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ABSTRACT

The spectral energy balance of ocean surface waves breaking on a natural beach is examined with field
observations from a cross-shore array of pressure sensors deployed between the shoreline and the outer edge
of the surf zone near Duck, North Carolina. Cross-shore gradients in wave energy flux were estimated from
spectral changes observed between closely spaced sensors. Direct, empirical estimates of nonlinear energy
exchanges between different frequency components of the wave spectrum were obtained from observed bispectra
using Boussinesq theory for near-resonant triad wave–wave interactions. The large decrease in energy flux
observed across the surf zone in the energetic part of the wave spectrum is balanced closely by the estimated
nonlinear energy transfers from the spectral peak to higher frequencies. In the high-frequency tail of the spectrum,
observed energy flux gradients are small and do not balance the nonlinear energy transfers. This analysis indicates
that the observed decay of wave spectra in the surf zone is primarily the result of nonlinear energy transfers to
higher frequencies, and that dissipation occurs in the high-frequency tail of the spectrum where energy levels
are relatively low.

1. Introduction

Nonlinear wave–wave interactions play a central role
in the shoaling evolution of surface gravity waves on
beaches. In shallow water (kh K 1, with k the wave-
number and h the water depth) near-resonant interac-
tions between three wave components with frequencies
f 1, f 2, and f 3, that obey the interaction rule f 1 1 f 2

2 f 3 5 0, can cause large energy exchanges over dis-
tances of only a few wavelengths (Freilich and Guza
1984). These triad interactions transfer energy from the
dominant waves to higher and lower frequencies, broad-
ening and phase coupling the wave spectrum, and caus-
ing the dramatic transformation from smooth sinusoidal
wave shapes in deep water to the characteristic steep,
pitched-forward crests of near breaking waves (Elgar
and Guza 1985a).

The nonlinear shoaling transformation of waves on
beaches is described well by Boussinesq-type equations
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for weakly nonlinear, weakly dispersive waves (Pere-
grine 1967). Freilich and Guza (1984) solved the cou-
pled evolution equations for the amplitudes and phases
of a discrete Fourier expansion of waves propagating
over a gently sloping beach. Predictions of spectral sta-
tistics were obtained by averaging the results of many
model realizations with random phase initial conditions.
Herbers and Burton (1997) developed an alternative sta-
tistically averaged model, based on a third-order weakly
non-Gaussian closure, that describes the shoaling evo-
lution of the spectrum and bispectrum of random waves.
Predictions of both the deterministic and the stochastic
formulations of Boussinesq wave shoaling models agree
well with field observations of the evolution of wave
spectra on beaches (e.g., Freilich and Guza 1984; Elgar
and Guza 1985b; Norheim et al. 1998).

Boussinesq models have been extended into the surf
zone by including a heuristic dissipation term in the
shoaling evolution equations (Mase and Kirby 1992;
Kaihatu and Kirby 1995; Eldeberky and Battjes 1996;
Chen et al. 1997). The parameterizations used in these
models are somewhat arbitrary because the spectral
characteristics of dissipation rates in the surf zone are
not known. Eldeberky and Battjes (1996) used a fre-
quency-independent dissipation term that reduces spec-
tral levels uniformly in proportion to the energy at each
frequency f. Based on laboratory measurements, Mase
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and Kirby (1992) and Kaihatu and Kirby (1995) used
a dissipation function that contains a frequency-inde-
pendent term and a frequency-dependent (} f 2) term that
is weighted toward higher-frequency components of the
wave spectrum. Few measurements of the spectral char-
acteristics of surf zone dissipation have been reported.
Smith and Vincent (1992) observed the surf zone decay
of a mixed swell–sea wave field in a laboratory flume,
and showed that the presence of the lower-frequency
swell causes a more rapid decay of the higher-frequency
sea component. Chen et al. (1997) used Boussinesq
model predictions to show that this decay can be ex-
plained by large nonlinear energy transfers to other parts
of the spectrum. Comparison of Boussinesq model pre-
dictions with field observations indicates that nonlinear
triad interactions play an important role in the spectral
energy balance of a natural surf zone, and suggests that
relative dissipation rates of spectral components in-
crease with frequency (Elgar et al. 1997). Based on a
detailed analysis of several laboratory and field datasets,
Chen et al. (1997) demonstrated that the evolution of
wave shapes across the surf zone is predicted more ac-
curately by Boussinesq models with dissipation that in-
creases with frequency than by models using frequency-
independent dissipation.

