

We are left with the substantially shorter equation for L̇,

(sL + z)L̇ = −H∆U − (U + ∆U)z − żL. (38)

These equations apply only when the paddle is in the water; that is, L > 0. When

L < 0, the paddle follows a ballistic trajectory given by

(M + m)z̈ = −mg − µż. (39)

The equations (36), (37) and (38) must be solved numerically, and a typcial solution

is shown in figure 16. Potential singularities in the equations are avoided by switching to

equation (39) whenever L is smaller than some small threshold.

It is found that the long term behaviour is independent of the initial condition - at very

low water speeds there is a steady state which is stable, but at higher water speeds there is

a natural amplitude oscillatory mode, towards which any initial condition will evolve.
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Figure 16: Solution to the shallow water model, (36), (37) and (38) with no friction or mass

loss terms, showing the vertical position z, velocity v = ż, position of shock L and vertical

force F . The depth is 6 cm, the water speed is 1.5 m s
−1

, and the paddle mass is 3.4 g.

The initial condition is to start from rest on the undisturbed surface z = 0. On the right is

an enlarged view of one of the collisions.

4.1 Flow around the sides of the paddle

It is evident from figure 16 that these oscillations are considerably larger than those observed

in the experiment, with a consistently longer period. One reason for this is undoubtedly

the fact that the current model is two dimensional and the water is forced to flow under the

paddle, whereas what actually happens is that a substantial fraction of the water passes

around the paddle to the sides.

One way of including this mass loss into the two dimensional model is to treat it as

occurring at the shock front, so that instead of conserving mass the shock actually allows

a certain amount to be lost. If the position of the shock is x = L, then the area of the

triangular wedge which has built up ahead of the paddle is sL2/2. We might expect on

dimensional grounds that the rate at which mass is lost to the sides is proportional to this

area and the speed of the water, so that the mass loss is

−λρsL2U. (40)

Then the modified jump condition (25) becomes

−ρW (HL − H)L̇ = ρW (HLUL − HU) + ρsL2U. (41)

With this modification the expression for the pressure (35) acquires an extra term

pL

ρ̄
=

H
(

(H + z)∆U − (sU − ż)L
)2

(H + sL + z)2(sL + z)
+ λ

sL2U
(

H∆U + (U + ∆U)z + żL
)

W (H + sL + z)(sL + z)
, (42)
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Figure 17: Bifurcation diagram for shallow water model showing oscillation amplitudes as a

function of water speed. On the right is an enlarged view of the transition. The steady state

becomes linearly unstable at around 0.578 and the upper (bouncing) branch loses stability

at around 0.571. m = 3.4 g, µ = 0.2 kg s
−1

and λ = 1.
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Figure 18: Amplitude and period of oscillations for the shallow water model with constant

water speed U = 1.5 m s
−1

, and varying mass m. µ = 0.2 kg s
−1

and λ = 1.

which also therefore appears in (36) and (37). (38) becomes

(sL + z)L̇ = −H∆U − (U + ∆U)z − żL − λ
sL2U

W
. (43)

Including this effect reduces the size of the leading wedge of water and results in a

smaller impulse from the water, so that the height of bounces is not as large. Whereas

(36), (37) and (38) without the mass loss terms only have a steady state in which z is

positive (the trailing edge of the paddle is above the undisturbed surface), including mass

loss allows it to have a steady planing state which is (perhaps more reasonably) beneath the

undisturbed surface. This steady state is stable at low water speeds, but becomes unstable

above a threshold value, and any initial oscillations then grow until the paddle leaves the

water surface. Again, the eventual oscillatory mode is independent of the initial conditions.

This allows us to examine how the amplitude and period of oscillations behave as the water

speed or mass vary; figure 17 shows the amplitude as the water speed is increased, and

figure 18 shows how the amplitude and period vary with mass for a given speed. These

should be compared qualitatively with figures 9 and 10.

The steady branch of the bifurcation diagram in figure 17 becomes linearly unstable at
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Figure 19: Bifurcation diagram for shallow water model showing oscillation amplitudes as

a function of water speed for two different masses; 3.4 g (solid) and 20 g (dashed). The

threshold speed for oscillations is higher for the larger mass. µ = 0.2 kg s
−1

and λ = 1.

a slightly larger water speed than where the oscillatory branch ceases to exist; this suggests

the bifurcation is subcritical and there may be an unstable branch between the two. The

oscillations of the upper branch are always leaving the water surface - there appear to be no

steady oscillations which remain in the water. Above the threshold the amplitude increases

with water speed; this is what the experiments show, except that there is no detectable

jump in amplitude at which the oscillations start. The model suggests however that just

below the threshold any initial oscillations will decay very slowly, so that with a small

amount of noisy forcing (such as the effect of the wake in the tank), any oscillations below

the threshold would be hard to get rid of. It is possible that the unavoidable roughness in

the water surface might act to smooth out a sharp bifurcation in the measurements.

Figure 19 compares the bifurcation diagram for two different masses; for a larger mass

the threshold velocity at which the steady state loses stability is larger, as the experiments

(figure 4) suggest ought to be the case. However, it also seems that if the water speed is

large enough the heavier paddle can oscillate more, thus reversing the trend seen in the

experiments. It is not clear whether this is an artifact of the model or if the experiments

did not reach large enough speeds to detect it.

When the paddle is really skipping and spending the majority of its time in the air, the

time in the water can be viewed as a bounce, just like the bounce of an elastic ball. One

way of thinking about the amplitude of the skips in this case is to consider the change in

velocity (or kinetic energy) effected by each discrete bounce. Just like an elastic bounce

with coefficient of normal restitution e will return an incident velocity VIN at velocity

VOUT = eVIN , each collision with the water will return an incident velocity VIN at a

different velocity which we can calculate from our model. The equilibrium amplitude which

is reached is when this increase in velocity or energy is matched by the decrease due to

friction during the airborne part of the motion, which we can similarly treat as providing

a particular incident velocity VIN (for the next collision) for any given VOUT . If we plot

VOUT as a function of VIN for the bounce and VIN as a function of VOUT for the ballistic

motion, the steady state will be where these two curves intersect (if they do not intersect

there is no steady oscillation). Provided there is one intersection, for any initial velocity we

can trace a ‘staircase’ trajectory between the curves so that any initial condition will grow
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Figure 20: Exit velocity VOUT as a function of entry velocity VIN (solid lines) for collisions

in the shallow water model, with µ = 0.1 kg s
−1

and λ = 1, α = 20
◦
, and (a) m = 3.4 g,

(b) m = 10 g; The different curves correspond to different water speeds U at intervals of

0.1 m s
−1

The dashed line shows the entry velocity as a function of exit velocity for ballistic

motion with friction µ, and the dotted line is VOUT = VIN .

or decay towards the equilibrium.

Two sets of such curves are shown in figure 20 for two different masses. The collisional

curves are different for different water speeds whereas the airborne curves are naturally in-

dependent of the water. For small enough U there is no intersection and therefore no steady

bouncing state. As U is increased the point of intersection has larger VOUT , corresponding

to a larger amplitude. Unfortunately the shape of the curves depends on both U and m,

and each curve has to be computed separately; there is no simple scaling which determines

the intersection for different U or m.

5 A simplified shallow water model

Whilst the shallow water model presented above does a reasonable job of recreating some

of the experimental trends it is not quite obvious from (36), (37) and (38) what is going on

in the collision, nor how to generalise the model to deep water. If the displacement of the

water surface is small, then we can attempt to extract from the equations a simpler model

which includes fewer of the terms. We expect z, L and ∆U and their time derivatives all

to be small in this case.

Assuming that all these terms are equally small, we find the jump conditions both

become steady at leading order, and can only be satisfied if z = 0. We therefore expect

z to be smaller than L, and the mass jump condition suggests L2 ∼ z. We thus look for

the leading order terms in the equations when L is small and z and ∆U are quadratically

small (that is, in comparison to H and U respectively; formally we treat L/H = O(ε),
z/H = O(ε2

) and ∆U/U = O(ε2
)). The equations (36), (43) and (42) become

−2U∆U − s2L2U2

2H2
− U2z

H
= O(ε3

), (44)
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sLL̇ = −H∆U − Uz − λ
sL2U

W
+ O(ε3

), (45)

(M + m)z̈ = −mg − µż +
sL2U2

2H
+ O(ε3

), (46)

the first two of which simplify to

sLL̇ = −Uz

2
+

s2L2U

4H
− λ

sL2U

W
+ O(ε3

). (47)

It is worth considering what this approximation means in terms of the physical conser-

vation laws on which the model is based. The leading order momentum jump condition is

steady, so force balance occurs across the shock;

pL

ρ̄
HL = HU2 − HLU2

L. (48)

Moreover the ut term in the momentum equation is smaller than the uux term, so that the

first order pressure is determined by the steady Bernoulli equation

pL

ρ̄
=

1

2
U2

T − 1

2
U2

L. (49)

The ht term in the mass conservation equation beneath the paddle is also small, so that

at leading order the mass flux beneath the paddle is uniform, HLUL = HTUT . The only

balance which is not steady is therefore the mass balance across the shock at x = L (43),

(HL − H)L̇ = HU − HLUL − λ
sL2U

W
. (50)

The mass flux HLUL comes from combining the two momentum balances to give, up to

quadratically small terms,

HLUL = U

(

2HHLH2
T

H2
T

+ H2
L

)1/2

, (51)

but perhaps a better way of writing (50) is (correct to quadratic terms),

sLL̇ = −zU − H∆U − λ
sL2U

W
, (52)

in which ∆U follows from the global force balance

sFn

ρ̄
= HU2 − HTU2

T , (53)

= −zU2 − 2HU∆U. (54)

The leading order force follows from integrating Bernoulli’s equation for the pressure,

Fn

ρ̄
=

sL2U2

2H
, (55)

so that combining (52) and (53), and the equation of motion, we recover (46) and (47).

The equation (52) (or (47)) for L can be thought of as mass conservation for the tri-

angular wedge of water ahead of the paddle - the three terms on the right can be viewed

respectively as the rate of mass flow into the cross sectional area of the paddle facing the

fluid, the effect of the force of the paddle acting to slow down the whole water column, and

the mass lost to the sides of the paddle.
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5.1 Linear Stability

The simplified model (43) and (47) is in fact linear if we use the area of the water wedge

A = sL2/2 as a variable,

(M + m)z̈ = −mg + ρW cos α
AU2

H
− µż, (56)

Ȧ = −zU

2
+

sAU

2H
− λ

AU

W
. (57)

(56) is the same as our original linear equation of motion (9), except that the force now

depends on the area of the leading wedge A/H rather than directly on the depth z. So we

have essentially the same model, but now with a separate evolution equation for the ‘wetted

length’ A/H.

There is a steady (planing) state

A0 =
mgH

ρW cosα U 2
, z0 = −

(

2λ

W
− s

H

)

mgH

ρW cosα U 2
, (58)

and we can examine its stability by writing the equations in the matrix form





Ȧ
ż
z̈



 =





b −a 0

0 0 1

c 0 −d









A − A0

z − z0

ż



 , (59)

where

a =
U

2
, b =

sU

2H
− λU

W
, c =

ρW cos α

M + m

U2

H
, d =

µ

M + m
. (60)

Solutions of the form eλt
exist provided λ satisfies

λ3 − (b − d)λ2 − bdλ + ac = 0. (61)

Since a and c are positive this clearly has one negative real root λ0 and two other roots

which could be real (in which case they are positive) or complex, but whose real part is of

interest. If we write the complex roots as β ± iα then

0 = (λ−λ0)(λ−β−iα)(λ−β+iα) = λ3−(λ0+2β)λ2
+(β2

+α2
+2βλ0)λ−(β2

+α2
)λ0, (62)

from which we require

λ0 + 2β = b − d, β2
+ α2

+ 2βλ0 = −bd, (β2
+ α2

)λ0 = −ac. (63)

If b is positive, the coefficient of λ2
implies β must be positive (so the steady state is

unstable), but if b is sufficiently negative we could have negative β (and therefore stability).

The threshold for stability is (setting β = 0)

d >
b

2
+

(

b2

4
− ac

b

)1/2

, (64)
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Figure 21: Time series of vertical position of paddle z (solid, left axis, larger values of −z
are deeper in the water), and wetted length of the paddle l (dashed, right axis). These are

from measurements every 1/30 of a second.

or in terms of the parameters

µ

M + m
>

U

2

(

s

2H
− λ

W

)

+
U

2

(

(

s

2H
− λ

W

)2

− 2ρW cos α

(M + m)H
(

s

2H
− λ

W

)

)1/2

. (65)

Thus there is a critical level of friction needed in order to stabilise the system in the

planing state, and the critical value increases linearly with the speed of the water U . If

there is not sufficient friction the steady state will be unstable and perturbations will grow

exponentially until they reach the surface (that is, once A reaches 0). The hydrodynamic

force then switches off, and this non-linearity serves to set the amplitude of the bounces.

5.2 A shallow water experiment

As a qualitative test of the shallow water model, including the idealization of the splash up

as a shock, we designed an alternative experiment which comprised water flow under gravity

down an inclined plane. The flow was maintained by pumping water from a lower tank into

an upper one which overflowed down the ramp into the lower one. The flow on the ramp

was about 4 mm deep and travelling at about 60 cm s
−1

. The same paddle was placed in

this stream and, when light enough, was observed to oscillate up and down, coming clear

of the water momentarily. The paddle was widened so as to take up the full width of the

stream and minimise the flow around the sides. This made the oscillations greater, as the

theory would suggest. When the paddle was heavy enough there was a steady state in

which a large (several cm) wedge of fluid built up ahead, whereas when the paddle was light

enough this wedge of fluid oscillated to and from the trailing edge.

The crucial factor in the model we have proposed is the fact that the wetted length

(or equivalently in this case, the size of the leading wedge of water) does not respond

instantaneously to the depth of the paddle in the water. The lag between changing the

depth and increasing the wetted length is the essential mechanism in driving the oscillations.

By recording the position of the front of the leading wedge of water at the same time

as the vertical position of the paddle we are able to verify this lag experimentally. Figure

295



0 1 2 3 4 5 6 7 8 9 10
−0.1

0

0.1

z 
(m

)
t (s)

0 1 2 3 4 5 6 7 8 9 10
−0.1

0

0.1
z 

(m
)

t (s)

Figure 22: Paddle trajectories for the generalized deep water model (66) and (67), released

from rest at 10 cm height, with water speed (a) 0.5 m s
−1

(below threshold) and (b) 1 m s
−1

(above threshold). m = 10 g, µ = 0.2 kg s
−1

and λ = 4.

21 shows the position of the wetted front L and the depth of the paddle −z, and there is a

clear lag between the two.

This experimental setup worked well and it would be good to conduct more tests with

the same setup, particularly with a larger flow rate so that the speed of the water can

be varied and its effect carefully monitored. A more precise bifurcation diagram might be

found in this way than we were able to do in the rotating tank.

5.3 Generalization to deeper water

We now attempt to use the simplified model of the previous section to generalize to deeper

water. (56) and (57) both contain the expression for the force Fn = AU2/H and this is the

only place in which the water depth H appears. It seems natural to suppose that the water

depth in this context represents the depth over which the presence of the paddle affects the

water; for shallow water this is the whole depth, but for deeper water it might be expected

to be on the scale of the horizontal perturbation (consider an analogy with surface gravity

waves, when the phase speed changes from (gH)
1/2

to (g/k)
1/2

where k is the horizontal

wave number). We therefore consider it appropriate to replace H in (56) and (57) by L,

(M + m)z̈ = −mg + ρW cosα
sLU2

2
− µż, (66)

sLL̇ = −zU

2
+

s2UL

4
− λ

sL2U

2W
. (67)

The steady state is now

L0 =
2mg

ρW cos α sU 2
, z0 = − mg

ρW cos α U

(

2λmg

sρW 2 cos α U2
− s

2

)

. (68)

Linearised perturbations about this again satisfy





L̇
ż
z̈



 =





b −a 0

0 0 1

c 0 −d









L − L0

z − z0

ż



 , (69)
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Figure 23: Exit velocity VOUT as a function of entry velocity VIN (solid) for deep water

model (66) and (67) This is for a mass of 3.4 g and paddle of width 7 cm with mass loss

λ = 1 and friction µ = 0.2 kg s
−1

. The different curves correspond to different water speeds

as labelled. The dashed line shows VIN as a function of VOUT as determined by resistance

in the ballistic motion and the dotted line is the line VIN = VOUT .

but now with

a =
ρW cos α U 3

4mg
, b =

ρW cosα s2U3

8mg
− λU

W
, c =

ρW cos αsU 2

2(M + m)
, d =

µ

M + m
.

(70)

The stability criterion is as in (64); b must be negative, and

µ

M + m
>

ρW cos α s2U3

16mg
− λU

2W

+
1

2





(

ρW cos α s2U3

8mg
− λU

W

)2

− ρ2W 2
cos

2 α sU5

2mg(M + m)

(

ρW cos α s2U3

8mg
− λU

W

)





1/2

. (71)

Again we find the steady state is stable provided there is sufficient friction, and the

critical level of friction increases with water speed. Above this, perturbations grow until

they reach the water surface, and they then settle into a natural amplitude of bouncing.

