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Coastal profile evolution at Duck, North Carolina:

A cautionary note

Steve Elgar

Woods Hole Oceanographic Institution, Woods Hole, Massachusetts

Abstract. The Hurst exponents of 10.8-year-long time series of cumulative bed level
observed between the shoreline and ~ 8-m water depth on an ocean beach are shown to
be consistent with bed-level time series described by a sinusoid with a 10.8-year period
plus white noise. Thus, for these observations, Hurst exponents cannot distinguish self-
organized morphological evolution from the hypothesis that nearshore morphology on
monthly to decadal timescales is a forced response to small-scale physical processes driven

by waves and currents.

1. Introduction

Southgate and Mdller [2000] (hereineafter referred to as
S&M) calculated the Hurst exponents [Hurst, 1956; Man-
delbrot and Wallis, 1969a] of time series of cumulative bed
level derived from 10.8 years of observations of cross-shore
depth profiles extending from the shoreline to approximately
8-m water depth near Duck, North Carolina [Lee and Birke-
meier, 1993; Larson and Krauss, 1994]. Similar to previous
studies [Lee et al., 1998], S&M subdivide the nearshore zone
from the shoreline to 800 m offshore into four regions: dune,
inner bar, outer bar, and upper shoreface (S&M, Figure 13).
On the basis of the Hurst exponents, S&M conclude that the
dune and upper shoreface cumulative bed-level time series
on timescales of 1-12 and 1-20 months, respectively, may
be the result of nonlinear self-organized behavior, and that
the bathymetry in the inner and outer bar regions exhibits
self-organized behavior over timescales greater than 12-24
months. Verifying these results is important because they
have “major implications for modeling coastal morphody-
namics on different timescales” (S&M, p. 11,506), because
models based on the small-scale physics of sediment trans-
port forced by waves and currents will not predict the behav-
ior of large-scale self-organized morphology.

Here, a model consisting of a sinusoid plus Gaussian noise
is shown to predict accurately the cross-shore structure of the
Hurst exponent of the observed cumulative bed-level time
series. The model is linear, suggesting that the Hurst ex-
ponent cannot be used to distinguish the hypothesis that the
observed bed-level fluctuations are caused by nonlinear self-
organized behavior from the alternative hypothesis that the
bed-level time series are a Gaussian random process with
a periodic component. Determination of underlying physi-
cal mechanisms from relatively short time series using Hurst
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exponents [Mandelbrot and Wallis, 1969a, 1969b, 1969¢],
principal oscillation pattern analysis [Penland, 1985], and
nonlinear forecasting [Sugihara and May, 1990] has been
shown to be difficult. Therefore the conclusion (S&M) that
modeling approaches based on details of small-scale phys-
ical processes or on external forcing by waves and cur-
rents cannot make accurate predictions of the evolution of
nearshore morphology may not be justified.

2. Alternative Hypothesis

A white noise process (neighboring values in time are un-
correlated) has a Hurst exponent of 0.0, Brownian motion
(each value in a Brownian time series is the sum of all previ-
ous values plus Gaussian noise, so neighboring values are
correlated) has a Hurst exponent of 0.5, and fractal (e.g.,
self-organized) systems have a Hurst exponent greater than
0.5 {Hurst, 1956; Mandelbrot and Wallis, 1969a, 1969b,
1969c, 1969d, 1969¢]. Thus, if a time series of bed level is
white noise, the cumulative bed level is a Brownian process
and has Hurst exponent = 0.5.

Southgate and Méller [2000] obtained Hurst exponents
of ~ 0.8 in the dune and upper shoreface regions of the
nearshore zone and of ~ 0.5 in the inner and outer bar re-
gions. The Hurst exponents estimated from the observations
can be reproduced by a bed-level time series y(z, t), where
z is cross-shore location and ¢ is time, consisting of a sinu-
soidal component with cross-shore varying amplitude a(z)
plus white Gaussian noise N (t), given by

y(z,t) = a(z) sin(2w ft) + N(t). (1)

The frequency f = 1/130 corresponds to one full cycle (10.8-
year period) for 130 monthly samples, the same as the data
analyzed by S&M.

A 130-point long (same as S&M) time series of white
noise (a(z) = 0) bed level is shown in Figure 1a, and the
corresponding cumulative bed-level time series is shown in
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Figure 1. (a) Bed level and (b) cumulative bed level versus
time. The bed-level time series is given by equation (1) with
a(z) = 0. The natural logarithms of the (c) range and (d)
variance versus the natural logarithm of the time increment
(calculated in the same way as given by S&M). Symbols are
the calculated values, the solid lines are least squares fits.
The data shown are 1 example selected arbitrarily from 1000
realizations.