In the present study the spectral energy balance of
shoaling and breaking waves is examined in more detail
using field observations from a dense cross-shore array
of pressure sensors deployed on a sandy ocean beach.
Neglecting alongshore depth variations, directional
spreading of waves, and wave reflection from shore, the
energy transport equation can be expressed as a balance
between the cross-shore gradient of the energy flux
spectrum Fx( f ), a nonlinear source term Snl( f ), and a
dissipation term Sds( f ) that accounts for wave breaking-
induced energy losses:

Fx( f ) 5 Snl( f ) 1 Sds( f ). (1)

The energy flux spectrum is given by F( f ) 5
cg( f )rgE( f ), where cg is the wave group speed, r is the
density of seawater, g is gravity, and E( f ) is the surface
elevation spectrum. In the Boussinesq approximation,
energy is transmitted with the shallow water group speed
cg 5 (gh)1/2. The energy flux gradient Fx( f ) was eval-
uated from differences in energy flux measured at ad-
jacent instruments in the cross-shore array.

The nonlinear source term Snl( f ) represents the net
transfer of energy to waves with frequency f through
near-resonant triad interactions. The energy transfers are
controlled by the phase-relationship between the three
interacting components, and thus depend on higher-or-
der statistics of the wave field. A stochastic formulation
of the spectrum evolution equation [Eq. (22a) in Herbers
and Burton 1997] yields a simple relation between the
nonlinear source term Snl( f ) and an integral of the sur-
face elevation bispectrum B( f 1, f 2)

f3p f
S ( f ) 5 Im rg df 9B( f 9, f 2 f 9)nl E5 1h 0

`

2 2 df 9B( f 9, f ) , (2)E 26
0

where Im indicates the imaginary part. The bispectrum
B( f 1, f 2) describes statistically the phase relationship
and energy exchange within the ( f 1, f 2, f 1 1 f 2) triad.
If Im{B( f 1, f 2)} is positive, then energy is transferred
from the f 1 and f 2 components to the higher-frequency
f 1 1 f 2 component. For negative Im{B( f 1, f 2)} the
energy transfer reverses and the lower frequency com-
ponents f 1 and f 2 grow at the expense of the higher-
frequency f 1 1 f 2 component. The energy transfer van-
ishes when Im{B( f 1, f 2)}5 0 (e.g., steady wave solu-
tions in uniform depth). The net nonlinear transfer of
energy to wave components with frequency f is ob-
tained by integrating the energy exchanges with all
( f 1, f 2, f 1 1 f 2) triads that include a component with
frequency f [Eq. (2)].

The energy flux gradient Fx( f ) and nonlinear source
term Snl( f ) were calculated from spectra and bispectra
of waves measured in water depths ranging from 5 to
1 m. The field data and analysis are described in section
2. Observations of the energy balance for a range of
conditions are presented in section 3. In the surf zone,
large negative values of Fx( f ) in the energetic part of
the spectrum are shown to be balanced approximately
by the estimated Snl( f ), indicating that the observed de-
cay of spectral levels is primarily the result of large
nonlinear energy transfers to higher frequencies where
presumably the energy is dissipated. The results are dis-
cussed in section 4 and summarized in section 5.

2. Field data and analysis

A dense cross-shore transect of 13 pressure sensors
was deployed between the shoreline and about 5-m
depth (350 m from shore) on a barred ocean beach near
Duck, North Carolina (Fig. 1: Elgar et al. 1997). Col-
located with each pressure sensor was a sonar altimeter
that provided accurate estimates of the vertical elevation
of the seafloor. Data were collected nearly continuously
(sample frequency 2 Hz) during September and October
1994.