This amplitude is independent of the initial conditions - and the amplitude is larger for

larger water speeds. Figure 22 shows example trajectories for U smaller than and larger

than the threshold speed for instability, when the paddle is dropped into the water from a

height. The same steady oscillations would be reached in the latter case if the paddle were

initially perturbed slightly from the steady planing state.

6 Wagner model: potential flow

The previous sections have identified the rise of water ahead of the paddle, and the time

lag necessary for this to happen, as a mechanism for generating super-elastic bounces from

the water surface. We have attempted to model this in a shallow water setting and with an
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Figure 24: Potential flow problem for a paddle impacting the free surface of an inviscid

irrotational fluid, moving at undisturbed speed U . The free surface is at atmospheric

pressure p = 0, as well as being subject to a kinematic condition. The kinematic condition

also holds on the paddle, and the pressure there determines the vertical force on the paddle,

which can be used to determine how the paddle moves.

ad-hoc generalisation to deeper water. Both of these essentially use parameterisations for

the effect of the paddle on the water flow.

A different approach is to attempt to calculate the water flow due to the paddle explicitly.

This is again easiest in two dimensions, where we assume the flow is irrotational. We can

then write the velocity as u = −U i + ∇φ, where φ is the disturbance potential satisfying

Laplace’s equation. We assume the stream occupies the space −H < y < 0, and consider

the situation shown in figure 24. This type of problem has been reasonably well established

as a so-called Wagner problem [20, 7, 5, 6].

The pressure is given by Bernoulli’s equation, neglecting gravity,

ρ̄φt + p +
1

2
ρ̄| − U i + ∇φ|2 =

1

2
ρ̄U2, (72)

the constant being determined by a steady uniform upstream condition, and zero atmo-

spheric pressure. The free surface y = h(x, t) has kinematic condition φy = Dh/Dt, and

the pressure there must be atmospheric.

If a paddle enters the water, suppose it occupies the region of the surface 0 < x < L(t).
L here is treated as the ‘turnover’ point (figure 24); there will be a small jet of water ejected

ahead of the paddle, but the appreciable force comes only from the wetted region up to the

turnover point L. For the purposes of this problem we disregard the details of this region

and the high speed jet entirely; see [7] for further discussion. For this wetted part of the

surface the relevant boundary condition is that the normal velocity of the water must equal

the normal velocity of the paddle. If the paddle is a flat plate moving in a vertical plane

with angle of attack α, then the normal is n = (− sinα, cos α), so that

−(−U + φx) sinα + φy cos α = ż cos α, (73)
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Figure 25: The linearised Wagner problem for a bouncing paddle hp = z+sx occupying the

region 0 < x < L(t) of the surface of an inviscid irrotational fluid. The boundary conditions

are as in figure 24, but are now applied at the undisturbed surface y = 0.

where ż is the vertical velocity of the paddle. We also know the height of the paddle

hp(x, t) = z + x tanα, (74)

where z is the vertical position of the trailing edge above the undisturbed surface y = 0.

The unknown position of the leading edge x = L(t) is determined by the condition that the

free surface height here is equal to the height of the paddle:

h(L(t), t) = hp(L(t), t). (75)

If we consider the linearised form of this problem (figure 25) we have

∇2φ = 0, −H < y < 0; φy = 0 at y = −H; φx → 0 as x → ±∞, (76)

At the surface y = 0,

φy = ht − Uhx,
0 = −φt + Uφx,

}

for x < 0, x > L(t), (77)

h = hp = z + sx,
φy − sφx = ż − sU,

}

for 0 < x < L(t), (78)

where s = tanα is the slope of the paddle. At x = L(t),

h(L(t), t) = hp(L(t), t). (79)

For a given z(t) these provide the equations and boundary conditions to be solved for

φ(x, y, t) and h(x, t). However this is coupled to the equation of motion for the paddle,

(M + m)z̈ = −mg + Fn cos α − µż (80)
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since the normal force Fn is

Fn =

∫

L(t)

0
p dx = ρ̄

∫

L(t)

0
−φt + Uφx dx. (81)

We can attempt to solve this problem numerically by solving Laplace’s equation for φ
at every time step using the pressure boundary conditions for x < 0 and x > L and the

kinematic boundary condition for 0 < x < L (the other boundary conditions are φy = 0

at the bottom and φx = 0 at the sides, which we try to make far away from the paddle).

Then the kinematic boundary conditions on x < 0 and x > L give the motion of the

boundary there (with boundary condition h = 0 at x = +∞), whilst Bernoulli’s equation

for 0 < x < L gives the pressure there and hence the acceleration of the paddle. We can

therefore find the new position of the paddle and the free surface and find the new value of

L at which these surfaces are equal. This gives the region over which the different boundary

conditions should be applied for Laplace’s equation at the next time step.

The solutions indicate that if the background stream flow U is large enough the paddle

can receive a super-elastic kick from the water, just as we found in the shallow water model.

In this case any initial condition will reach a steady bouncing state, with the amplitude

dependent on the water speed and paddle mass. The water ahead of the paddle rises up

to meet it, and the paddle does not leave the water until it is some distance above the

undisturbed level at which it entered it. At slower speeds there seems to be a steady

planing state in which the pressure balances the weight of the paddle.

It seems therefore that although the quantitative values (the amplitudes of the bounces

and the speed at which bouncing starts) are different, the same instability mechanism is

inherent in this model as in the shallow water model. This is reassuring since the potential

flow captures more of the fluid dynamics than the shallow water assumptions do, but given

the computational intensity, this model is not particularly useful nor wholly satisfying for

understanding what is going on.

7 Conclusion

A light paddle towed along the surface of flat water will continually bounce, or skip, along

provided it is pulled fast enough. The experiments we conducted (in which the paddle could

move vertically and the water flowed past) suggest that for a given paddle mass there is a

threshold water speed below which it planes steadily through the water and above which it

oscillates up and down, leaving the surface and skipping if the oscillations are large enough.

The amplitude of oscillations increases with the water speed above the threshold. For a

given water speed there seems to be a natural bouncing mode (with characteristic amplitude

and period) to which any initial condition evolves.

The threshold velocity at which skipping starts is larger for a heavier paddle and lower

for a wider paddle, and for a given velocity lighter and wider paddles tent to bounce higher.

When bouncing occurs the collision with the water appears to be super-elastic; the paddle

gains energy from the water.

We have described several models to try to explain the experimental findings; the key

mechanism we identify which causes the instability is the transient response of the water to
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the paddle moving in and out. The most simple models which treat the water’s response as

a steady function of paddle displacement cannot explain the skipping. Instead, the variation

of the ‘wetted length’ over the collision must be explicitly accounted for.

A shallow water description, in which the splashed up water ahead of the paddle is

treated as a shock, indicates that there should be a bifurcation at a critical water speed

above which the steady planing state becomes unstable and a bouncing mode, with super-

elastic bounces, is reached. The amplitude of oscillations is larger for larger water speed

and wider paddle, as found in the experiments.

A simplification and generalization to deeper water allow for a simple two o.d.e. description

of the system which again has the bifurcation and correct dependence on the various pa-

rameters. The model is not quantitatively comparable to the experiment but this may be

due to uncertainties in the parameterized effects of the water flow beneath and around the

paddle.

A two dimensional linearized potential flow model verifies that accounting for the time

evolution of the wetted length can allow super-elastic bounces and destabilize the steady

planing state.

The shallow water model motivated a further experiment in which the paddle was placed

in a shallow stream. We were able to verify the lag between vertical paddle position and

wetted length during oscillations. This setup worked well and it would be worthwhile to

do some further studies with varying the flow speed. The setup was more robust, easier

to use, and avoids the complications of the wake in the rotating tank. With more careful

measurements we might also be able to test more critically the models suggested here.
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On the Organization of Geostrophic Circulations Over Large

Scale Topography by Eddy-Diffusion of PV

Malte Jansen

January 12, 2009

1 Introduction

The quasi-geostrophic (QG) potential vorticity (PV) for a homogeneous layer can be written

as

q = βy + ζ − f
h′

H
(1)

where β is the planetary PV gradient (
∂f

∂y
), ζ is the relative vorticity, H is the mean depth

of the layer and h′ is a perturbation of the latter. For a layer bounded below by the bottom

topography we can write:

q = βy + ζ − f
η

H
+ f

hb
H
, (2)

where η is the displacement of the interface bounding the layer at the top and hb is the

elevation of the bottom topography. A topographic feature can thus be viewed as an

anomaly in the in the background PV field, similar to the β-effect.

Different theoretical concepts have been propasfosed arguing that quasi-geostrophic tur-

bulence acts to ”homogenize” the mean potential vorticity (PV) field which can be ”dis-

turbed” by topographic features. (See [7] for an older but still very useful review.) This

homogenization would then lead to an anomaly in the relative PV field
1

over the topography

which would be associated with a mean circulation.

Indeed observational evidence exists for this kind of circulations around topographic

features. [8] first notized an almost barotropic 100Sv anticyclonic flow around the Zapiola

Drift in the South Atlantic. A result later confirmed by various other observational studies.

Many previous theoretical and numerical studies focused on the adjustment of a turbu-

lent flow in a closed domain in the abscence of forcing and with weak or no dissipation (e.g.

[3] or [5]). [2], however, suggests that the strength of topographic circulations might be

determined by a balance between the eddy flux of PV, and Ekman pumping due to bottom

friction. Kinetic energy is in this case assumed to be provided by eddies from remote regions

(such as the ACC for the Zapiola drift). The same approach is used in this study.

1relative PV is here used as the PV anomaly given by the displacement of the free interface and the
relative vorticity
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A simple qualitative explanation for the tendency of turbulent flows to homogenize PV

can be given by assuming that stirring by geostrophic turbulence moves elements of fluid

over the topography. Assuming that this happens on time-scales shorter than those of

forcing and dissipation, these fluid elements will conserve their PV. If the fluid is stirred

randomly so that each fluid parcel reaches each point of a domain with a similar average

frequency, the time-mean PV has to be constant over that domain. If we further assume

that the stirring ”transports” inhomogeneities to smaller scales, until viscosity finally mixes

the fluid irreversibly, the PV field will be homogenized.

Here we want to follow an approach used by [2] which is based on this idea of eddy-

mixing. Treating PV as a conserved passive tracer we apply the commonly used approach of

down-gradient eddy-diffusion. It should be noted that in doing this we ignore the fact that

PV is not strictly a passive tracer since it’s distribution determines the flow field. However,

the results of eddy resolving numerical simulations, presented in this study, tend to support

the use of this approximation.

An analytical derivation for the expected mean flow over topography in a two layer

QG model assuming down-gradient diffusion of PV is shown in section 2. In section 3

the predictions of this theory are tested against eddy-resolving numerical simulations and

section 4 presents some preliminary results from laboratory experiments. A concluding

discussion of the results is given in section 5.

2 A Two Layer QG Model Assuming Down-Gradient Diffu-

sion of PV

The two layer quasi-geostrophic PV equations on an f-plane with horizontal viscosity ν and

linear bottom friction F = −Ru, can be written as

[

∂

∂t
+ J(ψ1, )

]

q1 = ν∇4ψ1 (3)

[

∂

∂t
+ J(ψ2, )

]

q2 = −R∇2ψ2 + ν∇4ψ2 (4)

where

q1 = ∇2ψ +
f

H1
η (5)

q2 = ∇2ψ +
f

H2
(hb − η) . (6)

The shear between the two layers is given by the interface displacement η through the

thermal wind relation

ψ1 − ψ2 =
g′

f
η . (7)

Assuming that the eddy flux of PV can be described by down-gradient diffusion

u′q′ = −K ∂q̄

∂x
, (8)
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the steady-state solution would be given by:

(K1 + ν)∇4ψ1 +
K1f

H1
∇2η = 0 (9)

(K2 + ν)∇4ψ2 +
K2f

H2
∇2

(hb − η) −R∇2ψ2 = 0 , (10)

where where the eddy diffusivity of PV, K1/2 is allowed to be different in the two layers. If

hb, η and ψ2 vanish somewhere outside the domain of interest , (9) gives:

ζ1 ≡ ∇2ψ1 = − K1

K1 + ν

f

H1
η . (11)

Using (7), we find
(

K1 + ν

K1
L2
D1

∇2
+ 1

)

ψ1 = ψ2 (12)

where L2
D1

=
H1g

′

f2 . Hence we find a barotropic solution (ψ1 ≈ ψ2) if

L2
D1

L2
� K1

K1 + ν
, (13)

where L is the typical length-scale of the topographic mean flow which is assumed to be

of the same scale as the topography itself. Note that the left hand side corresponds to the

Burger number. With (13), we find from (11) that

η ≈ −K1 + ν

K1

H1

f
∇2ψ2 (14)

and therefore
η

H1
∼ K1 + ν

K1
Ro (15)

where

Ro =
U

fL
. (16)

We now find that (10) simplifies to

ψ1 = ψ2 =
K2f

RH2
h , (17)

if

L2
D1

L2
� K1

K1 + ν
, Ro� K1

K1 + ν

h

H1
and Ro� K2

K2 + ν

h

H2
. (18)

Note that the first two conditions imply that η � h.
For sufficiently small Rossby and Burger numbers, we find a barotropic flow along isolines

of constant depth controlled by an equilibrium between an eddy-diffusive flux of PV and

bottom friction. This result is similar to the result obtained by [2] in the limit of a vanishing

planetary vorticity gradient and wind-stress.
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3 Numerical Simulations

The full set of equations (3) to (7) are integrated numerically. A list of parameters is

given in table 3, they are chosen to resemble the laboratory experiments described later

in this report. The topography used is given by a truncated cone centered in the middle

of the domain. The length scale Ltop given in table 3 denotes the length of the slope, the

total diameter of the ”bump” is 3Ltop. It should be noted that the topography is large

compared to the deformation radius. Additionally to the truncated cone the topography is

slightly parabolic (maximum amplitude about 0.1H2) over the whole domain to simulate

the parabola arising due to the centrifugal force in the tank.

Ldomain Ltop LD H1/H2 hb/H2 f R ν

150 cm 17 cm 1.5 − 2 cm 0.5 0.5 3s−1
0.01 − 0.08 s−1

0.01 cm2 s−1

Table 1: Parameters used for the numerical simulations

The equations are intergrated using a pseudo-spectral
2

model with a grid spacing ∆ ≈
0.6cm. Considering that the typical eddy scale is a few times the deformation radius the

model is eddy resolving. The model has periodic boundary conditions though a sponge

layer is implemented along the boundaries which strongly damps PV perturbations and

thus eliminates eddies that move into this boundary layer. The sponge layer was chosen to

simulate an infinite domain in which eddies are allowed to move out of the area of interest.

Turbulence was generated by four pairs of sources and sinks of PV located in the middle of

the four sides of the square domain, right outside the sponge layer.

For the topography used in the simulation (17) gives a constant along-slope velocity

uφ =
∂ψ

∂r
=
K2f

RH2

∂hb
∂r

= −K2

R

hbf

H2Ltop
≡ −K2

R
β , (19)

where we defined β as the topographic PV gradient. Nondimensionalizing all variables using

the deformation radius LD as a length scale and L−1
D
β−1

as a time scale gives

u∗φ = −K
∗
2

R∗
. (20)

Two series of simulations are performed in which first the strength of the forcing was

varied, and then the magnitude of bottom friction. Each simulation is run into a statistically

steady state for at least 500 s. After this initialization period the PV fields of each layer are

averaged over at least 1000 s. An overview of all simulations is given in table 2. Figure 1

shows an example of mean relative PV and streamfunction fields from the S04-3 simulation.

We see the four PV sources which produce jets that get deflected to the right, which

can be explained by the parabolic background PV field. Over the topography we observe

anticyclonic circulations along the slope in both layers which is in qualitative agreement with

(19). This is associated with negative relative PV in the lower layer and a positive relative

PV in the upper layer, which is the PV disturbance expected from a positive displacement of

2Pseudo spectral here means that the product uq in the nonlinear advection term is calculated in grid-
space and then transformed back into fourier space
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the interface. The negative relative PV in the lower layer acts to reduce the topographic PV

anomaly, though it does not completely compensate the latter which is as high as
fh

b

H2
≈ 1.7.

Moreover we can find that a strong PV anomaly is only found on the lower part of the slope

with a relatively sharp transition to a smaller PV anomaly further inside. This indicates a

”PV staircase” as suggested by [7] due to a limitation of the coss-slope eddy mixing length

to the Rhines-scale (LR =

√

u/β) which is of the same order as the deformation radius

here.

Name S01 S02 S04-1 S04-2 S04-3 S08 S16 S32 R1 R2 R4 R8

Source [s−2
] 0.1 0.2 0.4 0.4 0.4 0.8 1.6 3.2 0.4 0.4 0.4 0.4

R [10
−2s−1

] 2 2 2 2 2 2 2 2 1 2 4 8

Table 2: List of performed numerical simulations. The second line gives the peak absolute

value of the vorticity sources and sinks and the last line gives the bottom drag. The

deformation radius LD was 2 cm for simulations S01-S32 and 1.5 cm for simulations R1-R8.