Figure 1b. These bed-level and cumulative bed-level time
series are similar to those observed in the inner and outer
bar regions of the nearshore zone (compare Figures 1a and
1b with S&M’s Figure 4, upper (profile 188 at 200 m) and
second-from-bottom (profile 62 at 200 m) panels). The cor-
responding natural logarithms of the range and of the vari-
ance versus the natural logarithm of the time increment are
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Figure 2. (a) Bed level and (b) cumulative bed level ver-
sus time. The bed-level time series is given by equation (1)
with the variance of the noise equal to 1/5 the variance of
the sinusoid. The natural logarithms of the (c) range and (d)
variance versus the natural logarithm of the time increment
(calculated in the same as given by S&M). Symbols are the
calculated values, the solid lines are least squares fits. The
data shown are 1 example selected arbitrarily from 1000 re-
alizations.
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shown in Figures 1c and 1d here and in S&M’s Figures 8 and
9 (second-from-the-top panels). The range is the difference
between the maximum and minimum value of y(z,t) over a
specified time interval, called the time increment.

The Hurst exponent (calculated from a fit to the points in
Figures 1c and 1d in the same manner as given by S&M,
also described by Hastings and Sugihara [1993]) for the cu-
mulative bed-level time series for this case of white noise
bed levels is 0.4 using the range and 0.5 using the variance,
consistent with Brownian cumulative bed-level fluctuations.
There are large statistical fluctuations in Hurst exponents es-
timated from the range, with 95% of values from one thou-
sand 130-point time series falling between about -0.3 and
0.6 (mean value = 0.5), consistent with the results of North
and Halliwell [1994]. The 95% limits are much larger than
the fluctuations in Hurst exponents estimated from 80 inner
bar region and 80 outer bar region time series by S&M (their
Table 1), possibly because the S&M time series are not sta-
tistically independent.

A 130-point time series (i.e., one cycle of the 10.8-year
period) where the variance of the noise is 1/5 the variance
of the sinusoid is shown in Figure 2a, and the correspond-
ing cumulative bed-level time series is shown in Figure 2b.
These bed-level and cumulative bed-level time series are
similar to those observed in the upper shoreface region of
the nearshore zone (compare Figures 2a and 2b with S&M’s
Figure 4, second-from-top (profile 188 at 600 m) and bot-
tom (profile 62 at 600 m) panels). The corresponding natural
logarithms of the range and of the variance versus the natu-
ral logarithm of the time increment are shown in Figures 2¢
and 2d here and in S&M’s Figures 8 and 9 (lower panels).
The Hurst exponent for the cumulative bed-level time series
for this case of a sinusoid plus noise is 0.8 using the range
and 0.9 using the variance. There are relatively small statisti-
cal fluctuations in Hurst exponents estimated from the range,
with 95% of values from one thousand 130-point time series
falling between 0.7 and 0.9, consistent with the results of
North and Halliwell [1994] and S&M (their Table 1).

The observed cross-shore structure of the Hurst exponent
(S&M’s Figures 6 and 7) can be reproduced by the sinusoid
plus noise model if a(z) has the correct cross-shore depen-
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Figure 3. Hurst exponent versus distance from the baseline.
At each cross-shore location a bed-level time series consist-
ing of a sinusoid with 10.8-year period plus white Gaussian
noise was generated. The noise variance ranged from ap-
proximately 20% to 900% of the variance of the sinusoid,
with larger noise producing smaller Hurst exponents.
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dence (Figure 3). Time series (130 points, one cycle) with
noise levels with variance from 1/5 to 9 times the sinusoidal
component produce Hurst exponents from ~ 0.9 to 0.5.

3. Conclusions

Previous investigations [Southgate and Méller, 2000] sug-
gest that Hurst exponents estimated from bed-level time se-
ries obtained from 10.8 years of observations of cross-shore
depth profiles extending from the shoreline to ~ 8-m wa-
ter depth near Duck, North Carolina, provide circumstan-
tial evidence that nearshore bathymetric evolution is a self-
organized process. The results presented here demonstrate
that the Hurst exponents can be reproduced by a model con-
sisting of a sinusoid with 10.8-year period plus white Gaus-
sian noise, suggesting that for the time series of bed level
observed at Duck, North Carolina, the Hurst exponent is not
capable of distinguishing a nonlinear self-organized system
from a linear Gaussian random process with a periodic com-
ponent.
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