The closely spaced pressure sensors allow for direct
estimates of the energy flux gradient term Fx( f ) and the
nonlinear source term Snl( f ) in the energy balance equa-
tion (1) (normalized by rg hereafter). At all instrument
locations the wave spectrum E( f ) and bispectrum
B( f 1, f 2) were estimated from 1-h-long pressure re-
cords, neglecting second-order vertical variations of
wave properties over the water column (e.g., Peregrine
1967). The spectral and bispectral estimates are based
on Fourier transforms of detrended and windowed
256-s-long data segments with 75% overlap. The raw
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FIG. 1. Depth profiles for each of the four case studies with symbols denoting the cross-shore
positions where wave measurements were collected. The vertical dotted lines and letters A through
L indicate the midway points between adjacent instruments where the energy balance [Eq. (1)]
was evaluated. The date and start time of each case study is listed in the legend.

spectra and bispectra were ensemble averaged and
smoothed to yield final estimates of E( f ) and B( f 1, f 2)
with a frequency resolution of 0.0078 Hz and approx-
imately 60 degrees of freedom.

The energy balance was evaluated at each midway
point between adjacent instruments (Fig. 1). The energy
flux gradient Fx( f ) was estimated based on a finite dif-
ference approximation:

1/2 1/2E ( f )[gh ] 2 E ( f )[gh ]2 2 1 1F ( f ) 5 , (3)x x 2 x2 1

where x1, x2 (.x1) are the cross-shore positions of a
pair of adjacent sensors, and h1, h2 and E1( f ), E2( f ) are
the corresponding water depths and spectra. An estimate
of the nonlinear source term at the same midway point
was obtained through linear interpolation of Snl esti-
mates at the two adjacent instruments [Eq. (2)]:

f f 2 fmax3p f B ( f 9, f 2 f 9) B ( f 9, f 2 f 9) B ( f 9, f ) B ( f 9, f )1 2 1 2S ( f ) 5 Im df 9 1 2 2 df 9 1 ,nl E E5 1 2 1 262 h h h h1 2 1 20 0

0 , f , f , (4)max

where B1 and B2 are the bispectral estimates at instrument
locations x1 and x2, and the cutoff frequency fmax 5 0.5
Hz. Only triads with all three frequencies f1, f 2, and f1

1 f 2 in the range (0, fmax) contribute to the integrals of
Eq. (4). For each of these triads there is an exact balance
between the energy lost (gained) by the two lower fre-
quency ( f1, f 2) components and the energy gained (lost)
by the higher frequency ( f1 1 f 2) component, and thus

df Snl( f) is constrained to be equal to zero.fmax#0

Estimates of Snl( f ) at the dominant wave frequencies
(nominally 0.06–0.25 Hz) are insensitive to the high-
frequency (0.5 Hz) truncation of Eq. (4), but estimates
of nonlinear transfers in the high-frequency tail of the
spectrum are not expected to be accurate because in-
teractions that involve a frequency .0.5 Hz are ex-
cluded. The neglected hydrodynamic attenuation of
short-wavelength components causes additional errors
in estimates of Fx( f ) and Snl( f ) at high frequencies.
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FIG. 2. Hourly estimates of the incident wave variance (in the frequency range 0.05–0.25 Hz)
vs time for the two-month data collection period. The variance estimates were obtained from
bottom pressure measurements in 8-m depth (instruments deployed and maintained by the U.S.
Army Corps of Engineers) using a linear theory depth correction. Dotted vertical lines indicate
the four case studies examined in section 3.

Furthermore, the Boussinesq approximation upon which
Eq. (4) is based is not accurate in the dispersive high-
frequency tail of the spectrum where triad interactions
are nonresonant. Other mechanisms (e.g., resonant quar-
tet interactions and turbulence) not considered here may
play an important role in the spectral energy balance at
high frequencies. The present analysis is focused on the
energy balance within the energy containing part of the
wave spectrum, where Fx and Snl are described accu-
rately by the shallow water Boussinesq approximations
(3) and (4).