All other parameters are as given in table 1.

For a more quantitative analysis the mean along slope velocity was calculated for each

performed simulation. Figure 2 shows the non-dimensional mean along-slope velocity from

simulations S01 to S32 against the non-dimensional mean lower layer Eddy Kinetic Energy

(EKE) averaged over the whole domain of integration and against the EKE averaged only

over the topography. A first observation is that the along slope velocity increases with EKE.

Since we expect the eddy diffusivity to rise with EKE, this is in qualitative agreement with

the theoretical prediction (20). However, while the flow is anticyclonic in both layers, the

magnitude is quite different in some simulations, especially for those with low EKE where

we find a stronger anticyclone in the upper layer then in the lower layer. As the strength

of the sources is inreased and the EKE becomes higher, the flow becomes more barotropic

with the anticyclone in the lower layer being somewhat stronger than in the upper layer

for high EKE. Focussing on the lower layer velocities and the EKE over the topography

(which we assume is a better predictor for the eddy dissusivity in this area) we find that

the along-slope velocity approximately grows as EKE3/4
.

The left panel in figure 3 shows the along-slope velocity versus the inverse of the bottom

friction for experiments R1 to R8. The linear increase of u∗
φ

with 1/R∗
appears to be in

good agreement with (20), assuming that the eddy-diffussivity does not change between the

experiments. This, however, can not necessarily be expected.

To allow for a better test of prediction (20), two different methods were used to estimate

the eddy-diffussivity K2 and how it relates to EKE.

The eddy-flux of PV can generally be decomposed into a down-gradient flux and a bolus

flux along iso-lines of PV as follows:

u′q′ =
u′q′ · ∇q̄
|∇q̄|2 ∇q̄ − u′q′ ×∇q̄

|∇q̄|2 ×∇q̄ (21)

≡ −K∇q̄ + ψB ×∇q̄ . (22)

Using this formulation we can calculate the actual PV-diffussivity K and bolus stream-

function ψB from time averages of the numerical integration. While ψB is rather indistin-
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Figure 1: Mean relative PV in s−1
and velocity vectors (top) and streamfunction in cm2s−1

(bottom) for simulation S04-3. The upper layer is shown on the left and the lower layer

is shown on the right. The black circles indicate the topography, with the outer circle

representing the outer edge of the cone and the inner circle representing the truncated top.
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Figure 2: Non-dimensional mean along-slope velocity uφ in the upper (blue) and lower layer

(red) for simulations S01 to S32 vs. the (non-dimensional) mean EKE averaged over the

whole domain of integration (crosses) and against the EKE averaged over the topography

(circles).
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Figure 3: Left: Non-dimensional mean along-slope velocity uφ in the upper (blue) and

lower layer (red) for simulations R1 to R8 against the inverse of the non-dimesional friction

parameter (1/R∗
). Center: As left, but uφ against EKE∗/R∗

, where EKE∗
denotes EKE

averaged over the topography. Right: As left but uφ against EKE∗
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Figure 4: Lower level eddy-diffussivity K∗
2 over the topographic slope, estimated from (22)

(blue) and from (23) (red) against EKE∗
over the topography. The circles show data from

experiments S01, S02, S04-3 and S32. The cross shows an estimate from R8.

guishable from noise in both layers, for the data available, the lower layer diffussivity K2

is found to be coherently negative over the slope of the topography, which retrospectively

justifies the down-gradient diffusion parameterization used in the theory presented above.

An averaged eddy-diffussivity over the slope is calculated this way.

This direct calculation of PV diffusion is compared to the diffusion of a conserved tracer

obtained from particle release simulations. For two experiments (S04-3 and S32) 1000 par-

ticles were placed in a circle along the topographic slope. The diffussivity can be estimated

using

4K =
∂

∂t

〈

1

N

∑

i

r2i

〉

, (23)

where N is the total number of particles and ri is the distance of each particle from the

center. Since we are interested in estimating the diffussivity above the slope, we evaluate

(23) only until the particles leave the slope-area. To increase the accuracy of the estimate,

the tracer release was repeated 5 and 8 times in succession for the S04-3 simulation and the

S32 simulation, respectively. A possible error in this estimate up to a factor of two however,

should still be considered.

Figure 4 shows the eddy-diffusivity over the slope in the lower layer, estimated in this two

ways versus the lower layer EKE over the topography. Note, that for the two experiments

for which both methods were applied, the eddy diffussions of PV calculated directly from

(22) agree well with the diffussivity estimates from the particle release simulations. We

further find that the eddy diffussivity scales convincingly like

K∗ ∼ EKE∗ , (24)

though simulation R8 for which Ekman friction was increased by a factor of four deviates

somewhat from this scaling. This result might come rather surprising considering that for
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a fully turbulent flow we expect a scaling like

K ∼ UeddyLeddy (25)

with typical eddy velocities and scales Ueddy and Leddy, respectively. Assuming that Leddy
scales like the deformation radius this becomes, in non-dimensional parameters

K∗ ∼ U∗
eddy ∼

√
EKE∗ . (26)

This is not observed, probably because flow over the slope is not fully turbulent. Comparing

the nonlinear advection term of the QG PV equation with the advection of topographic PV

(the topographic β-term) we find a “nonlinearity -parameter”
3

N ≡ J(ψ,∇2ψ)

1
r

∂ψ

∂φ
β

∼ L2
R

L2
D

= U∗
eddy , (27)

where LR =

√

U
eddy

β
is the topographic Rhines scale. N ranges around 0.2 to 5 in the

simulations shown here, indicating that the assumption of fully developed turbulence is

rather inadequate. Considering that (undamped) linear motion does not contribute to

mixing we can argue that the eddy-diffusion in this weakly nonlinear case is given by the

traditional scaling for turbulent motion (25) times this nonlinearity-parameter which would

give

K∗ ∼ U∗
eddyN ∼ EKE∗ . (28)

However, to some extend any power of N and thus any power of U ∗
could be justified this

way. Since the eddy scale is generally larger than the deformation radius, which makes the

effective nonlinearity even smaller than the above estimate, we could argue that the motion

over the slope is in a regime of linear damped waves. In this case the “eddy diffussivity”

would be given by

K =

∫

u(t)u(t+ τ)dτ ∼ U2R

R2 + ω2
≈ U2R

ω2
(29)

where ω is the frequency, U is the velocity perturbation associated with the wave motion

and R is the coefficient of bottom friction (see above). The approximation on the right-

hand side holds for weakly damped waves. Assuming that the wave length scales like the

deformation radius and the corresponding frequency is given by the Rossby-wave dispersion

relation we find, in non-dimensional parameters

K∗ ∼ U∗2R∗

R∗2 + 1
≈ U∗2R∗

= EKE∗R∗ . (30)

This limit can explain the observed linear scaling of K ∗
with EKE∗

. However, the calcu-

lated eddy diffussivity for simulation R8 agrees somewhat less with (30) than with (28).

Plotting K∗
vs. EKE∗R∗

shows that the diffussivity of R8 lies significantly below the line

K∗ ∼ EKE∗R∗
(not shown).

The center and right panels of figure 3 show the along slope velocity versus EKE ∗/R∗

which would be expected to be linear from (20) and assuming the scaling law (28), and versus

3The inverse of this parameter is sometimes referred to as“steepness”.
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Figure 5: Non-dimensional along-slope velocity u∗
φ

in the upper (blue) and lower layer (red)

versus K∗
2/R

∗
for all simulations for which K2 was explicitly calculated (S01, S02, S04-3,

S32 and R8). The circles show two experimental results (see text). The solid straight line

denotes −u∗
φ

= 0.65 ·K∗
2/R and the dashed line shows −u∗

φ
= K∗

2/R which is the theoretical

result (20).

EKE∗ which would be expected to be linear assuming scaling law (30), for simulations R1

to R8. Both relations appear rather non-linear, suggesting that both scaling laws might be

inadequate to describe the scaling of the eddy diffusivity under variation of bottom friction,

found here.

The most direct test of the theoretical prediction (20) is given by figure 5 which shows

the along-slope velocity in both layers versus K ∗
2/R

∗
for all simulations for which K2 was

explicitly calculated. As mentioned before, we note the lack of barotropization especially

for low-EKE simulations, which was expected from the theory. For the lower layer, however,

we find good agreement with the theory as long as the EKE does not become too large.

For high EKE (i.e. high eddy diffussivity) the results indicate a deviation towards lower

along-slope velocities than expected from (20).

4 Experimental Results

In a second step the theory shall be verified by laboratory experiments. Experiments were

conducted in a rotating tank using a two layer fluid. The density difference was obtained

using water with slightly different salinity. The reduced gravity for the experiment shown

here is g′ = 4cms−2
. The rotation rate gives f = 4s−1

, which results in a deformation

radius LD ≈ 2cm. A truncated cone is placed in the center of the tank as in the numerical

simulations. A sketch of the experiment is shown in figure 6. Eddies are generated by four

pairs of sources and sinks in the upper layer equally spaced around the tank. The method

is described in detail in [4].

Since the expected along-slope velocities are on the order of 1mms−1
or less the experi-

ment, and especially the filling up of the upper layer, has to be done very carefully. A series

of similar experiment has previously been performed by [6], but the results are not used
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Figure 6: Sketch of the experimental setup. Left: Topview. The arrows on the tank wall

indicate sources and sinks in the upper layer to generate pairs of cyclonic and anticyclonic

eddies, indicated in red and blue. Right: Side view. The figure on the left is taken from [1].

here, mainly because a review of the lab-recordings suggested that the filling-up procedure

in these experiments might have had a significant influence on the observed circulation,

which can hardly be filtered out in hindsight. Due to similar and other problems during

this study, only the results of one experiment will be discussed here. However, the flow rate

of the sources and sinks was increased by a factor of 1.7 during this experiment, so that two

different values of the flow rate are presented. The first part of the experiment, with a flow

rate of 540 cc/min per jet, will be referred to as Ex3, while the second part, with a flow

rate of 920 cc/min per jet, will be refferred to as Ex3.5, in the following. Since the diffusion

of the interface between the two layers is significantly enhanced due to the eddy activity, it

is likely that a sharp interface did not exist any more during Ex3.5, which therefore has to

be handled with care.

Figure 7 shows a series of snapshots from Ex3. Neutrally buoyant dye, released from

outlets on the bottom of the cone, indicates an anticyclonic circulation around the cone in

the lower layer, with an average velocity of the order of −uφ2 ≈ 0.3mm/s. The flow in

the upper layer can be evaluated more quantitatively by tracking of surface particles which

can also be seen in figure 7. Two 30-minute time averages of surface velocity and vorticity

from Ex3 are shown in figure 8. The most striking feature that is observed is a strong

cyclone above the flat center of the truncated cone. It should be noted that the frame-rate

used for the particle tracking was slower for the figure shown on the left, which causes an

inadequate resolution of the fast cyclone observed over the top of the cone. The cyclone

remained above the flat center of the cone during the whole time of the experiment. Dye

releases in the lower layer indicate an associated cyclonic motion in the lower layer, though

probably weaker. A similar feature is not predicted by theory and was never observed in

the numerical simulations. It should be noted that the Rossby-number for this cyclone is

O(1), which might explain it’s absence in the numerical QG model. A physical explanation

for this observation, however, is still outstanding. Over the slope itself we observe an

anticyclonic circulation as predicted by the theory. The averaged along-slope velocity in

the upper layer is −uφ1 ≈ 0.9mm/s and thus probably stronger than in the lower layer,

similar to the results found in the numerical simulation for rather small EKE. We further
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Figure 7: Series of snapshots from Ex3. Time elapses from the top left to the bottom right

with the time difference between each snap-shot being about 4min 45s. One can see the

dye in the lower layer traveling anticyclonicly along the topographic slope.

observe a band-like vorticity structure. This was previously mentioned in the discussion of

the numerical results and probably indicates a PV-staircase as discussed by [7].

Figure 9 shows a ten minute average
4

of surface velocity and vorticity from Ex3.5, i.e.

with increased flow rate. Since the kinetic energy of the fluid injected by the sources scales

with the square of the flow-rate, and the amount of fluid with that kinetic energy scales

linearly with the flow rate, we expect the kinetic energy injected per time to scale like the

cube of the flow rate. Assuming linear dissipation, we thus expect the EKE in the tank to

rise approximately like the cube of the flow rate. An increase of the flow rate by a factor of

1.7 should therefore cause an increase of the EKE by a factor of 1.7
3 ≈5. Using the scaling

(28) or (30), the theoretical result (20) would therefore suggest an increase of the along-

slope velocity by a factor of 5. The experiments show an increase of the mean along-slope

velocity by about a factor of ten The estimated upper layer mean velocity over the slope

for Ex3.5 is −uφ1 ≈ 9mm/s.
The results of experiments Ex3 and Ex3.5 are added to figure 5. Since no good estimate

for the eddy diffussivity exists for the experiments exists, for Ex3 K ∗
2 is fitted to match with

the numerical results. For Ex3.5 K∗
2 was then chosen to be five times this value, following

the argumentation above. Due to the ”tuning” of the diffussivity of Ex3, the comparison to

the numerical result has some limitations. However, figure 5 indicates that the experiments

are in a regime well covered by the numerical study. Also the slope between the two

experimental data points, which is not affected by this tuning, shows general agreement

with the numerical results. Note, that the used EKE estimate provides an estimate for EKE

4Since the faster flow allows for a reasonable average in a shorter time and the strong eddy activity in
Ex3.5 caused the interface to be destroyed more rapidly, a shorter time average is used in Ex3.5 then in Ex3.
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Figure 8: Two different eulerian mean velocity fields and the resulting vorticity, each aver-

aged over about 30 minutes of EX3. The average field shown on the left was taken about

one hour earlier than the field on the right. Velocity vectors are stretched by a factor of 10.

The solid lines indicate the truncated cone.

Figure 9: Eulerian mean velocity fields and the resulting vorticity each averaged over about

10 minutes of EX3.5. Velocity vectors are stretched by a factor of 2
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averaged over the whole domain and not over the topography itself. The numerical models

showed that the latter might grow faster with increased forcing, since the topographic PV

gradient prevents weak eddies to propagate over the topography. Note also, that, due to

the better measurability, the experimental results show upper layer velocities. As in the

numerical simulations, however, the flow was not strictly barotropic.

5 Summary and Discussion

Assuming down-gradient eddy-diffusion of potential vorticity it was shown that in a two

layer QG model for small Rossby numbers an approximately barotropic mean along-slope

circulation is expected to arise over an isolated topographic feature which is anticyclonic

for a mount and cyclonic for a depression. The strength of the circulation is controlled

by an equilibrium between the eddy flux of PV and bottom friction. This prediction was

tested using numerical simulations performed with an eddy resolving two-layer QG model

and laboratory experiments.

The numerical simulations reproduce an anticyclonic along-slope circulation in both

layers over a mount. However, especially for low EKE, the magnitude of the circulation is

significantly different in the two layers, which disagrees with the theoretical prediction of a

barotropic flow. Part of this inconsistency might be explained by a direct influence of the

forcing. The latter consists of four pairs of PV sources and sinks in the upper layer which

generate jets penetrating towards the center of the tank. The jets get unstable and generate

eddies. These jets, however, could have a significant direct influence on the circulation in

the upper layer, especially in the less turbulent simulations with low EKE.

The eddy diffussivity was estimated for a series of experiments. The results suggest

a down-gradient diffusion of PV over the topography of similar magnitude as the eddy

diffussivity of a passive tracer. It was further found that in the performed simulations

the eddy-diffussivity over the slope scales linearly with the EKE, which suggests a linear

or weakly nonlinear motion over the slope. However, no scaling law was found which

consistently describes the dependence of the observed eddy diffussivity on bottom friction.

It is likely that the experiments are covering a transition between a regime of fully linear

damped waves and weakly nonlinear motion, for which case the dependence on bottom

friction is expected to change over the range of performed experiments.

In the simulations for which the eddy diffusivity is calculated explicitely, the lower layer

velocity agrees well with the theory in the range of lower and medium eddy diffussivity, but

the along-slope velocity is smaller than the theoretical prediction for high eddy diffussivity.

It seems desirable to test whether the differences between the eddy resolving numerical

simulation and the theoretical results, are mainly a shortcoming of the down-gradient diffu-

sion parameterization or due to additional approximations made for the analytical solution.