The two-month observation period spanned a wide
range of wave conditions, including two storms with
maximum significant wave heights of 2.5 and 3.8 m
(Fig. 2) and wide surf zones extending across the entire
instrumented transect. Shoaling of nonbreaking waves
was observed during many calm periods with significant
wave heights as small as 0.2 m. The observations in-
clude narrow spectra of remotely generated swell, broad
spectra of locally generated seas, and bimodal spectra
of mixed swell–sea systems (Elgar et al. 1997). The
beach profile during the experiment featured a well-
developed sand bar approximately 100 m from shore
(Fig. 1). Seaward of the sand bar, the bottom profile
was planar with a gentle (;1:200) slope. Intense wave
breaking often occured on the shallow (h ø 1.5–2.0 m
at low tide) crest of the sand bar. Inshore of the bar
crest a nearly flat section, 80 m wide, extended to a
steep (;1:20) beach face. Changes in the bathymetry

were small in the first 1.5 months of the experiment,
but during the most severe storm in the middle of Oc-
tober the sand bar moved about 80 m offshore (Fig. 1:
Gallagher et al. 1998).

3. Observed spectral energy balance

The spectral energy balance in shoaling and breaking
waves is illustrated with four case studies that span a
wide range of conditions (Fig. 2). For each case, the
evolution of the spectrum E( f ) across the beach is
shown in Fig. 3, and a representative video image of
the sea surface in the array vicinity is shown in Fig. 4.
In case I, small amplitude swell propagated across the
instrumented transect with little breaking. The evolution
of the narrow spectrum shows the expected growth of
harmonic peaks. Breaking and associated energy losses
occurred primarily on the beach face at the shoreward
end of the instrument array (Fig. 4). In both case studies
II and III, taken from storms, an irregular surf zone with
spilling breakers extended across the entire 350-m-long
transect (Fig. 4). The spectra observed in these storms
are similar, with a strong, nearly uniform decay of spec-
tral levels across the surf zone (Fig. 3). In case IV, during
the waning of the second storm, directionally narrower,
moderately energetic swell was observed. This case is
characterized by a narrow surf zone confined to the inner
part of the instrument array, with intermittent breaking
of larger waves farther offshore on the crest of the sand
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FIG. 3. Spectral density vs frequency for the four case studies. In each case spectra are shown at four measurement
locations spanning the cross-shore transect (Fig. 1).

bar (Fig. 4). There was strong decay of both the primary
and the second-harmonic spectral peaks in the surf zone,
and amplification of lower-frequency infragravity mo-
tions.

To examine the role of nonlinear interactions in the
spectral evolution observed in these four case studies,

empirical estimates of the nonlinear source term Snl( f )
[Eq. (4)] are compared with estimates of the energy flux
gradient Fx( f ) [Eq. (3)] in Figs. 5–8. In all cases (both
with nonbreaking and with breaking waves) the integral
of Snl( f ) over all frequencies is equal to zero because
the nonlinear interactions conserve energy.



2728 VOLUME 30J O U R N A L O F P H Y S I C A L O C E A N O G R A P H Y

FIG. 4. Photographs of surf zone conditions in the four case studies. The photographs (courtesy of T. C. Lippmann) were obtained with
two video cameras mounted on a nearby tower about 50 m above the sea surface. The top, middle-left, and lower-left photographs cover
the same area, which includes the inner half of the instrumented transect (solid line). The middle-right and bottom-right photographs are
simultaneous, slightly overlapping (;20 m) views of the outer half of the instrumented transect (solid line) in cases III and IV. The outward-
looking camera was not operational during cases I and II.

a. Case I

In case I with small nonbreaking waves (Fig. 5: the
significant wave height in 8-m depth Hs 5 0.4 m) the
Snl( f ) estimates are negative near the spectral peak fre-
quency ( f p 5 0.07 Hz) and positive at higher frequen-
cies. At the deeper locations B–D the negative values
of Snl at f p are balanced by positive values at 2 f p. The
relatively small nonlinear transfers indicate the weak
initial growth of the second-harmonic peak (0.14 Hz)
of the spectrum at the expense of the primary peak (0.07
Hz). At location E the Snl estimate contains an additional
positive peak at frequency 3 f p indicating energy transfer
to a third harmonic (0.21 Hz). The nonlinear energy
transfers increase dramatically as waves propagate over
the crest of the sand bar (F–G) and remain strong on
the flat section inshore of the bar crest (H–J). The Snl

estimates are similar at locations F–J, with a narrow
region of negative values at f p balanced by smaller pos-
itive values at harmonic frequencies. These nonlinear
energy transfers to phase-locked harmonic components
cause the familiar shoaling evolution of wave shapes
from initial sinusoidal profiles to steep, pitched-forward
crests characteristic of nearly breaking waves (e.g., El-
gar and Guza 1985a). Small negative values of Snl( f )
at high frequencies at the shallowest stations (e.g., f .
0.25 Hz, H–J) suggest a slight reversal in energy trans-
fer.

The observed positive values of Fx ( f ) at frequen-
cies f . 0.1 Hz agree with the Snl ( f ) estimates, con-
firming that the spectral growth at high frequencies
is primarily the result of nonlinear energy transfers,
consistent with Boussinesq model results for similar
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FIG. 5. Comparison of the energy flux gradient Fx( f ) (dashed curve) with the nonlinear source term Snl( f ) (solid
curve) observed in case I. The letter in the upper-right corner of each panel denotes the cross-shore position where
the energy balance was evaluated (see Fig. 1). The vertical dotted lines indicate the peak frequency f p of the incident
wave spectrum (observed at the farthest offshore sensor).

conditions (Elgar et al. 1997; Norheim et al. 1998).
The observed agreement of Snl ( f ) with Fx ( f ) esti-
mates in nonbreaking wave conditions with presum-
ably negligible dissipation (Sds ( f ) ø 0) is not unex-
pected, but confirms that the new bispectral estimation

procedure yields reasonably accurate estimates of
Snl ( f ). Although bispectral estimates based on short
data records have considerable statistical uncertainty,
the errors in Snl ( f ) caused by statistical fluctuations
in individual bispectrum estimates are reduced by the
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FIG. 6. Comparison of the energy flux gradient Fx( f ) with the nonlinear source term Snl( f ) observed in case II (same format as Fig. 5).
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FIG. 7. Comparison of the energy flux gradient Fx( f ) with the nonlinear source term Snl( f ) observed in case III (same format as Fig. 5).
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FIG. 8. Comparison of the energy flux gradient Fx( f ) with the nonlinear source term Snl( f ) observed in case IV (same format as Fig. 5).
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integration [Eq. (2)] over all triads involving fre-
quency f (e.g., Herbers et al. 1994).

Estimates of Fx( f ) at lower frequencies ( f , 0.1 Hz)
are not shown because partial reflection of these com-
ponents from the steep beach face (Elgar et al. 1994,
1997) contributes significant errors. The Fx( f ) estimates
are based on measured potential energy, assuming equi-
partioning of potential and kinetic energy, and thus are
not accurate in partial standing waves with cross-shore
fluctuations (i.e., nodes and antinodes) in the relative
contributions of potential and kinetic energy (e.g., Kins-
man 1965). No comparisons of Snl( f ) with Fx( f ) are
shown at the shallowest stations K and L (Fig. 1) be-
cause the more pronounced standing wave patterns at
these locations within 35 m of the shoreline strongly
affect estimates of spectra and bispectra at all frequen-
cies [see Elgar et al. (1997) and Norheim et al. (1998)
for further discussion].

b. Case II

Whereas case I and other cases with nonbreaking
waves (not shown) validate the procedure to estimate
terms in the energy balance equation (1), of greater
interest are the remaining cases II–IV with breaking
waves because the role of nonlinear triad interactions
within the surf zone is not established well. In case II
with moderately energetic seas (Hs 5 2.2 m, f p 5 0.125
Hz) waves broke across the entire transect. At all cross-
shore locations the Snl estimates are negative near the
spectral peak frequency (0.1 , f , 0.2 Hz) and positive
at higher frequencies, indicating that energy is trans-
ferred primarily from the energetic part of the spectrum
to higher frequencies. The nonlinear energy transfers
increase from the farthest offshore station in operation
during this event (C) to a maximum value on the crest
of the sand bar (F), followed by a gradual decrease to
small values near the shoreline. The estimated negative
energy flux gradients Fx in the energetic part of the
spectrum nearly equal the negative Snl estimates. The
close balance between Fx and Snl at all stations indicates
that the strong decay of the spectral peak in the surf
zone (the peak spectral level is reduced by a factor 20
between the deepest and shallowest sensors, Fig. 3) is
caused primarily by nonlinear transfers to higher fre-
quencies rather than by direct dissipation of the incident
wave components.