Preliminary results, not shown above, solving the full two layer QG model numerical without

forcing but using a down-gradient diffusion parameterization, indicate that the differences

are mostly a shortcoming of the down-gradient diffusion parameterization (including the

lack of a representation of the direct effect of the forcing) and not dominantly due to inap-

propriate additional approximations made to obtain a simple analytical solution. Adding

an additional eddy-viscosity seems to improve the results, though no convincing physical

justification for this is known to the author.
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Laboratory experiments using a two-layer fluid in a rotating tank do also reveal an

anticyclonic flow along the topographic slope, which is in qualitative and to a lesser ex-

tend quantitative agreement with the theory. However, additionally a strong cyclone was

observed over the flat center of the topography. An explanation for this observation is so

far outstanding. More, carefully performed, experiments would be necessary to test the

theoretical predictions in a more quantitative way.
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1 Introduction

Background turbulence frequently causes mixing across gravitationally stable density in-

terfaces in atmosphere and ocean. Some common examples include turbulence by surface

winds or the cooling causing the deepening of the upper ocean mixed layer into stably strat-

ified pycnocline and turbulent mixing at the tropopause causing the growth of a planetary

boundary layer. There can be some mixing at the thermocline due to discharge of the buoy-

ant jets from power plants. These mixing processes are important in order to understand

and control the biological activities and dispersion of pollutants in the environment ([3]).

For example, the diffusion of methane gas in mine shafts.

Many laboratory and associated theoretical studies have considered the response of a

stratified fluid to impulsive surface forcing. [3] provides an excellent review on studies with

turbulence and vertical shear, investigating the growth of mixed layer in a stratified fluid.

The nature of mixing at sheared and shear free density interfaces is very different. For

example, the mixing in shear-driven stratified flows, where a well mixed turbulent layer

entrains an adjacent non-turbulent layer, is believed to depend upon the external forcing,

the depth of the mixed layer and the buoyancy jump across the layer. All these parameters

are investigated in the present study of 2-layer fluid system.

The first set of experiments undertaken to explore the growth of the mixed layer as

a function of these factors were that of [4]. They found that the entrainment rate was

proportional to the friction velocity u∗ ((= |τ |/ρ0)
1/2

, where τ is the surface shear stress and

ρ0 is the reference density) and Ri−1
τ , where Riτ is the overall Richardson number, defined

as g′h/u2
∗. The current investigation has been motivated by the stratified flow experiments

of [2] and [1] in cylindrical geometries. The present work is based on the earlier two-layer

model of [1], where a horizontal disk at the base of the tank drives the flow. Their analysis

showed that for Richardson Number, RiB(= g′h/Ω2R2
) < 1.5, the growth of the elevation

of the interface separating the upper (almost quiescent) layer of constant density from the

lower mixed region is proportional to Ri−1
B

. Note that h is the depth of the mixed layer, Ω

is the rotation rate of the disk and R is the radius of the disk. The buoyancy is defined as

g′ = g(ρL − ρu)/ρ̄L, where g is the gravitational acceleration, ρL is the density of the lower

layer fluid, ρu is the density of the fluid in the upper layer and ρ̄L is the average density of

the fluid in the lower layer, relevant if the fluid in the lower layer is linearly stratified.
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Figure 1: Experimental set-up showing a tank with a horizontal disk spinning the fluid in

the upper layer.

The experiments in the current work are characterised by the growth of a mixed layer,

separated by the undisturbed stratified lower fluid by a curved surface. In this report,

the experimental set-up is discussed, along with the dimensionless parameters that come

into play. The experimental results are presented and an attempt to offer a theoretical

explanation of these results is made.

2 Experimental set-up and parameters

The experiment comprises of a cylindrical tank of diameter 30cm, with a horizontal disk at

the top attached to a motor. Figure (1) and figure (2) show a square tank used initially.

The disk is just below the free surface of the top layer, fully immersed in the upper layer

fluid. The radius of the disk is 12 cm. The rate of rotation of the disk is controlled by a

motor. The rotation rate ranges from 1s−1 ≤ 2πΩ ≤ 12s−1
, where Ω is the angular rotation

rate, which remains constant during an experiment. As the disk spins, it provides energy

for mixing the two layers. A conductivity probe is used to obtain vertical density profiles

in the fluid. The total depth of the fluid, H = 27cm is fixed and is the same for every

experiment. The depth of the upper layer, h, varies during the experiments. The initial

depth of the upper layer is indicated as h0 = h(t = 0), and the depth during an experiment

is h = h(t). For most experiments, h0 is varied between 6cm and 20.6cm. The consequences

of changing the Richardson number by varying R, the radius of the disk, are not explored

in the present experiments.

The most important dimensionless parameter for the flow is the Richardson number ([1]).

The following are the definitions of the Richardson number that will be used throughout

this report.

RiB(t) =
g′h

Ω2R2
,
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where R is the radius of the disk, g′ = g(ρL − ρu)/ρ̄L (ρL, ρu and ρ̄L as defined in the

previous section), and Ω is the rate of rotation of the disk. RiB is constant for most part

of the experiment as can be seen from Figure 6. For almost all the experiments, after an

initial spin-up (when the fluid in the top layer is set into motion), RiB reaches a constant

value and maintains that value until the very end of the experiment, where the cylinder

bottom affects the experiment. Near the bottom, the boundary layer effects cannot be

neglected. Consequently, the value of RiB used is this work is R̄iB , i.e the average value of

RiB calculated ignoring the beginning and the end of an experiment. It should be noted

that in this definition, the velocity is assumed to be the“solid body rotation” velocity, i.e.

uu (see below) is given by ΩR. Hence, RiB is the same as Riτ , discussed in previous section,

if the velocity is ΩR.

Ri0 =
g′0h0

Ω2R2
,

where g′0 is the initial buoyancy jump across the interface between the upper and lower

layer, measured before starting the experiment and h0 is the initial depth of the upper

layer.

Riu =
g′h

u2
u

= RiB

(

Ω
2R2

u2
u

)

, where uu is the characteristic velocity in the upper layer.

Rim =
g′Lm

u2
u

,

where , Lm is the interfacial length scale (i.e. radius of an eddy at the interface). Lm is

proportional to the Ozmidov scale, L0. The Reynolds number in the present experiments is

sufficiently high for the flow to be regarded as turbulent. Hence, allowing for the assumption

that the flow is independent of Reynolds number. The Schmidt number, Sc (ratio of

kinematic viscosity to mass transfer diffusion coefficient), is not an important parameter

for the flow as Sc � 1 for a salt stratified water solution and it is constant for all the

experiments. Thus, the overall fluid motion and mixing process is assumed to depend on a

single parameter, the Richardson number.

2.1 A Typical Experiment

Figure 2 shows a two-layer experiment, with R̄iB = 0.56. The upper layer is well mixed

with fluid being pulled up by the spinning disk, resulting in a dome-shaped interface. The

Ekman layer, below the disk, causes the fluid below to rise up. This results in a circulation,

where the fluid ascends from the middle and comes down from the side of the tank. As the

mixing at the interface occurs, the upper layer deepens until all the fluid in the lower layer

is mixed. It is worth noting that the lower layer is very quiescent. It is motionless and

retains this property until it is completely mixed. A schematic of the fluid circulation in

the upper and lower layer is shown in figure 3. The overturning billows seen at the interface

(for the case where Ri0 ≤ 1), entrain the lower layer fluid. This mechanism converts the

kinetic energy (provided by the disk) of the fluid in the upper layer, into potential energy

by lifting up the denser fluid particles from the lower layer and mixing them with the rest of
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(a) t̂ = 8 (b) t̂ = 17

(c) t̂ = 18 (d) t̂ = 28

Figure 2: A two-layer experiment with Ω = 1s−1, t̂ = Ωt, R̄iB = 0.56. In figure 2(c), the

fluid in the upper layer is pulled by the disk, spinning at the rate Ω at the top. The fluid in

the lower layer is motionless. The dye is rising in 2(d) because it is lighter than the lower

layer fluid.
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the fluid in the upper layer. It is the size of these overturning billows (in terms of Lm) that

determines the rate at which the fluid is mixed. However, once the size exceeds a certain

critical value, these billows can no longer develop and the fluid is not mixed efficiently. For

Ri0 > 1, a completely different regime is observed. The flow is no longer turbulent and the

overturning billows are replaced by waves at the interface.

Disk

Overturning billows

Interface

Free Surface
Ω

Lm

Figure 3: A schematic of the flow in the cylindrical tank, with the disk spinning at the top.

There is no circulation in the lower layer fluid.

As mentioned earlier, a conductivity probe is used to obtain vertical profiles of the fluid’s

density. Figure 4, shows one such profile with R̄iB = 0.19. The height of the interface (in

mm) is plotted against the density of the fluid (in g/cm3
). The evolution in time of the

profiles is from left to right. The profile on the extreme left represents the initial density

of the two layers. After the disk starts spinning, the first density profile obtained is the

second profile from the left (blue line). It is clear, from looking at the profiles from left to

right, that the upper layer is deepening as the level of the interface is going down in each

subsequent profile. As expected, the lower layer maintains its density until it is completely

mixed with the upper layer fluid.

3 Experiments

The following table shows the various experiments conducted to observe the mixing in a

two-layer stratified fluid.
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Figure 4: A typical vertical profile of the density during an experiment with R̄iB = 0.19.
The evolution of the profiles in time is from left to right.

Experiment Ri0 h0 (cm) Ω(s−1
) g′0(cms−2

) R̄iB
080713lo40 0.1527 8.7 3 22.7407 0.19

080714lo40 0.3109 17.8 3 22.6470 0.32

080715lo40 0.2367 13.5 3 22.7215 0.255

080716lo40 0.2554 18.5 3 17.8929 0.275

080718lo30 0.2406 6.1 2 22.7218 0.265

080720lo64 0.2336 13.5 5.4 73.1874 0.258

080721lo60 0.0851 13.5 5 22.7028 0.096

080727lo20 2.1293 13.5 1 22.7124 2.1

080731lo30 0.5317 13.5 2 22.6842 0.56

080809lo50 0.1328 13.5 4 22.6561 0.154

080810lo28 1.0016 20.6 1.8 22.6842 0.935

080812lo40 0.2124 13.5 3 20.3892 0.24

The last experiment, ‘080812lo40’, has a buoyant upper layer and a linearly stratified

lower layer with density profile evolving in time as shown in figure 5. The range of Richard-

son numbers explored in the experiments is shown in figure 6.

As expected, mass is conserved in all the experiments. This is clear from figure 7. The

value of RiB/Ri0 = g′h/g′0h0 is approximately 1 for the experiments, implying that g ′h is a

constant. The fluctuations seen in figure 7 are due to the fact that the flow is turbulent. It

is for this reason that the value of RiB/Ri0 is not exactly 1. Another observation that can

be made from this figure is that the value of RiB/Ri0 decreases dramatically for some cases

but not for the others. This can be attributed to the fact that all the profiles are included

in these experiments as there were relatively few of them. Since Ri0 for these experiments

is small, the mixing takes place very quickly as there is a small density difference between

the two layers. As mentioned earlier, the value of RiB/Ri0 at the bottom cannot be trusted
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Figure 5: Density Profiles from experiment ’080812lo40’: Plot of density (non-dimensional)

against depth that has been profiled (non-dimensional). Note the profiling depth is not the

same as the total depth, H = 27cm, instead the profiling depth is 24cm. Profiles evolve in

time from left to right. R̄iB = 0.24.
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Figure 6: Range of RiB(t) explored in the experiments.
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Figure 7: The value of RiB(t)/Ri0 = g′h/g′0h0 ∼ 1. This suggests that g′h is a constant.

because of the effect of bottom boundary layer. Hence, the last few profiles show such

a dramatic change in the value of RiB(t). Moreover, the initial value for almost all the

experiments is 1. It changes after the initial spin-up of the fluid, again reinforcing that

after the initial spin-up period, the value of RiB is almost a constant. From now onwards,

it is this value, found by averaging the value of RiB(t) (excluding the beginning and the

end profiles) that will be used for RiB .

It can be established from the following theoretical consideration that g ′h is a constant.

If A is the cross-sectional area of the cylinder, H is the total height, h is the height of the

upper layer, which evolves in time h = h(t), and Q = entrainment flux, then

d

dt
(Ah) = Q. (1)

The amount of fluid entrained is

d

dt

(

A

∫

h

0
ρu dz

)

= QρL, (2)

where ρL is the density in the lower layer. The average density in the upper layer is

ρ̄u =
1

h

∫

h

0
ρu dz, (3)

Hence, on substituting (3) into (2),

d

dt
(Ahρ̄u) = QρL. (4)
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Figure 8: Plot of dh/dt/ΩR against 1/RiB . The growth of the interface is not perfectly

proportional to 1/RiB .

which gives

d

dt
[A(ρ̄u − ρL)h] + ρL

d

dt
[Ah] = QρL, (5)

d

dt
[A(ρ̄u − ρL)h] = 0, (6)

d

dt
[Ag

(ρ̄u − ρL)

ρL

h] = 0, (7)

This shows that
d

dt
(g′h) = 0 and thus g′h is a constant and mass is conserved.

In figure 8, the growth of the interface (scaled by ΩR) is plotted against 1/RiB . This

figure suggests that the mixing, or the growth of the interface, does not scale perfectly with

Ri−1
B

. From the experimental results presented here, it is clear that the outcome of this work

does not support the conclusion of [1], where they found that the growth of the interface

is proportional to Ri−1
B

, where the velocity (= ΩR) of the upper layer fluid is constant in

each experiment. Thus the simple mixing law, inferred by [1] needs a modification. This

indicates that the results do not support the assumption that the fluid is in solid body

rotation, i.e. the velocity does not scale as ΩR as assumed in the definition of RiB . Hence,

it is not completely accurate to assume that the velocity in the upper layer is the same as

ΩR and that it does not change during the experiment. An immediate consequence of this

result will be to re-examine the velocity of the upper layer fluid.
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4 Theory

The driving disk sets up a characteristic velocity uu in the upper layer. Assuming that

the bottom layer is stationary, the interfacial stress, τ can be described by the following

expression,

τ = cDρLu2
u,

where cD is the drag coefficient. Hence, the work done, W , can be expressed as

dW

dt
= πR2uuτ = πR2cDρLu3

u, (8)

The potential energy, PE is

PE = πR2

[

−g

∫

h

0
ρuz dz − g

∫

H

h

ρLz dz

]

= (πR2ρL)
g′h2

2
+ k, (9)

It should be noted here that k is a constant. However, the reference level for potential

energy can always be chosen such that this constant k is zero. The potential energy is

negative because z = 0 is defined at the top of the tank. The rate of change of potential

energy of the fluid parcels is proportional to the amount of power provided by the disk, i.e.

d

dt
PE = Γ

dW

dt
, (10)

where Γ is the flux coefficient ([5]). Assuming that g ′h is a constant (see previous section),

this leads to

d

dt

[

(g′h)(πR2ρL)
h

2

]

= ΓπR2cDρLu3
u. (11)

Hence, the interface grows as

dh

dt
= 2Γ

cDu3
u

g′h
., (12)

Let

ĥ =
h

h0
, t̂ = Ωt,

dĥ

dt̂
=

2cDΓu3
u

Ωh0g′h
. (13)

It is quite intuitive to expect that the growth of the interface depends on the amount

of energy that is spent on mixing the two layers together. The following 3 sub-sections

quantify this statement based on the amount of energy (provided by the disk) that is spent

on entrainment.
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4.1 Case 1

Solid Body Rotation:

If none of the energy is spent on entrainment, then all of the energy provided by the

disk is exhausted in moving the fluid in the upper layer. The upper layer in this case moves

with a constant speed, ΩR, provided by the disk. In this case, the upper layer fluid is in

solid body rotation, i.e.

uu = ΩR,

where uu is the speed of the upper layer fluid.

dĥ

dt̂
=

R

h0

c1

RiB
= constant, (14)

c1 = 2cDΓ, (15)

ĥ − 1 =
R

h0

c1

RiB
t̂. (16)

This case is similar to the outcome of [1], with
dĥ

dt̂
a constant.

4.2 Case 2

ALL Energy spent on entrainment:

Assume uu can be expressed as

uu = ΩR

(

h0

h

)α

,

where h0 is the initial depth of the upper layer measured before starting the experiment.

This expression means that the velocity of the upper layer fluid decreases with time. It is

no longer a constant, which is the case if some energy is spent on mixing the two layers.

The total kinetic energy, KEu in the upper layer is

KEu =
πR2

2
ρrefu2

uh, (17)

where ρref is the density taken at some reference level. This reference density can, for

example, be the average upper layer density. It is assumed that in this case all the energy

is spent on mixing. This signifies that the kinetic energy of the upper layer does not change

as all the energy that the disk provides is lost in mixing the two layers. Hence,

d

dt
KEu = 0,

Thus,

πR2

2
ρrefu2

uh = constant, (18)
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By appealing to the Boussinesq approximation, changes in ρref can be ignored. Thus,

u2
uh is constant if α = 0.5 i.e

uu = ΩR

(

h0

h

)1/2

.

Hence, for the above expression to hold true, the fluid must spend all the kinetic energy on

mixing.

4.3 Case 3

Intermediate Case:

The two cases mentioned above are the extreme cases when either all the energy from

the disk is spent on mixing or all of it is expended on spinning the fluid in the upper layer.

A more sensible scenario is if part of the energy from the disk is consumed by the mixing

process and part of it is spent on mobilising the fluid. Suppose, as before,

uu = ΩR

(

h0

h

)α

.