The observed energy flux gradients and nonlinear
transfers do not balance at higher frequencies. Whereas
Snl( f ) estimates are positive at frequencies greater than
about 0.2 Hz (i.e., energy received from the spectral
peak), the corresponding Fx( f ) estimates are close to
zero. These results suggest that the energy transferred
through nonlinear interactions to higher frequencies
cannot be absorbed in the high-frequency tail of the
spectrum and, presumably is dissipated at the rate it is
transferred, qualitatively consistent with the saturation
of wave spectra in the surf zone observed by Thornton

(1977, 1979) and with model results by Chen et al.
(1997).

At the inner surf zone stations I–K the Fx( f ) estimates
have fluctuations at frequencies f , f p that are absent
in the Snl( f ) estimates. These variations likely are errors
caused by reflections from shore. Although reflection is
relatively weak in energetic surf zone conditions, the
resulting partial standing wave patterns significantly af-
fect wave spectra near the shore where much of the
incident wave energy is dissipated (e.g., Guza and
Thornton 1982).

c. Case III

In the most energetic case III (Hs 5 3.4 m, f p 5
0.094 Hz) the entire instrumented transect is well within
the surf zone (Figs. 3, 4). The estimates of Snl( f ) and
Fx( f ) (Fig. 7) are similar to the case II estimates, with
a close balance between energy losses in the energetic
part of the spectrum [the negative values of Fx( f )] and
energy transfers from the spectral peak to higher fre-
quencies [the negative values of Snl( f )]. The largest en-
ergy transfers occur at stations A–C (Fig. 7), well sea-
ward of the sand bar, causing a factor 2 reduction of
the peak spectral level between x 5 0 and 160 m (Fig.
3). A similar decay of the second-harmonic peak (2 f p

5 0.19 Hz) is observed between x 5 0 and 160 m (Fig.
3), but the estimated negative Fx(2 f p) and positive
Snl(2 f p) do not balance (Fig. 7), suggesting that the
second-harmonic energy is dissipated rather than trans-
ferred to other parts of the spectrum. Similar to obser-
vations in case II, the positive Snl and nearly zero Fx

estimates at frequencies .0.2 Hz suggest a saturation
of spectral levels in the high frequency tail of the spec-
trum.

No estimates of the energy balance are available at
stations D and E on the seaward flank of the sand bar
(Fig. 1) owing to an instrument failure. Estimates of Snl

and Fx at station F on the crest of the sand bar are similar
to those obtained at stations A–C (Fig. 7), indicating a
continued decay of the spectral peak caused primarily
by nonlinear transfers to the saturated high-frequency
tail of the spectrum. At stations G and H, located in a
trough inshore of the crest of the sand bar (Fig. 1), the
Snl and Fx estimates indicate a growth of spectral levels
in the frequency range 0.1–0.3 Hz at the expense of the
spectral peak and higher frequency components (Fig.
7). The approximate balance between Snl and Fx suggests
that wave breaking and associated dissipation is arrested
as waves propagate over the sand bar into slightly deeper
water. At station K the estimated nonlinear energy trans-
fers are close to zero. Observations on the shallow beach
face (L) show a continued decline of the spectral peak
resulting from nonlinear energy transfers to higher fre-
quencies.

In contrast to the strong decay of the spectral peak
(about an order of magnitude between the deepest and
shallowest instruments), spectral levels at infragravity
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→

FIG. 9. Estimated nonlinear energy transfer Snl( f p) vs estimated energy flux gradient Fx( f p) at the spectral peak frequency f p in energetic
surf zone conditions. Each panel shows the comparison at one of the stations A–L (Fig. 1). Each dot represents a 1-h-long data record. Only
data records collected within 62 h of low tide with offshore wave variances (measured in 8-m depth) .1000 cm2 are included. A linear
regression line (solid) and correlation coefficient r between the Fx( f p) and Snl( f p) estimates are indicated in each panel. A one-to-one
correspondence is indicated with a dashed line.

frequencies are not attenuated across the surf zone and
dominate the spectrum at the shallowest instrument (Fig.
3). Earlier analyses indicate that these infragravity mo-
tions are excited predominantly in shallow water by
nonlinear triad interactions with incident waves and are
trapped near the shore by the sloping beach and shelf
[see Herbers et al. (1995) for further discussion]. The
resulting standing wave patterns near the shoreline cause
large spurious fluctuations of Fx( f ) estimates at sites H,
K, and L (Fig. 7). The estimated small nonlinear trans-
fers of energy to infragravity frequencies [Snl( f ) in Fig.
7] also may have significant errors because the effect
of standing wave patterns on bispectra and the detuning
of triad interactions by directional spreading are ne-
glected (Herbers and Burton 1997; Norheim et al. 1998).

d. Case IV

Case IV (Fig. 8) is based on a data record collected
a few days after case III when the storm had moved
offshore, and moderately energetic swell (Hs 5 1.6 m;
f p 5 0.094 Hz) propagated across the array. At station
A, well seaward of the bar crest, the Snl and Fx estimates
balance approximately and indicate second-harmonic
generation with little or no dissipation. At station B the
observed energy transfers are larger, and significant dif-
ferences between Snl and Fx in the range 0.12 , f ,
0.4 Hz suggest some dissipation, possibly resulting from
breaking of the largest waves at the outer edge of the
surf zone. No data were collected on the bar crest, but
the large reduction in spectral levels between x 5 110
and 216 m (Fig. 3) indicates strong dissipation took
place owing to intermittent wave breaking on the bar
crest. In slightly deeper water shoreward of the sand
bar, waves re-formed, and the estimated nonlinear en-
ergy transfers are balanced approximately by the energy
flux gradients (e.g., stations F–J in Fig. 8). Whereas at
station F, energy is transferred primarily from the in-
cident swell peak to the second-harmonic peak (0.19
Hz), the energy transfers are small at station G and
reverse sign at stations H–J where the second-harmonic
peak is losing energy (i.e., negative values of Snl and
Fx) in nonlinear interactions with other parts of the spec-
trum. Wave breaking on the beach face is evident in
large energy losses at stations K and L. Similar to ob-
servations of wave breaking farther offshore in cases II
and III, the analysis shows that nonlinear interactions
transfer energy from the spectral peak (Snl ø Fx , 0)
to an apparently saturated high-frequency tail of the
spectrum (Snl . 0, Fx ø 0), where the energy presumably
is dissipated.

4. Discussion

Although the evolution of wave spectra across the
beach in the four case studies differs in detail, the char-
acteristics of the observed energy balance in the surf
zone are similar with a strong decay of the incident wave
spectral peak (Fig. 3) owing primarily to nonlinear en-
ergy transfers to higher frequencies (e.g., stations D–H
in Fig. 6; A–C, F in Fig. 7; and B, K–L in Fig. 8). This
feature of the surf zone energy balance was observed
for all energetic events during the two-month-long ex-
periment (Fig. 9). Estimates of Fx( f ) and Snl( f ) at the
spectral peak frequency f p are compared at all stations
for a subset of 125 data records collected when signif-
icant wave breaking occured on the crest of the sand
bar (at low tide stages with incident wave heights Hs .
1.25 m). Between station A at the seaward end of the
transect and station H slightly inshore of the bar crest,
the estimated Snl( f p) and Fx( f p) are both predominantly
negative and comparable in magnitude. Linear regres-
sion between Fx( f p) and Snl( f p) estimates at these 8
stations yields best-fit lines within about 5% to 50% of
a one-to-one correspondence (Fig. 9). The agreement is
particularly good at station F in the vicinity of the bar
crest (Fig. 1) where wave breaking often was intense
and the largest energy losses were observed. These es-
timates demonstrate that the strong decay of the spectral
peak across the sand bar is primarily the result of non-
linear energy transfers to higher frequencies, rather than
direct dissipation of the incident wave components.

The agreement between Snl( f p) and Fx( f p) estimates
is poor at the four stations closest to shore (I–L in Fig.
9). The estimated nonlinear energy transfers are con-
sistently negative and relatively small, whereas corre-
sponding energy flux estimates include large negative
and positive values. These estimates may have large
errors owing to standing wave patterns (i.e., large dif-
ferences in spectral levels between nodes and antinodes)
in the inner surf zone (Guza and Thornton 1982). In the
shallow water WKB approximation an adjacent node
and antinode in a standing wave are separated by a
quarter wavelength distance D 5 [gh]1/2/(4 f ). For a wa-
ter depth h 5 2 m and a frequency f 5 0.1 Hz, D ø
11 m, comparable with the separations of sensors used
to evaluate energy flux gradients at stations K (10 m)
and L (15 m). Thus, partial standing waves may con-
tribute large errors to estimated energy flux gradients
that can be either positive or negative depending on the
locations of the sensors relative to nodes and antinodes.