Substituting this expression into equation (13) and integrating yields the following expres-

sion for ĥ:

ĥ − 1 =

[

R

h0

(1 + 3α)c1

RiB
t̂ + 1

]1/(1+3α)

− 1. (19)

Thus we can summarise the above results as follows:

• If α = 0: Entrainment has no effect on energy - this is the case when stratification is

weak.

• If α = 0.5: All the kinetic energy from the disk is spent on entraining the lower layer

fluid. Hence, there can be three dynamical regimes based on the value of RiB . When

RiB is small, it can be expected that the fluid is more or less in solid body rotation.

When the Richardson number is small, it is relatively easy for the upper fluid parcels

to lift the lower fluid and mix. This means that more energy is left for mobilising the

upper layer fluid. When RiB is large, it is presumed that most of the energy would

be spent on lifting up the lower layer fluid. For moderate values of RiB , some of the

energy is spent on the potential energy of the lower layer fluid parcels and a part is

spent on mobilising fluid in the upper layer. This is easier to visualise from figure 9.

In the three regimes shown, the velocity at the beginning is ΩR. RiB increases from

left to right in the figure, where (a) shows that the velocity of the fluid in the upper

layer is a constant as for small RiB most of the energy is spent on mobilising the

upper layer fluid. The middle picture, (b) represents the intermediate case where the

velocity is not a constant and the third case, (c) represents the large RiB regime. The

flow in this regime is not as turbulent as the other cases. There are no overturning

billows at the interface, instead it has waves. In this case, almost all the energy is

exhausted in mixing the fluid layers rather than providing kinetic energy to the upper
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layer fluid. The rate of change of interface drops from left to right. As expected, when

stratification is weak, it is relatively easy to mix the two fluids together. However,

as the stratification increases, it becomes increasingly expensive to mix the fluid. In

the high Richardson number case, the mixing is very inefficient, because of the lack

of overturning billows. Hence, it takes a significantly long time for the two layers to

mix.

b ca

Low Ri High Ri

U
u

U

U

U

Ω ΩR ΩRR
Evolution
in time

Figure 9: A sketch of the three dynamical regimes based on the Richardson number (see

text). The Richardson number increases from left to right in the figure. In b, u < U < ΩR
as part of the energy is spent on mixing the fluid and only part of it is used to mobilise the

upper layer fluid.

5 Discussion

In order to analyse the data to test the three regimes scenario that have been discussed

qualitatively, equation (19) is plotted for various values of α, with ĥ − 1 against t̂. The

constant c1 is calculated from the initial data gathered just after the spin-up stage. It is

assumed that just after the spin-up, the upper layer fluid is in solid body rotation. This is

a reasonable assumption because at the beginning the work is done mainly on mobilising

the upper layer fluid. The initial data (excluding the spin-up stage) is used to plot equation

(16). A value of c1 can be found from the slope of this curve. This constant c1 is assumed

constant throughout the experiment. The value of c1 is employed to plot α = 0.2, 0.4 and

0.5 curves. The data in figure 10 is very close to the line α = 0, as expected from the energy

arguments. The stratification in these experiments is quite weak, which suggests that the

mixing requires very little energy and most of the kinetic energy from the disk is consumed

by the fluid in the upper layer.

Similarly, for the curves in figure 11, the data lies above the line α = 0.5, indicative of an

intermediate regime. Figure 11(e), shows a good agreement with the theoretical arguments.

The data lies just above the α = 0.5 curve, again indicating that the upper layer fluid is
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Figure 10: Equation (19) plotted with ĥ − 1 against t̂. It is plotted for α = 0, 0.2, 0.4, 0.5.

not in solid body rotation and the velocity decreases in time. For this moderate value of

Richardson number, relatively more energy is required to mix the two layers. As a result,

lesser energy is spent on driving the upper layer fluid. In figure 11(f), the data is very close

to α = 0.5 curve, indicating that most of the energy is consumed by the process of mixing.

Figure 12 shows the plot of ĥ − 1 against t̂ from equation (19) for an experiment with

two-layers, where the lower layer is linearly stratified. Figure 5 shows its vertical density

profiles. It appears from figure 12 that the data does not fit the theoretical model. It should

be noted, however, that the constant c1 needs to be recalculated after every profile. This

has not been done yet. Qualitatively, it can be seen that at the beginning, when g ′
is very

small, the data is close to the α = 0 curve. As g ′
increases, it gets closer to the α = 0.5

line, as expected. This is consistent with the argument that the larger the value of RiB or

stronger the stratification, the harder it is for the upper layer fluid to mix the denser lower

layer. Consequently, most of the energy is spent on mixing the fluids.

The flux coefficient, Γ, (defined in section 4) can be divided into 3 components: Γu:

mobilising flux coefficient, ΓD: dissipation flux coefficient, Γρ: Potential Energy flux coef-

ficient. Thus, Γu determines the amount of energy from the disk going into mobilising the

fluid in the upper layer, ΓD determines the energy spent on dissipation and Γρ, the energy

that is used up in lifting the fluid parcels from below. The reason for dividing Γ into three

components is to understand and establish the fraction of energy extracted from the disk

to drive the upper layer fluid, mix the two layers together and dissipate.

The growth of the interface occurs due to entraining of the lower layer fluid. Thus,

equation (12) can be written more precisely in terms of Γρ as

dh

dt
= 2ΓρcD

u3
u

g′h
, (20)

dh

dt
=

2ΓρcD

Rim

Lm

h
uu, Lm = Rim

u2
u

g′
, (21)

331



0 20 40 60 80 100 120
0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

0.45

0.5

t̂

1

ĥ
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(c) RiB = 0.265, c1 = −0.0017
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(d) RiB = 0.258, c1 = −0.0013
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ĥ
−

1

1

 

 
data
α=0
α=0.2
α=0.4
α=0.5

(e) RiB = 0.56, c1 = −0.0015
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Figure 11: Plot of ĥ−1 against t̂ with value of α ranging from 0 to 0.5. The data lies above

α = 0.5 curve, suggesting that these experiments fall under the intermediate regime.
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Figure 12: Linear Stratification, Ri = 0.24, c1 = −0.00082

Remember Lm is the interfacial length scale. From the definition of c1, given by (15), it

seems reasonable that it should be defined more precisely as c1 = 2cDΓu, since it is the

mobilising component of flux that plays an important role here. As discussed before, the

kinetic energy provided by the rotating disk is spent on dissipation, increasing the kinetic

energy of the upper layer by mobilising it and increasing the potential energy of the flow

by lifting the heavier lower layer particles and mixing them with the upper layer. Since the

flow has high Re,

ε =
a2u

3
u

h

(from classical turbulence theory)

Parametrizing the change in kinetic energy of the two-layer fluid by ε, produces the following

equation

d

dt

(

u2
uh

2

)

= a1εLm(= −F − D + M), (22)

where F is the force responsible for changing the potential energy of the flow, D is the

dissipation and M is the force applied on the upper layer for driving the fluid. a1 is a

scaling parameter.

d

dt

(

u2
uh

2

)

= 2ΓucD

Lm

h

u2
u

2
uu, (23)

if a1a2 = ΓucD. From (21),

cD

Lm

h
uu =

Rim
2Γρ

dh

dt
, (24)

d

dt

(

u2
uh

2

)

=
u2

u

2

2ΓuRim
2Γρ

dh

dt
. (25)
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Assume,

u2
u

2
=

Ω
2R2

2

(

h0

h

)2α

,

(

1 − 2RimΓu

2Γρ

)

u2
u

2

dh

dt
− 2α

Ω
2R2

2
h2α

0 hh−2α−1 dh

dt
= 0, (26)

(

1 − 2RimΓu

2Γρ

)

u2
u

2

dh

dt
− 2α

u2
u

2

dh

dt
= 0, (27)

RimΓu

Γρ

= 1 − 2α. (28)

It has been found experimentally that Rim = 0.2 (see [3], [6]). Substituting α = 0.4 (as

suggested by figure 11(e)) along with Rim = 0.2, analysis reveals that

Γu ∼ Γρ.

This is an interesting result showing that for intermediate values of RiB , an equal amount

of energy goes into driving the fluid and in mixing the layers.

Moreover, if α = 0,Γu = 5Γρ. Thus, for the solid body rotation case (small RiB), the

proportion of energy that goes into driving the fluid is much larger than the proportion

that is spent on mixing. On the other hand, if α = 0.5,Γu = 0. As mentioned before, this

represents the case where there is no change in the kinetic energy of the upper layer fluid.

Thus, all the energy is spent on entraining the lower layer fluid.

6 Conclusion

It can be concluded from the above analysis and experimental work that a Ri−1
B

law for

mixing is not found. Moreover, the fluid velocity in the upper layer is not always ΩR. It

would appear that the upper layer is not always spun-up during the experiment and is not

constant with h. It can be seen both from the theory and the density profiles that the height

of the interface decreases with time. For moderate values of Richardson number, energy

spent on mixing is of the same order as the energy that goes into mean velocity. For values

of RiB ≥ 1, the dynamics is completely different. The flow is no longer turbulent. This

implies that the Reynolds number can play a significant role in determining the dynamics

and can no longer be ignored. The qualitative behavior observed during an experiment at

these values of RiB is very different than the observed behavior for lower values of RiB .

The fluid is no longer mixed by eddies at the interface. The interface in this case is very

thin and dominated by wave activity.

It is safe to say that the model developed here can capture the various aspects of mixing

for RiB ≤ 1. More work is required to understand the higher Richardson number cases.
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1 Introduction

Consider a sea partially covered by a thin ice sheet, with a prevailing current driving water

under the ice edge. If the ice sheet is fixed relative to the flow then a Blasius boundary

layer will will develop beneath, due to the no-slip boundary condition at the underside of

the sheet. This viscous boundary layer will divert the oncoming flow, causing it to run

deeper under the ice, and thus produce a region of high pressure within the fluid in the

viscinity of the ice edge. This situation is illustrated in Figure 1. The pressure will cause

d

hPSfrag replacements

U

SEA ICE

x

Im k

z

Figure 1: Flow beneath an ice sheet leads to a Blasius boundary layer. The bottom of the

boundary layer is indicated by a dashed line.

deformations of both the sea surface and the ice sheet close to the ice edge. If the flow

is sufficiently rapid, and the sheet sufficiently thin, then the ice will fracture. Even if the

sheet remains intact, it may crumple when the flow speed exceeds some critical value. This

crumpling results from a standing flexural wave propagating downstream from the ice edge.

In this report we seek to describe mathematically the deformation of the ice sheet arising

from a steady incident flow at the ice edge. (The problem is equivalent to an ice sheet

moving across the surface of a stationary fluid.) The formulation of the problem is closely

analogous to that employed by Harper & Dixon [3] in their description of the so-called
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“Reynolds ridge”. In that problem a strong horizontal gradient in surface tension, due to

the presence of surfactant contamination, produces an effective no-slip boundary condition

beneath the contaminated part of the free surface. Again, a Blasius boundary layer forms,

leading to deformation of the free surface. In the present problem, the bending stiffness (or

flexural rigidity) of the ice sheet replaces surface tension in limiting the curvature of the

surface.

There is also an important analogy between the present problem and that of wave

scattering by the ice edge, as studied by Balmforth & Craster [1]. In that work, the

“forcing” applied to the ice sheet arises from a wave on the sea surface that is incident on

the ice edge. No background flow was included, and so there was no Blasius boundary layer

— in fact the fluid was regarded as perfectly inviscid. The inclusion of a background flow

in the present problem introduces advection terms into the linearised boundary conditions,

and so standing waves appear in the solution when the background flow exceeds a critical

value.

2 Formulation

Following Harper & Dixon, we regard the Blasius boundary layer beneath the ice sheet as

akin to a thin aerofoil; that is, the bottom of the boundary layer represents an inpenetrable

barrier to the incompressible fluid flow beneath. Outside the boundary layer we neglect

viscous effects, so that the flow may be regarded as irrotational. We may therefore describe

the fluid velocity u in terms of a velocity potential φ that satisfies

∇2φ = 0, (1)

u = ∇φ. (2)

The flow upstream is at speed U in the x direction and z is the vertical coordinate relative

to the undisturbed free surface. With regard to Figure 1, we take h(x, t) to be the height

of the free surface, and d(x) to be the thickness of the viscous boundary layer. If the ice

edge is located at x = 0 then

d(x) =

{

0, for x < 0

1.7208 (νx/U)
1/2 , for x > 0

(3)

where ν is the kinematic viscosity. Provided that the deflection of the free surface remains

small, we may linearise our equations about a state of uniform flow beneath a horizontal free

surface. We also suppose that the viscous boundary layer follows the contours of the free

surface; this assumption will cease to be valid if the curvature of the free surface becomes

comparable to the thickness of the boundary layer [2]. The linearised boundary conditions

on the ice surface (x > 0) are

(∂t + U∂x)(h − d) = ∂zφ|z=0 (4)

(∂t + U∂x)φ|z=0 + gh = −B

ρ
∂4

xh, (5)
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where ρ is the fluid density and B is the bending stiffness of the ice [5], which is related to

the Young’s modulus E and Poisson ratio r by

B =
E∆

3

12(1 − r2)
. (6)

Here, ∆ is the thickness of the ice, which we shall assume to be ≈ 1m. The characteristic

horizontal scale for deformations of the ice surface is the bending length, L ≡ (B/ρg)
1/4

;

for ice of thickness 1m, the bending length is approximately 50m [1].

On the free surface of the open sea, the bending stress vanishes, and in its place we

substitute surface tension, σ. We therefore replace (5) with a new dynamic boundary

condition for x < 0:

(∂t + U∂x)φ|z=0 + gh = +
σ

ρ
∂2

xh. (7)

The characteristic horizontal scale on the sea surface is given by the capillary length, l ≡
(σ/ρg)

1/2 ≈ 3mm. Since l � L we do not expect surface tension effects to be significant in

determining the shape of the ice surface. We have chosen to retain surface tension firstly to

regularise any small scale effects occuring on the sea surface. We also have in mind possible

laboratory experiments using materials with a much smaller bending length than sea ice,

for which surface tension effects would not be negligible.

Due to the discontinuity at the ice edge, we shall need to specify additional “edge

conditions” between x = 0− and x = 0+. In particular, we balance forces and torques at

the ice edge by integrating (5, 7) and their first moments across an interval (−ε,+ε), then

allowing ε to tend to zero. Assuming that u and h are continuous, we obtain the edge

conditions

B∂3
xh|0+

= −σ∂xh|0− (8)

B∂2
xh|0+

= −σh|0− . (9)

We now seek two dimensional, steady state solutions of the governing equation (1)

subject to (4, 8, 9) and the two-part boundary condition

U∂xφ|z=0 + gh =

{

+gl2∂2
xh, for x < 0

−gL4∂4
xh, for x > 0

(10)

Following Balmforth & Craster [1], we shall apply the Wiener–Hopf technique, and so we

define half-range transforms

Φ+(k, z) =

∫ +∞

0+

φ(x, z)e
ikx

dx (11)

Φ−(k, z) =

∫ 0−

−∞

φ(x, z)e
ikx

dx (12)

The full Fourier transform is then Φ = Φ+ + Φ− (similar notation will be employed for

the transforms of d and h). With these conventions Φ+ is well defined (and analytic) in

the upper half of the complex k-plane, and Φ− is similarly well defined in the lower half of

338



PSfrag replacements

Im k

Re k−iε

+iε

Figure 2: Branch cuts in the complex k plane used in the definition of Γ(k).

the complex k-plane. We suppose that Φ+ and Φ− can be analytically continued over the

complex domains ⊕ and 	, which include, respectively, the upper and lower half k-planes.

The full Fourier transform of φ (and of h, d, etc.) is then well defined in the intersection
1

of ⊕ and 	. We now transform each of our equations in turn. From (1) we find

∂2
zΦ± = k2

Φ± ± (∂x − ik)φ|0± (13)

⇒ ∂2
zΦ = k2

Φ (14)

For simplicity, we restrict attention to the case of deep water. We then have a “lower

boundary” condition that φ → 0 as z → −∞. The solutions of (14) may then be written as

Φ(k, z) = Φ̂(k)e
Γ(k)z , (15)

where Γ(k) is defined so that Γ(k) = ±k and ReΓ(k) ≥ 0. In what follows we shall require

a more formal definition of Γ(k). We therefore temporarily allow d (and hence φ and h) to

have some slow sinusoidal modulation in the y direction, with small wavenumber ε. Then

equation (14) is replaced by

∂2
zΦ = (k2

+ ε2
)Φ (16)

and so Γ(k) = (k2
+ ε2

)
1/2

, where we take the branch cuts to lie in the intervals [±iε,±i∞)

(see Figure 2). The two dimensional problem represents the limiting case in which ε → 0,

so we define

Γ(k) ≡ lim
ε→0

(k2
+ ε2

)
1/2. (17)

We now transform the kinematic boundary condition (4) to find

−∂zΦ± = ikU(H± − D±) ± U(h − d)|0± (18)

⇒ −ΓΦ̂ = ikU(H − D) (19)

1Formally, the Wiener–Hopf technique requires the intersection of ⊕ and 	 to be some strip containing
the real axis. This and other technical details are not addressed here, but are described in detail in [1].
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where we have assumed that the boundary layer thickness d is continuous
2

at x = 0. Lastly,

transforming the two-part dynamic boundary condition (10) yields

g(1 + L4k4
)H+ = ikU Φ̂+ + gPice(k) + Uφ|0+

(20)

g(1 + l2k2
)H− = ikU Φ̂− + gPsea(k) − Uφ|0− (21)

∴ gH + L4k4H+ + l2k2H− = ikU Φ̂ + gP (k), (22)

where

Pice(k) = L4
(∂3

x − ik∂2
x − k2∂x + ik3

)h|0+
(23)

Psea(k) = l2(∂x − ik)h|0− (24)

P (k) = Pice(k) + Psea(k) (25)

are polynomials in k whose coefficients are the (unknown) values of h and its derivatives at

the ice edge. Applying the edge conditions (8–9) we find that

P (k) = L4
(−k2∂x + ik3

)h|0+
, (26)

so P is O(k2
) at k = 0. We may now eliminate Φ̂ between equations (19) and (22) to obtain

a single equation for the free surface:

H + l2k2H− + L4k4H+ =
U2

g

k2

Γ
(H − D) + P. (27)

In §3 we shall apply the Wiener–Hopf technique to this equation in order to find H(k) and

hence obtain the free surface h(x) via the inverse transform

h(x) =
1

2π

∫ +∞

−∞

e
−ikxH(k) dk. (28)

Before this, it is instructive to consider two simpler but related problems in which there is

no discontinuity in the boundary conditions.

2.1 The Reynolds Ridge

If the boundary condition (7) holds over the entire surface then we replace (27) with

H + l2k2H =
U2

g

k2

Γ
(H − D). (29)

We now define the Weber number m based on the length scale l

m =
U2

gl
(30)

2We have also assumed that d → 0 as |x| → ∞, which is not the case for a Blasius boundary layer.
This difficulty can be resolved by introducing a slowly-decaying exponential factor in d(x), then allowing
the decay rate to tend to zero.
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and the operator

Dsea(k) = 1 + l2k2 − mlk2/Γ(k) (31)

so that (29) may be written in the form

Dsea(k)H(k) = −mlk2D(k)/Γ(k). (32)

We note that Dsea(k) = 0 is the dispersion relation for standing capillary–gravity waves on

the free surface:

Dsea(k) = 0 (33)

⇔ (Uk)
2

= gΓ(k)(1 + l2k2
). (34)

The full dispersion relation is obtained by replacing Uk −→ −ω + Uk. The phase and

group velocities for capillary–gravity waves are plotted in Figure 3. Provided that there
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Figure 3: The phase speed cp and group speed cg of capillary–gravity waves in a flow of

speed U .

are no roots of Dsea for real k we may readily solve (32) for H(k) and then find the free

surface height from (28) by integrating along the real k axis, leading to the solution for the

Reynolds ridge problem presented by Harper & Dixon. In general, Dsea(k) has four complex

roots, which we label as ks1, ks2, ks3 and ks4 according to their location in the complex

k-plane (see Figure 4). For m > 2 all four roots fall onto the real k axis, corresponding to

the existence of standing waves; we must then deform the integration contour in (28) to

avoid the singularities in the integrand. The particular choice of integration contour will

determine which waves are present as x → ±∞, and so we must apply a suitable radiation

condition. We see from Figure 3 that the group speed exceeds the phase speed for short

wavelength (capillary) waves, and the converse for long wavelength (gravity) waves. We

should therefore deform our integration contour so that standing capillary waves appear

upstream and gravity waves downstream in the solution [4]. For x > 0, the integrand in

(28) is exponentially small for Im k < 0, so we can close our integration contour at infinity

in the lower half k-plane; the solution will only contain waves arising from poles located

in the 	 domain. So we formally regard the two roots of Dsea with smaller wavenumber k
(corresponding to gravity waves) as residing in the lower half k-plane, and label them as

ks3 and ks4. This leads us to adopt the deformed integration contour shown in Figure 5.
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Figure 5: The integration contour used in the inverse transform (28) when m > 2.

2.2 Infinite Icesheet

Sufficiently far into the ice covered region we might expect effects from the ice edge to be

negligible, and therefore apply boundary condition (5) for all x. In this case, (27) is replaced

by

H + L4k4H =
U2

g

k2

Γ
(H − D). (35)

We proceed by analogy with §2.1; we define a Weber number

n =
U2

gL
(36)

and a dispersion operator

Dice(k) = 1 + L4k4 − nLk2/Γ(k) (37)

so that (35) may be written in the form

Dice(k)H(k) = −nLk2D(k)/Γ(k). (38)

Dice(k) also has four complex roots, which fall on the real axis when n >
(

256
27

)1/4 ≈ 1.75;
these roots correspond to standing flexural waves on the ice surface. As in the previous
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section, we must deform our integration contour around these singularities when evaluating

the inverse transform (28). Due to the similarities between Dice(k) and Dsea(k), the correct

contour is qualitatively identical to that sketched in Figure 5.

3 The Wiener–Hopf Technique

We begin by rewriting (27) in the form

Dice

Dsea
(k) =

(1 + L4k4
)D − (L4k4 − l2k2

)H− − P (k)

(1 + l2k2)D + (L4k4 − l2k2)H+ − P (k)
(39)

To proceed with the Wiener–Hopf method we must split the LHS of (39) into a product of

⊕ and 	 functions:

Dice

Dsea
(k) = −K+(k)K−(k). (40)

The functions K± must have neither poles nor zeros in their respective domains. We describe

the splitting procedure in detail in §A; for now we simply observe that the split is unique

up to multiplication of K± by constants, and that K±(k) = O(k) as |k| → ∞. We now

deduce from (39) that

K+[(L4k4− l2k2
)H+ +(1+ l2k2

)D−P ] =
1

K−

[(L4k4− l2k2
)H−− (1+L4k4

)D+P (k)] (41)

If D(k) is an entire function then this expression is of the form

A+(k) = A−(k) (42)

where A+ and A− are analytic in, respectively, the ⊕ and 	 regions of the complex k-

plane. Therefore A±(k) can be extended to an entire function A(k), which is necessarily a

polynomial. If, however, D(k) contains finite poles, then these must first be removed. For

example, if d is given by

d(x, k0) =

{

0, for x < 0

2 sin(k0x), for x > 0
(43)

with k0 ∈ R then

D(k, k0) = D+(k, k0) =
1

k + k0
− 1

k − k0
. (44)

Since this is a ⊕ function, the simple poles at k = ±k0 must formally be regarded as residing

in the lower half plane. We therefore define

A+(k, k0) = K+[(L4k4 − l2k2
)H+ +

1 + l2k2

k + k0
− 1 + l2k2

k − k0
− P ]

+
1 + L4k4

0

K−(−k0)(k + k0)
− 1 + L4k4

0

K−(k0)(k − k0)
(45)

A−(k, k0) =
1

K−

[(L4k4 − l2k2
)H− − 1 + L4k4

k + k0
+

1 + L4k4

k − k0
+ P ]

+
1 + L4k4

0

K−(−k0)(k + k0)
− 1 + L4k4

0

K−(k0)(k − k0)
(46)
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and conclude, as before, that A±(k, k0) = A(k, k0), a polynomial in k. The true boundary

layer d(x), given by (3), can be written as a superposition of modes of the form (43). In

particular,

d(x) =
1.7208

2
√

2π

( ν

U

)1/2
∫

∞

0

d(x, k0)

k
3/2
0

dk0 (47)

The free surface h(x) can likewise be written as a superposition of single mode solutions

h(x, k0).

3.1 The single mode solution

We find from (45) and (46) that

H+(k, k0) =

1

K+

(

A(k, k0) +
1+L

4
k
4

0

K−(k0)(k−k0)
− 1+L

4
k
4

0

K−(−k0)(k+k0)

)

− 1+l
2
k
2

k+k0
+

1+l
2
k
2

k−k0
+ P

L4k4 − l2k2
(48)

H−(k, k0) =

K−

(

A(k, k0) +
1+L

4
k
4

0

K−(k0)(k−k0)
− 1+L

4
k
4

0

K−(−k0)(k+k0)

)

+
1+L

4
k
4

k+k0
− 1+L

4
k
4

k−k0
− P

L4k4 − l2k2
(49)

∴ H(k, k0) =
−2k0

k2 − k2
0

+

(

A(k, k0) +
1+L4k4

0

K−(k0)(k−k0)
− 1+L4k4

0

K−(−k0)(k+k0)

)

(

K−(k) +
1

K+(k)

)

L4k4 − l2k2

(50)

We find from (50) that H(k, k0) is O(A/k3
) a k → ∞. In order for h(x) to be continuous,

H(k) must be O(1/k2
), and so A(k, k0) must therefore be O(k); we write A(k) = a(k0) +

b(k0)k. The constants a and b are determined by the condition that H± should be analytic

for Im k ≷ 0, i.e. that the zeros in the denominators of (48) and (49) must represent

removable singularities. Since P (k) is O(k2
) at k = 0, we therefore require that

A(k, k0) +
1 + L4k4

0

K−(k0)(k − k0)
− 1 + L4k4

0

K−(−k0)(k + k0)
+

1 + L4k4

K−(k)(k + k0)
− 1 + L4k4

K−(k)(k − k0)
(51)

is also O(k2
). This implies that

k0a(k0) = − 2

K−(0)
+

1 + L4k4
0

K−(k0)
+

1 + L4k4
0

K−(−k0)
(52)

k2
0b(k0) = −2k0(1/K−)

′|0 +
1 + L4k4

0

K−(k0)
− 1 + L4k4

0

K−(−k0)
(53)

For notational convenience, we now define

Ã(k, k0) ≡ A(k, k0) +
1 + L4k4

0

K−(k0)(k − k0)
− 1 + L4k4

0

K−(−k0)(k + k0)
(54)

= − 2

k0

(

(1/K−)|0 + (1/K−)
′|0k

)

+
k2

(1 + L4k4
0)

k2
0K−(k0)(k − k0)

− k2
(1 + L4k4

0)

k2
0K−(−k0)(k + k0)

(55)
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We can now find the free surface height through the inverse transformation (28). In

order to evaluate this integral we make use of the fact that

K− + 1/K+

L4k4 − l2k2
=

K−

Dice
(56)

=
−1

K+Dsea
(57)

For x > 0, the integrand in (28) decays at infinity for Im k < 0. We therefore apply the

identity (56) and rewrite equation (50) as

H(k, k0) =
−2k0

k2 − k2
0

+ Ã(k, k0)
K−(k)

Dice(k)
(58)

We calculate h(x, k0) by collapsing the integration contour in (28) around the branch cut

in the lower half plane. In doing so, we pick up pole contributions from the poles at ki3, ki4

and ±k0, all of which are defined as residing in the lower half plane. The solution is

h(x, k0) = − 2nL|k0| sin(k0x)

1 + L4k4
0 − nL|k0|

+ 2 Im

{

Ã(ki4, k0)K−(ki4)

4L4k3
i4 − nL

e
−iki4x

}

− 1

π

∫

∞

0
dλ

nLλÃ(−iλ, k0)K−(−iλ)

(1 + L4λ4)2 + n2L2λ2
e
−λx

(59)

The corresponding solution for x < 0 is

h(x, k0) = 2 Im

{

Ã(ks1, k0)/K+(ks1)

2l2ks1 − nL
e
−iks1x

}

+
1

π

∫

∞

0
dλ

nLλÃ(iλ, k0)/K+(iλ)

(1 − l2λ2)2 + n2L2λ2
e
λx

(60)

3.2 The full solution

We deduce from (47) that the free surface height is

h(x) =
1.7208

2
√

2π

( ν

U

)1/2
∫

∞

0

h(x, k0)

k
3/2
0

dk0 (61)

Since Ã is O(k0) as k0 → 0 (which can be deduced from (55)), the obvious singularity in

(61) is integrable, and the solution is well defined.

4 Results

The effect of the ice edge can be seen by comparing (58) with the solution for an infinite

icesheet (38). Indeed we can recover (38) by replacing

ÃK− −→ −(1 + L4k4
)D (62)

in (58). In Figure 6 we illustrate the difference in a particular case. We find, as we might

expect on physical grounds, that the presence of the ice edge significantly alters the small

scale structure of the solution, but has negligible influence in the limit of zero wavenumber.

Both sides of (62) are −2/k0 + O(k2
) as k → 0.
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Figure 6: The effect of the ice edge on the single mode solution in the case k0 = 1/L,

n = 1.5, l/L = 0.01. The real and imaginary parts of Ã(k, k0)K−(k) are shown along with

the function −(1 + L4k4
)D(k, k0).

A Wiener–Hopf Splitting

We need to find K±(k) such that

Dice

Dsea
(k) = −K+(k)K−(k). (63)

To this end, we define

Rice =
Dice(k)

L4(k − ki1)(k − ki2)(k − ki3)(k − ki4)
(64)

Rsea =
Dsea(k)Γ(k)

2

l2(k − ks1)(k − ks2)(k − ks3)(k − ks4)
(65)

Here, kij and ksj represent the roots of Dice and Dsea lying in the j-th quadrant of the

complex k plane. We note that ks2 = −k∗
s1 and ks4 = −k∗

s3 (similarly for the roots of Dice).

The functions Rice and Rsea have only branch cuts in their analytic structure, and tend to

unity for large k. Thus we may define

logRice+(k) =
1

2πi

∫ +∞

−∞

log[Rice(k
′
)]

dk′

k′ − k
(66)

logRsea+(k) =
1

2πi

∫ +∞

−∞

log[Rsea(k
′
)]

dk′

k′ − k
(67)

(68)

where the integration contour lies below the point k ′
= k. The integrands are continuous

provided that we take the branch of the logarithm with a cut along the negative real axis.
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The integration contour may then be collapsed around the branch cut in the lower half k ′

plane, which leads to

logRice±(k) =
1

π

∫

∞

0
tan

−1

[

nλ

1 + λ4

]

dλ

λ ∓ iLk
(69)

logRsea±(k) =
1

π

∫

∞

0
tan

−1

[

nλ

1 − l2λ2/L2

]

dλ

λ ∓ iLk
(70)

Some care is required in choosing the appropriate branches of tan
−1

in these expressions.

For the first, we require tan
−1 ∈ [0, π), but for the second, tan

−1 ∈ (−π, 0]. This means

that the integrand in (70) is ∼ −1
λ∓iLk

as λ → 0, implying a logarithmic singularity as k → 0.

We may now write

K+(k) =
L2

(k − ki3)(k − ki4)

l(k − ks3)(k − ks4)
k
Rice+(k)

Rsea+(k)
(71)

K−(k) = −L2
(k − ki1)(k − ki2)

l(k − ks1)(k − ks2)
k
Rice−(k)

Rsea−(k)
(72)

We note that K∗
±(k) = −K±(−k∗

) and that K±(k) = O(k) as |k| → ∞.
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Equilibria of diffusive moist static energy balance model

Yutian Wu

January 12, 2009

Introduction

Temperature is a key variable in the measurement of climate. The first order approximation

of temperature can be derived from the global energy balance model. The basic idea of the

global energy balance of the Earth is that the incoming solar radiation should always keep

in balance with the energy back to space by Earth’s radiative emission. Because of the

transparency of the Earth’s atmosphere to the incoming solar radiation and the opaque

characteristics to the terrestrial radiation, the absorption of solar radiation mostly takes

place at the surface while most of the emission happens at top of the atmosphere. Budyko

(1969)[4] and Sellers (1969)[11] brought up a type of energy balance model by using the

zonal and annual averaging but allowing the latitudinal dependences of surface temperature,

albedo and meridional heat transport. One of the major features of this type of model is

that it presented the possibility of an abrupt transition to a completely ice-covered Earth

if the solar constant is lowered by only a few percent.

My project aims to figure out the effect of water vapor in this type of energy balance

model. The effect of water vapor is significant on climate but complicated to analyze. First

of all, water vapor is one of the most important greenhouse gases of the atmosphere and has

a positive feedback on climate change: if anything happens to initiate a small temperature

increase of the atmosphere, due to the saturation vapor pressure given in Clausius-Clapeyron

equation, more water vapor can be held in the atmosphere. The additional water vapor

will lead to additional greenhouse effect which warms the Earth further beyond the initial

warming. Intergovernmental Panel on Climate Change (IPCC) Fourth Assessment Report

(AR4)[7] suggested that water vapor changes represent the largest positive feedback affect-

ing equilibrium climate sensitivity, and it is this key positive feedback that amplifies the

response to the anthropogenic forcing. In addition, water vapor is playing a major role in

determining the atmospheric convection and cloud cover, which in turn exerts complicated

feedback on climate. However, cloud feedbacks still remain the largest source of uncer-

tainty in the projection of climate change. Finally water vapor is an important component

in atmospheric circulation and hydrological cycles. With increased moisture in the atmo-

sphere in the future climate baroclinic eddies may increase in strength, on the other hand,

the temperature gradient from the equator to the poles may decrease due to the increased

poleward moisture energy transport. Because of the many aspects of the impacts of water

vapor on the climate and various complicated water vapor feedbacks, the net effect of water
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vapor is complicated to analyze in real climate. In this study, we develop simple numer-

ical models with parameterizations of basic but essential physics. Rather than full-blown

General Circulation Models, simplified models can be understood completely and may be

able to address big questions in real climate. Section 1 introduces an one-layer diffusive

moist static energy balance model. Rather than sensible heat merely, moist static energy

is applied which includes not only sensible heat but also latent heat and potential energy.