Although the present results show that the decay of
the spectral peak results primarily from nonlinear energy
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transfers to higher frequencies, it is less clear what hap-
pens subsequently to the transferred energy. In benign
conditions with little or no wave breaking, the energy
contributes to the growth of second and higher har-
monics (case I, Fig. 5). In the moderately energetic case
IV (Fig. 8) energy first is transferred to the second-
harmonic (station F) and subsequently is transferred to
higher frequencies (stations I, J). Observations of wave
breaking on the shallow sand bar in case II (Fig. 6,
stations F–I) and on the beach face in case IV (Fig. 8,
stations K, L) show energy transfers to a broad fre-
quency range that extends to the highest frequency (0.5
Hz) included in the bispectral analysis. These estimates
suggest a nonlinear cascade of energy through the high-
frequency tail of the spectrum qualitatively similar to
the energy balance in deep water wind waves (e.g., Has-
selmann et al. 1973; Phillips 1985). However, obser-
vations of waves breaking seaward of the sand bar in
cases III (Fig. 7, stations A–C) and IV (Fig. 8, station
B) show that energy is transferred to, and apparently
lost from, a limited (ø0.15–0.4 Hz) frequency range.
Energy is not exchanged with higher frequencies pos-
sibly because at these deeper stations interactions in the
high-frequency tail of the spectrum are far from reso-
nance. Triad interactions are near-resonant only for long
wavelength components and thus do not allow energy
to cascade to length scales that are smaller than the water
depth. Other processes neglected in the present analysis,
such as turbulent eddy motions and higher-order non-
linear interactions, likely are important in the energy
balance of the high-frequency tail of the spectrum (e.g.,
Battjes 1988, and references therein).

5. Summary

The spectral energy balance of shoaling and breaking
waves was examined with two months of field obser-
vations from a 350-m-long cross-shore transect of 13
pressure sensors deployed on a barred ocean beach near
Duck, North Carolina (Elgar et al. 1997). The cross-
shore energy flux gradient Fx( f ) was estimated from the
measured difference in energy flux between adjacent
intruments. The net nonlinear energy transfer Snl( f ) in
near-resonant triad interactions was estimated from ob-
served bispectra based on a stochastic formulation of
Boussinesq theory (Herbers and Burton 1997).

In low-energy conditions, when waves propagated
across the instrumented transect with little or no break-
ing, the observed small nonlinear energy transfers from
the spectral peak to higher frequencies are balanced ap-
proximately by the increase in spectral levels at high
frequencies, consistent with earlier studies (Freilich and
Guza 1984; Elgar and Guza 1985b; Elgar et al. 1997;
Norheim et al. 1998). In high-energy conditions when
the surf zone extended across the instrumented transect,
the Snl( f ) estimates have large negative values in a nar-
row region near the spectral peak frequency and positive
values for a broader range of higher frequencies. The

largest nonlinear energy exchanges were observed on
the crest of the sand bar, where wave breaking was most
intense. The observed negative Fx( f ) in the energetic
part of the spectrum balance approximately the Snl( f ),
indicating that the decay of the spectral peak in the surf
zone is caused primarily by nonlinear energy transfers
to higher frequencies rather than direct dissipation of
the incident wave components. At higher frequencies
the observed Fx( f ) are small and do not balance the
positive Snl( f ) values, consistent with earlier sugges-
tions (Thornton 1977, 1979) that wave spectra in the
surf zone are saturated at high frequencies. That is, en-
ergy transferred through nonlinear interactions cannot
be absorbed in the high-frequency tail of the spectrum
and presumably is dissipated at the rate it is transferred
from lower frequencies. The observed balance between
energy losses in the energetic part of the spectrum and
nonlinear energy transfers to higher frequencies dem-
onstrates that near-resonant triad interactions play a
dominant role in the spectral evolution of breaking
waves in shallow water.
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