Although the one-layer model has represented several interesting features, it cannot produce

modern climate even though all the model parameters are of modern values; in addition,

not much water vapor effect can be realized except the substantial atmospheric moisture

transport to the poles. The reason for it might be the one-layer model itself is too simple

to represent the real situation of the climate, for example clouds, which is an important

component of climate associated sensitively with water vapor in the atmosphere. Clouds

have substantial interactions with both solar and terrestrial radiation in both radiation re-

flection and absorption, therefore a net energy loss or gain to the atmosphere-Earth system

can be produced by clouds depending on their characteristics. Although the net nonradia-

tive and radiative effect of clouds is hard to predict, clouds do have the potential for climate

change. Lots of study has been focused on the physics of clouds and narrowing down the

uncertainty of cloud-climate feedback in model simulations. In Section 2 a simple two-layer

atmosphere-surface model is developed to implement the most basic but essential physics of

one of the most important features of water vapor, i.e. cloud feedback. In the discussion we

apply the basic idea of convective cloud feedback which was first proposed by Abbot and

Tziperman (2007)[2] to explain the equable climate during the late Cretaceous and early

Paleogene (about 100 million to 35 million years ago). Geological data suggests that the

Earth was much warmer than it is today, especially at high latitudes and during winter

time. For example, there were palm trees in Wyoming and crocodiles on islands in the

Arctic ocean. The equator to pole temperature difference and the amplitude of the seasonal

cycle at high latitudes were relatively small, hence the name ”equable climate”. The basic

idea of convective cloud feedback is that an initial warming, for example, due to the increase

of CO2 concentration, leads to the moist destabilization of the high-latitude atmosphere and

initiates atmospheric convection. The resulting convective clouds and atmospheric moisture

both help trap the outgoing longwave radiation, leading to further warming. Furthermore

since convective cloud feedback allows for multiple equilibria[2], more equilibria are expected

in the two-layer model when compared with the equilibria in the one-layer one. The physics

of those equilibria is also interesting to know, which is demonstrated in Section 3. In Sec-

tion 4, a seasonal model is set up when both the time-varying solar insolation and cloud

albedo effect are taken into account, for example, more solar incoming radiation is reflected

when convection happens due to the cloud albedo effect. We also explore the numerical

time-dependent solutions of the seasonal model.

One-layer Model

A one-layer model is set up based on the Budyko-Sellers type of energy balance model, in

which the basic idea of global energy balance is applied and the energy transport is diffusive.
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The model is defined by[8][9][5]

C
∂T

∂t
=

D̃

a2cos(φ)

∂

∂φ
[cos(φ)

∂M

∂φ
] + S − OLR (1)

where C is the thermal inertia, T is the temperature and D̃ is the diffusion coefficient. a
is the Earth radius, φ is the latitude. M is the moist static energy which is defined as

M = CpT + Lq + gz, where Cp is the specific heat capacity at constant pressure, L is the

latent heat release, q is the specific humidity and z is the height of the parcel. S is the

incoming solar radiation which is given by

S = L�(1 − α)F (φ) (2)

where L� = 1370W/m2
is the solar constant. α is the albedo. Albedo is not a static

quantity, however, is determined sensitively by the processes in the atmosphere and at the

surface. As climate changes, the surface characteristics change, for example, the proportion

of the Earth’s surface covered by ocean water, sea ice, land ice, vegetation and so on, and

the resulting albedo changes feed back on the state of the climate. In this model I choose

a simple but reasonable representation of albedo which is given by

α(T ) =

{
αi for T ≤ Ti

αo + (αi − αo)
(T−To)2

(Ti−To)2
for Ti < T < To

αo for T ≥ To

(3)

where αi and αo are albedos of sea ice and ocean water, respectively, and Ti and To are

two threshold temperatures. When surface temperature is very large within some area, i.e.

Ts > To, it is above freezing and there is no ice, thus in this case, the albedo is given by

the ocean water albedo; when surface temperature is very low, i.e. Ts < Ti, it is completely

covered by sea ice thus the albedo is given by the sea ice albedo within some area. In

between it is reasonable to interpolate the albedo by a quadratic form given above. F is the

annual mean flux factor of solar incoming radiation, which gives the latitudinal distribution

of solar flux. It peaks at the equator and decreases gradually to the poles. OLR is the

outgoing longwave radiation which is a function of the emission temperature Te at top of

the atmosphere, i.e. OLR(Te) = σT 4
e , where σ is the Stefan-Boltzmann constant. Budyko

(1969)[4] applied a linearized version of OLR, based on the fact that Te is linearly related

to the surface temperature Ts, which is given by

OLR(Te) ≈ A + BTs (4)

where A and B are constants that can be deduced from the fitting of observations. A
is roughly linear in 1/log(CO2) concentration. By analyzing the data of monthly mean

upward longwave radiation flux and surface air temperature from year 1961 to 2000 in

NCEP/NCAR Reanalysis Data, A = 211.2W/m2
and B = 2.09W/m2

(
oC)

−1
produces the

best fit between the annual mean fluxes calculated using the linearized approximation and

the reanalysis data.

By defining variable y = sin(φ), the equation of steady-state solution can be rewritten

as

D̃

a2

d

dy
[(1 − y2

)
dM

dy
] = OLR(Ts(y)) − S(y). (5)
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Steady-state solutions are important because a Lyapunov functional has been found in the

previous PDE which implies all time-dependent solutions will eventually converge to stable

steady-state solutions just like the case in Budyko-Sellers type of energy balance model.

Because it is symmetric between the Northern and Southern Hemisphere in the model, only

northern hemisphere is discussed here, i.e. 0 ≤ y ≤ 1. For boundary conditions, take
dT

dy
= 0

at the equator, which enforces symmetry between the two hemispheres, and insist that T
be regular at the poles.

Since M is conserved under conditions of either dry adiabatic ascent (exactly) or satu-

rated adiabatic ascent (approximately), M can be expressed in the term of Ts based on the

surface moist static energy and Clausius-Clapeyron equation, i.e.

M = CpT + Lq + gz (6)

= CpTs + Lvqs (7)

= CpTs + hsLvq
∗
s (8)

= CpTs + hsLv

Rd

Rv

1

ps

e∗s (9)

= CpTs + hsLv

Rd

Rv

1

ps

es(To)exp[
Lv

Rv

(
1

To

− 1

Ts

)] (10)

where the subscripts s represent surface values, the superscripts ∗ represent saturation

values. Lv is the latent heat release of evaporation, hs is the surface relative humidity

which is assumed to be a constant everywhere, q∗s is the saturation specific humidity at

the surface, To = 273.15K, Rd and Rv are the gas constants for dry air and water vapor,

respectively, ps is the surface pressure, and es(To) = 6.11mb is the saturation vapor pressure

at To.

Now the climate is characterized by the annual average and global mean surface tem-

perature Ts, and the steady-state equation becomes an nonlinear ODE of Ts which can

be solved numerically. For fixed A and B (fixed CO2 concentration and thus fixed OLR
in this model), for example, A = 211.2W/m2

and B = 2.09W/m2
(
oC)

−1
which are the

parameters derived from fitting the current climate data, but for different initial guesses,

steady-state solutions are not always the same, which implies the existence of bifurcation.

Hence instead I solve A (for fixed B) as an unknown parameter by prescribing the equatorial

surface temperature Ts(y = 0). Figure 1 shows the steady-state solutions of this model as

a function of A. In particular, not only equatorial surface temperature Ts(y = 0) but also

polar surface temperature Ts(y = 1) and mean surface temperature are drawn. The bifur-

cation diagram is composed of a stable ice-free climate a, an unstable climate b and a stable

snowball climate c. In particular, for A = 211.2W/m2
, three possible climate states are

shown in Figure 2. They are a stable snowball climate where temperature is below freezing

everywhere on the Earth, an unstable climate which is 20K lower than the current climate

everywhere from the equator to the poles, and a stable ice-free climate where temperature

is relatively high everywhere and the temperature difference between the equator and poles

is relatively small, respectively. As for the unstable climate, although it is 20K lower than

the current climate, the temperature gradient from the equator to the poles which is about

40K is quite reasonable. In addition, a comparison of the steady-state solutions has been

done between the dry (Figure 3) and moist diffusive energy balance model. For the dry
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Figure 1: Steady-state solutions of one-layer diffusive moist static energy balance model as

a function of A, which is roughly linear in 1/log(CO2) concentration. Relative humidity is

assumed to be 0.8 everywhere. Model parameters are: αi = 0.6, αo = 0.1, Ti = 260K,To =

290K,B = 2.09W/m2
(
oC)

−1.

diffusive energy balance model, there is no latent heat in the energy term but only sensible

heat. The major difference between the steady-state solutions of the two models is that

for the ice-free climate the temperature gradient from the equator to the poles is relatively

small in the moist case while it is roughly 50K in the dry one. My explanation for such a

difference is that in hot climate water vapor helps transport large amount of energy pole-

ward effectively and thus wipes out the temperature gradient. This is a distinguished role

that water vapor is playing in this one-layer model.

It is also noticed that by building up (or reducing) the atmospheric CO2 concentration,

the disappearance of the snowball climate (or ice-free climate) will be induced. For example,

based on this model, when A < 177W/m2
, which implies a very high CO2 concentration,

the stable snowball climate will disappear; when A > 266W/m2
, which implies a very low

CO2 concentration, the stable ice-free climate will disappear. Although these critical values

might be too rough to make any certain conclusions, it presents a simple trend of climate

states as the atmospheric CO2 concentration changes.

Therefore basically three steady states have been found in this one-layer diffusive moist

static energy balance model, of which one represents a stable ice-free climate where tem-

perature is relatively high everywhere and the temperature gradient is relatively small from

the equator to the poles. The other one shows an unstable climate while the third one

is a snowball climate. In addition, this model represents the possibility of abrupt climate

transitions, for example, the transition from the snowball climate to the unstable climate

state, or and the transition from the unstable climate state to the ice-free climate state

when temperature gets higher due to increased atmospheric CO2 concentration, for exam-

ple. Finally the model demonstrates one of the most important roles that water vapor is

playing on the real climate, i.e. the meridional moisture energy transport that helps wipe
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Figure 2: Steady-state solutions of one-layer diffusive moist static energy balance model

if A = 211.2W/m2
. The top, middle and bottom panels present the global mean surface

temperature in a stable snowball climate, an unstable climate which is 20K lower than the

current one, and a stable ice-free climate, respectively. Model parameters are the same as

before.

Figure 3: Steady-state solutions of one-layer diffusive dry energy balance model as a function

of A. Same model parameters.
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out the temperature gradient from the equator to the poles. However, the model has several

limitations: one is that it cannot produce the current climate, either the temperature of

the possible states is too high or too low. The second existing problem is that the effect of

water vapor can not be much realized in this simple model.

Since this model is of one-layer, many important effects of water vapor can not be pa-

rameterized, such as the greenhouse effect, atmospheric convection and cloud cover. Hence

we need to modify the model by adding some representation of cloud effects and hope for

better outputs, such as the simulation of modern climate and so on.

Two-Layer Model

a. Developing the Model

An important effect of water vapor on the climate is the formation of clouds which have

substantial interactions with both solar and terrestrial radiation. However, the impact of

an individual cloud on the local energy balance depends sensitively on its physical charac-

teristics, for example, the total mass of water, the size and shape of the droplets or particles

and so on. Generally speaking, low-altitude stratus clouds have a large and negative cloud

radiative forcing while high-altitude clouds are associated with a neutral or positive cloud

radiative forcing. For my further discussion, I apply a simple representation of the green-

house effect of clouds at first. As for the cloud albedo effect, it is closely related to the solar

flux at certain latitude and time. The model should have seasonal cycle included then since,

for example, at polar darkness, there is only greenhouse effect of clouds and it is discussed

in Section 4.

Abbot and Tziperman (2007)[2] proposed an idea of convective cloud feedback to help

explain the equable climate during the late Cretaceous and early Paleogene (about 100 mil-

lion to 35 million years ago). At high latitudes under lower solar insolation, it is potentially

possible to have a positive cloud radiative forcing with clouds associated with convection.

If the extratropical surface temperature had increased large enough to initiate high convec-

tion, clouds would change from low-altitude to high-altitude ones and thus cloud radiative

forcing would switch to positive from negative which could lead to further warming and

even more atmospheric convection. Simulations done by Abbot and Tziperman[3][2] have

shown that not only the high temperature situation at high latitudes and during winter

time but also the relative low equator to pole temperature difference can be reproduced

with the idea of high-latitude convective cloud feedback.

The model is composed of two layers[1]. The top one represents the free troposphere

(200 − 900mb) and the bottom one represents the surface layer which is composed of the

mixed-layer ocean (top 50m) and the boundary layer of the atmosphere (900 − 1000mb)

dominated by turbulence. The energy balance of this model can be written as

Cs

∂Ts

∂t
=

∂

∂y
[(1 − y2

)D1
∂Ts

∂y
] + L�(1 − α)F (y) − Fc + εσT 4

a − σT 4
s (11)

Ca

∂Ta

∂t
=

∂

∂y
[(1 − y2

)D2
∂Ta

∂y
] + Fc + εσ(T 4

s − 2T 4
a ) (12)

where Cs and Ca are the thermal inertia for the bottom and top layer, respectively; Ts and

Ta are the surface and atmospheric temperature, respectively; D1 and D2 are the diffusive
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coefficients for the bottom and top layer, respectively (the two diffusive coefficients should

be different in principle but are assumed to be the same at first); the first terms on the right

hand side of the equations are the diffusive heat transport at the bottom and top layers,

respectively; Fc is the convective flux from the boundary layer to the free troposphere; ε is

the emissivity of the free troposphere; and σ is the Stefan-Boltzmann constant. Boundary

conditions of this two-layer model are similar to that of the one-layer model, i.e.

dTs

dy
(y = 0) =

dTa

dy
(y = 0) = 0 (13)

Ts(y = 1) and Ta(y = 1) are regular. (14)

The value of convective flux Fc and emissivity ε depends on whether there is convection

or not, which is in turn described by moist instability. We determine the moist instability

by comparing the surface moist static energy

Ms = CpTs + Lvqs (15)

with the atmospheric saturation moist static energy

M∗
a = CpTa + Lvq

∗
a + gza (16)

where q?
a is the atmospheric saturation specific humidity, g is the acceleration of gravity, za

and pa are the height and pressure of the atmospheric layer, respectively. The convective

flux Fc and emissivity ε are given by

Fc =
{ γ(Ms − M∗

a ) if Ms ≥ M∗
a

0 otherwise
(17)

ε =
{ εo + ∆ε if Ms ≥ M∗

a

εo otherwise
(18)

If Ms < M∗
a , ascending parcel is stable to moist convection and thus no convection happens.

In this nonconvecting case, Fc is set to be 0 and atmospheric emissivity ε is given by the

background emissivity εo which is mainly determined by the atmospheric CO2 concentration

and is roughly linear in log(CO2) (Sasamori, 1968 [10]). As long as the moist static energy of

the ascending parcel reaches the atmospheric saturation moist static energy, i.e. Ms = M∗
a ,

the parcel becomes unstable to convection and releases latent heat to the surrounding

environment, and thus Fc is set to be linear of Ms − M∗
a with a linear coefficient γ given

by
Cs

Cp

1
τ
, where τ is the time scale of convection, for example, about 1 − 10 hours, and

atmospheric emissivity is increased by a certain amount ∆ε due to convective clouds and

increased atmospheric moisture.

b. Equilibria in the Model

The two joint nonlinear ODEs (steady state of equations 11 and 12) are solved numeri-

cally to find out the solutions of steady-state surface and atmospheric temperature. For

the same background emissivity εo, steady-state solutions are sensitive to the initial guesses

and thus there again exists bifurcation in the solutions. Same as the numerical method
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Figure 4: Steady-state surface temperature (left) and atmospheric temperature (right) of

two-layer diffusive moist static energy balance model as a function of background emissivity

εo, which is roughly linear in log(CO2) concentration. Part of the convecting branch where

the total atmospheric emissivity ε is larger than 1 is not physical and not shown here.

Model parameters are: ∆ε = 0.3, γ = 5.8101kg/m2/s,RHs = 0.8, za = 5km,αi = 0.6, αo =

0.1, Ti = 260K,To = 290K.

in one-layer model, we solve the background emissivity εo as an unknown eigenvalue by

prescribing the equatorial surface temperature. Figure 4 shows the bifurcation diagrams

of the steady-state surface and atmospheric temperature produced by the two-layer model.

In particular, ∆ε is set to be 0.3, and thus part of the bifurcation diagram where the total

atmospheric emissivity ε is larger than 1 (or the background emissivity εo is larger than

0.7) has no physical meaning and is not drawn here since 0 ≤ ε ≤ 1. If it starts with a

background emissivity larger than 0.7 and has convection happening, then the steady-state

solution will stay with the atmospheric emissivity equals 1.

One of the interesting features of the bifurcation diagram of this model is that there are

two more equilibrium solutions around εo = 0.6 and when surface temperature is relatively

high. Physical interpretation of the solutions in the following demonstrates that one is

a stable equilibrium corresponding to a fully convecting state where surface temperature

is high and convection happens everywhere from the equator to the poles, and the other

one is an unstable equilibrium which is not shown in the figures. The problem with the

unstable equilibrium branch (not shown) is that it is hard to find the solution numerically

with the method other steady-state solutions are figured out. By doing projection onto

Legendre polynomials and characterizing the steady-state solutions by first few modes, the

unstable equilibrium branch can be found numerically but without high accuracy. Since

the numerical computation is not reliable so far, it is not shown here.

In order to further understand the physics of the bifurcation diagram, a diagnosis of

temperature and convection situation has been done in the following for various steady

states, for example, states < 1 > − < 11 > marked in Figure 5. Figure 6, 7, 8, 9 show the

steady-state atmospheric and surface temperature, i.e. Ta and Ts, and ∆M = Ms − M∗
a

which is a measure of whether there is convection or not as a function of y for these

11 states, respectively. If the surface temperature is very low, there is no possibility of

convection where the moist instability is negative everywhere from the equator to the poles.
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It is the same stable snowball climate as represented in one-layer model (states < 1 ><
2 >< 3 > shown in Figure 6). If the equatorial surface temperature increases and reaches

some critical value such that Ms = M∗
a , moist convection will firstly take place at the

equator. The transition of convection at the equator corresponds to the first edge in the

bifurcation diagram. As the equatorial surface temperature gets higher and higher, the

upper atmospheric layer becomes moist unstable and convection can be initiated gradually

from latitude to latitude. As shown in Figure 7 and 8, moist convection extends from the

equator to the poles as the equatorial surface temperature increases, but since up to, for

example, state < 8 >, convection doesn’t come out at the poles yet, we name it partially

convecting state. However, stability analysis tells that the branch where states < 4 > and

< 5 > (in Figure 7) lie is unstable while the one which has states < 6 >,< 7 >,< 8 > (in

Figure 8) is stable, and this transition corresponds to the second edge of the bifurcation

diagram. This is also consistent with the stability results in one-layer model. Eventually

moist convection occurs at the poles when the surface equatorial temperature is large enough

and this is what Figure 9 shows in which moist instability is positive at the poles. Due to

the fact that convection takes place everywhere from the equator to the poles in states

< 9 >,< 10 >,< 11 >, we name them fully convecting states. Although the unstable

missing branch is hard to compute numerically, it is related to the transition of polar

convection when the moist instability of state < 8 > is compared with that of state < 9 >.

The stability of each branch can also be checked by identifying the eigenvalues of the

Jacobian matrix estimated at equilibrium states in perturbation equation. Therefore in

conclusion the bifurcation diagram of the two-layer model is composed of several steady-

state branches, for example, a stable nonconvecting branch, an unstable partially convecting

branch, a stable partially convecting branch, an unstable branch which is related to the onset

of polar convection, and a stable fully convecting branch.

Moreover the stable partially convecting state where the background emissivity εo =

0.46 roughly represents the modern climate with 293K at the equator and 257K at the poles.

It demonstrates that the implement of convective cloud feedback helps better simulate the

real climate and the impact of clouds is significant on climate.

c. Climate Sensitivity in the Model

There are several free parameters in the two-layer model, such as surface relative humidity

RHs, height of the atmospheric layer za and linear coefficient of convective flux γ. Our

next step is to study the climate sensitivity of this model by varying these free parameters.

Climate sensitivity is a significant component and is defined as the relationship between the

forcing and the magnitude of the climate change response. The study of climate sensitivity

can help better understand and interpret the model and also the physics of it.

As the surface relative humidity increases, the parcel lifted upward from the surface

can get saturated more easily and thus convection can be initiated more quickly. With a

high surface relative humidity convection can occur early before the surface temperature

there reaches a high value. The numerical comparison of the bifurcation diagrams of differ-

ent surface relative humidity is shown in Figure 10. Figure 11 represents the steady-state

solutions of different heights of atmospheric layer. For the climate sensitivity of the height

of the atmospheric layer, as the height decreases, the onset of convection can be more easily
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Figure 5: Steady-state surface temperature of two-layer diffusive moist static energy bal-

ance model as a function of background emissivity εo which is roughly linear in log(CO2)

concentration. Various steady-state solutions, for example, states < 1 > − < 11 > are

marked.

initiated at each latitude and the transition to both partially and fully convecting branches

can be reached with a lower surface temperature compared with the case of a higher atmo-

spheric layer. Figure 12 represents the steady-state solutions of different linear coefficients

of convective flux. The linear coefficient of convective flux γ determines the magnitude of

convective flux transferred from the boundary layer to the free troposphere when convection

happens. Since the time scale of convection can vary within 1 − 10 hours, small changes of

γ in this model are physically reasonable. As γ gets smaller, the top atmospheric layer gets

less convective flux from the bottom one, which reduces the saturation moist static energy

in the atmospheric layer. In this case, convection again can be more easily initiated which

leads to the situation of fully convection at a lower surface temperature compared with the

case with larger γ. The difference between this case and the former two is that varying the

value of γ only changes the critical surface temperature of the onset of moist convection but

keeps the structure (relationship between background emissivity and surface temperature)

of convecting branches, i.e. both partially convecting and fully convecting branches, invari-

ant. My understanding is that the structure of convecting branches is merely determined

by Ms = M∗
a and γ has nothing to do with this criterion, which is different from the former

two cases of varying RHs and za.

d. Seasonal Cycle in the Model

In addition to convective cloud feedback, cloud albedo effect is also included into the two-

layer model. Since cloud albedo effect is closely related to the solar incoming radiation at

top of the atmosphere, the two-layer model should also have the seasonal variability since,

for example, at polar darkness, there is no solar radiation, and the only effect of clouds is
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Figure 6: Steady-state surface temperature, atmospheric temperature, and moist instability

measured by ∆M = Ms − M∗
a at equilibrium states < 1 >(top left), < 2 >(top right) and

< 3 >(bottom) with corresponding background emissivity εo = 0.2, 0.6, 0.8, respectively.

Nonconvecting. Stable.

Figure 7: Steady-state surface temperature, atmospheric temperature, and moist instabil-

ity measured by ∆M = Ms − M∗
a at equilibrium states < 4 >(left) and < 5 >(right)

with corresponding background emissivity εo = 0.6, 0.46, respectively. Partially convecting

(Convection firstly takes place in tropics and extends to high latitudes, but doesn’t come

out at the poles yet). Unstable.
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Figure 8: Steady-state surface temperature, atmospheric temperature, and moist instability

measured by ∆M = Ms − M∗
a at equilibrium states < 6 >(top left), < 7 >(top right) and

< 8 >(bottom) with corresponding background emissivity εo = 0.46, 0.6, 0.7, respectively.

Partially convecting. Stable. State < 6 > whose background emissivity εo = 0.46 roughly

represents the modern climate with 293K at the equator and 257K at the poles.

360



Figure 9: Steady-state surface temperature, atmospheric temperature, and moist instability

measured by ∆M = Ms −M∗
a at equilibrium states < 9 >(top left), < 10 >(top right) and

< 11 >(bottom) with corresponding background emissivity εo = 0.58, 0.6, 0.7, respectively.

Fully convecting (Convection takes place everywhere from the equator to the poles). Stable.

Figure 10: Steady-state polar surface temperature of two-layer diffusive energy balance

model with surface relative humidity RHs = 0.6, 0.7, 0.8, 0.9, 1, respectively.

361



Figure 11: Steady-state polar surface temperature of two-layer diffusive energy balance

model with height of the atmospheric layer za = 4km, 5km, 6km, respectively.

Figure 12: Steady-state polar surface temperature of two-layer diffusive energy balance

model with γ = 1kg/m2/s, 5kg/m2/s, 10kg/m2/s, respectively.
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the albedo effect.

In order to figure out the average daily insolation[6] at top of the atmosphere as a

function of time and latitude, some parameters are introduced beforehand. First of all,

solar zenith angle θs is defined as the angle between the local normal to Earth’s surface and

the direction of incoming solar flux and determines the actual solar flux per unit surface

area Q, which is given by

Q = L�(
d̄

d
)
2cosθs (19)

where d̄ is the mean distance from the sun where the solar constant is measured and d
is the actual distance. There is less energy per unit surface area if the surface is not

perpendicular to the incoming solar flux compared with that in the perpendicular case.

Secondly, declination angle δ, which is defined as the latitude of the point on the surface of

Earth directly under the sun at noon, varies between +23.45o
at northern summer solstice

(June 21) and −23.45o
at northern winter solstice (December 21). Finally the longitude

of the subsolar point relative to its position at noon is defined as the hour angle h. The

relationship between the above three parameters, i.e. solar zenith angle θs, declination angle

δ, hour angle h, and the latitude φ is given by

cosθs = sinφsinδ + cosφcosδcosh. (20)

When it is sunrise or sunset, cosθs = 0, and the hour angle of sunrise and sunset is given

by

cosho = −tanφtanδ. (21)

Then if we plug (20) into (19) and integrate it from sunrise to sunset, the average daily

insolation at top of the atmosphere can be rewritten as

Q̄day
=

L�

π
(
d̄

d
)
2
[hosinφsinδ + cosφcosδsinho]. (22)

However there are special conditions at the poles. When the latitude φ and the declination

angle δ are of the same sign, which is the case in summer hemisphere, latitudes poleward of

90−δ are constantly illuminated. In addition, when the latitude φ and the declination angle

δ are of the opposite sign, which is the case in winter hemisphere, latitudes poleward of

90− |δ| are in polar darkness. Therefore, at polar region, six months of darkness alternates

with six months of sunlight. Hence the governing equations become two joint nonlinear

PDEs given by

Cs

∂Ts

∂t
=

∂

∂y
[(1 − y2

)D1
∂Ts

∂y
] + Q̄day

(1 − α) − Fc + εσT 4
a − σT 4

s (23)

Ca

∂Ta

∂t
=

∂

∂y
[(1 − y2

)D2
∂Ta

∂y
] + Fc + εσ(T 4

s − 2T 4
a ). (24)

Since solar flux is not symmetric between the two hemispheres in this time-dependent

case, the seasonal model and its solutions are not symmetric anymore. The condition of

Ts(y = ±1) and Ta(y = ±1) are regular gives the boundary condition. If there is convection

within some region, not only convective flux Fc and atmospheric emissivity ε as mentioned
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Figure 13: Steady-state surface temperature of two-layer diffusive energy balance model

when cloud albedo effect is taken into account but without seasonal cycle at first. If con-

vection takes place within some region, albedo there is assumed to increase by 0.05 in the

simulation.

before, but also albedo within that region will change, for example, albedo will increase by

0.05 due to clouds’ reflection of solar incoming radiation. The corresponding bifurcation

diagram of steady-state solutions is represented in Figure 13 in which cloud albedo effect

is taken into account but without seasonal cycle at first. It shows that due to the effect of

cloud albedo, the bifurcation diagram is shifted to the right compared with Figure 5.

The above two joint nonlinear PDEs can be solved numerically and the time-dependent

solutions of different initial guesses, for example, states 1 − 4 in Figure 13, are represented

in Figure 14 − 17. The solutions of surface temperature at South Pole, at North Pole and

at the equator are plotted every 12 months. When running the seasonal model with initial

guess of state < 1 > which is a stable nonconvecting state, the time-dependent solution

is wild at the beginning but eventually reaches a periodic equilibrium after about 1500

months, which is shown in Figure 14. In Figure 15, if the seasonal model starts with initial

guess of state < 2 >, a stable partially convecting state, the solution quickly jumps to the

snowball climate within a short time period. As shown in Figure 16, the time-dependent

solution periodically oscillates around the initial steady-state equilibrium, i.e. the stable

partially convecting state < 3 >. In Figure 17 which is the time-dependent solution with

initial guess of state < 4 >, it is roughly periodic but with several abrupt sharp transitions.

Since these abrupt transitions are transient, the intermediate states are unstable. It is

interesting to notice that state < 4 > is a stable fully convecting state and is very close

to the unstable missing branch that we mentioned before. It is reasonable to explain the

existence of these abrupt transient transitions in this way: oscillations around the initial

steady-state equilibrium < 4 > allow the possibility of transition to lower unstable branch,

however, the time-dependent solution has to find other stable states such as the stable

partially convecting states and the stable fully convecting states due to the instability of
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Figure 14: Time-dependent solution of the seasonal model with an initial guess of state

< 1 > in Figure 13, i.e. 233K at the poles and 247K at the equator and with background

emissivity εo = 0.6. Time is in the unit of month. The top left panel is the surface

temperature at south pole as a function of time, the top right one is the surface temperature

at north pole as a function of time, the bottom left one is the surface temperature at the

equator as a function of time, and the bottom right one is the phase portrait with x-axis

the surface temperature at the equator and y-axis the surface temperature at north pole.

the lower branch. It is another indirect indicator of the existence of the unstable branch

that is related to the transition of polar convection.

Conclusions

We start the problem trying to figure out the effect of water vapor in the climate system

in simplifies model simulations. A one-layer diffusive moist static energy balance model is

applied at first. From the model output, three possible steady climate states, i.e. a stable

snowball climate, an unstable climate in which surface temperature is about 20K lower than

the modern value everywhere, and a stable ice-free climate, have been found, moreover, the

effect of water vapor is represented mainly by the meridional moisture transport to the poles

through the comparison with dry model. However, even if all the model parameters are

based on modern climate observations, the one-layer model is unable to produce the modern

climate. In order to better simulate the real climate, a two-layer diffusive energy balance

model has been developed in which an important effect of water vapor, i.e. convective

cloud feedback, is parameterized through the impact of convective flux and atmospheric

emissivity. The solutions of this model are very interesting. First of all, it is able to roughly

represent the modern climate which in turn indicates the significance of clouds effect in

real climate. Furthermore, two more steady equilibrium states, besides the three equilibria

turned out in one-layer model, have been found due to the implement of convective cloud

feedback. Significantly, each equilibrium has its clear physical meaning. For example, when
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Figure 15: Time-dependent solution of the seasonal model with an initial guess of state

< 2 > in Figure 13, i.e. 254K at the poles and 290K at the equator and with background

emissivity εo = 0.48. Time is in the unit of month. Others are the same as Figure 14.

Figure 16: Time-dependent solution of the seasonal model with an initial start of state

< 3 > in Figure 13, i.e. 279K at the poles and 296K at the equator and with background

emissivity εo = 0.6. Time is in the unit of month. Others are the same as Figure 14.
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Figure 17: Time-dependent solution of the seasonal model with an initial start of state

< 4 > in Figure 13, i.e. 287K at the poles and 299K at the equator and background

emissivity εo = 0.7. Time is in the unit of month. Others are the same as Figure 14.

surface temperature is very low everywhere, there is no possibility of convection because

it is always moist stable, and it is the same equilibrium state that is noticed in one-layer

model. As the equatorial surface temperature reaches some critical value, convection takes

place at the equator firstly. As the equatorial surface temperature gets higher, convection

takes place at high latitudes. Eventually there is convection at the poles when temperature

is relatively high. One of the two more equilibria in two-layer model represents a stable

climate state with convection taking place everywhere from the equator to the poles while

the other one is an unstable branch that is related to the transition of polar convection. The

last section of the project is the seasonal model, in which both the seasonal cycle of solar

insolation and cloud albedo effect are included. The time-dependent solutions are basically

oscillations around steady equilibria of constant solar insolation. Depending on how large

the variability of climate is at each state, it is possible to switch from one equilibrium to

another, for example, the transition to snowball climate from a warmer climate state.

Although this study is basically based on a simple two-layer energy balance model, it

is able to capture the basic but essential physics of convective cloud feedback and produce

multiple steady equilibria in addition to temperature distribution of modern climate. Since

the model is a simplified version, the physics can be understood completely and clearly.

Furthermore, it indicates the importance of convective cloud feedback of real climate. How-

ever, since the model is simply parameterized and only includes few effects and feedbacks in

real climate, the results from the model cannot be simply compared with real climate situ-

ation. For example, albedo is a complicated variable which not only depends sensitively on

the surface and clouds situation but also varies with time and has feedback to the climate,

and the real effect of clouds is much more complicated than what is parameterized in the

model. More numerical computation and analysis will be done on the seasonal model and

its time-dependent solutions in the future.
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