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Abstract.

The generation and propagation of infragravity waves (frequencies nominally

0.004-0.04 Hz) are investigated with data from a 24-element, coherent array of pressure
sensors deployed for 9 months in 13-m depth, 2 km from shore. The high correlation
between observed ratios of upcoast to downcoast energy fluxes in the infragravity (Fio/Fgoun)
and swell (FS%U/F3 ") frequency bands indicates that the directional properties of

p down

infragravity waves are strongly dependent on incident swell propagation directions.

1G/1G
However, F\g/F 4

is usually much closer to 1 (i.e., comparable upcoast and downcoast

fluxes) than is Fyp™ /F Swell ' suggesting that upcoast propagating swell drives both upcoast
and downcoast propagating infragravity waves. These observations agree well with
predictions of a spectral WKB model based on the long-standing hypothesis that
infragravity waves, forced by nonlinear interactions of nonbreaking, shoreward propagating
swell, are released as free waves in the surf zone and subsequently reflect from the beach.
The radiated free infragravity waves are predicted to be directionally broad and
predominantly refractively trapped on a gently sloping shelf. The observed ratios

FIS/FIC  of the seaward and shoreward infragravity energy fluxes are indeed scattered
about the theoretical value 1 for trapped waves when the swell energy is moderate, but
the ratios deviate significantly from 1 with both low- and high-energy swell. Directionally
narrow, shoreward propagating infragravity waves, observed with low-energy swell, likely

1G

have a remote (possibly trans-oceanic) energy source. High values (up to 5) of FIS/FIS
observed with high-energy swell, suggest that high-mode edge waves generated near the
shore can be suppressed by nonlinear dissipation processes (e.g., bottom friction) on the

shelf.

1. Introduction

Infragravity waves, motions with periods of nominally 0.4-4
min, are believed important to harbor oscillations, sediment
transport, and other nearshore processes. A strong correlation
between the energy levels of infragravity waves and swell indi-
cates that infragravity waves are driven by swell (Munk [1949],
Tucker [1950], and many others). Longuer-Higgins and Stewart
[1962] suggested that while the incident swell is dissipated by
breaking in very shallow water, the associated infragravity-
frequency second-order forced waves (excited by nonlinear
difference-frequency interactions of pairs of swell components)
are somehow released as free waves and reflect from the
beach. These seaward propagating free waves may reflect back
toward shore from a turning point on the sloping beach or shelf
(i.e., edge waves) or radiate into deep ocean basins (i.e., leaky
waves). Idealized models were subsequently developed for the
resonant excitation of edge waves by nonlinear difference-
frequency interactions of pairs of obliquely incident swell com-
ponents [e.g., Gallagher, 1971, Foda and Mei, 1981]. Wave
breaking was neglected in Gallagher’s [1971] model, but labo-
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ratory experiments with wave breaking nonetheless exhibit the
gross properties of the predicted edge wave excitation [Bowen
and Guza, 1978). Symonds et al. [1982] subsequently showed
that slow oscillations in the wave setup (associated with slow
variations of the breakpoint location of groupy incident swell)
can also drive infragravity waves. This mechanism, which re-
quires wave breaking, has been heuristically incorporated in
models for infragravity wave generation by normally incident
waves [e.g., List, 1992; Schiffer, 1993]. Existing infragravity
wave generation models are not generally applicable to the
random and directionally spread wave fields observed on nat-
ural beaches, and detailed quantitative comparisons with field
data have not been reported. The effect of wave breaking on
resonant nonlinear wave interactions and the relative impor-
tance of breaking-wave-induced setup variations to infragravity
wave generation are still poorly understood.

Infragravity motions observed on the continental shelf in
depths ranging from 8 to 200 m are a mixture of forced waves
that are accurately predicted by second-order nonlinear wave
theory [Herbers et al., 1994] and (usually more energetic) free
waves radiated from shore [Herbers et al., 1995, and references
therein]. In the present study, the generation and propagation
of free infragravity waves is further investigated with data from
a 250 m X 250 m aperture array of 24 bottom-mounted pres-
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Figure 1. The ratio F\$/FS,, of the upcoast to the down-
coast component of the alongshore energy flux in the infra-
gravity frequency band versus the analogous flux ratio FS*</
Fsyell in the swell frequency band. The dashed line

corresponds to equal ratios.

sure transducers, deployed for 9 months in 13-m depth on a
gently sloping beach near Duck, North Carolina (see Herbers et
al. [1994] for a detailed description of the experiment). The
array was situated 2 km from shore, well offshore of the turning
points of low-mode edge waves [Ursell, 1952] that may domi-
nate the infragravity band inside the surf zone [e.g., Huntley et
al., 1981; Oltman-Shay and Guza, 1987].

The observed relative contributions of upcoast and down-
coast traveling waves to the alongshore infragravity wave en-
ergy flux are shown in section 2 to depend strongly on incident
swell propagation directions and to compare favorably with
predictions of a simple model [after Longuet-Higgins and Stew-
art, 1962] for the directional properties of infragravity waves
radiated from shore. The model incorporates second-order
finite depth theory [Hasselmann, 1962] for infragravity wave
generation by swell interactions in shallow water shoreward of
the array, and a WKB approximation for the spectral transfor-
mation of shoaling incident swell and seaward radiated infra-
gravity waves. Because very little is known about the breaking
of natural, directionally spread, incident waves, surf zone forc-
ing and dissipation effects were not included in the infragravity
wave predictions. Cross-shore fluxes of energy are discussed in
section 3. WKB theory predicts that the directionally broad
infragravity wave field radiated from shore is predominantly
refractively trapped on the continental shelf. The observed
ratios between the seaward and shoreward components of the
cross-shore infragravity wave energy flux are scattered about
the theoretical value 1 for inviscid trapped waves. However,
observed systematic deviations from 1 suggest that high-mode
edge waves on the shelf are damped in the presence of ener-
getic swell and that remotely generated waves contribute sig-
nificantly to the infragravity band when local swell energy lev-
els are relatively low. The results are summarized in section 4.

2. Alongshore Energy Fluxes
2.1.

Previous analysis of a few array data records [Herbers et al.,
1995] showed that the directional spectrum of infragravity
waves is usually broad and sensitive to incident swell propaga-
tion directions. This dependence is further explored here using
a more quantitative analysis of the entire data set. Bulk direc-
tional properties of infragravity waves and swell were esti-

Observations
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mated from the array measurements using a technique [Elgar et
al., 1994] that assumes the linear dispersion relation (equation
(Al)). This assumption is justified in Appendix A. The relative
contributions of upcoast and downcoast traveling waves to the
alongshore wave energy flux density

Fy(f)= —pgcg(f)J do sin 0E(f, 0) (1a)

T

T

Fdown(f) = pgcg(f)j do Sil'l GE(f’ 0) (1b)

0

where p is the density of seawater, g is gravity, c, is group
speed, and E( f, 6) is the frequency ( f )—directional () spec-
trum of surface elevation fluctuations (8 = 0 corresponds to
shoreward propagation), were estimated for each of the 840
three-hour long data records. Integration over frequency yields
bulk upcoast and downcoast energy fluxes for the infragravity
and swell bands:

004 Hz
FLCP' = J' df Fup(f) (2a)
001 Hz
004 Hz
Fglgwn = J’ df Fdown(f) (2b)
0.01 Hz
014 Hz
Fpt= J df Fup(f) (20)
004 Hz
0.14 Hz
Fiown = J' df Faoun(f) (2d)
0.04 Hz

where the 0.04-Hz cutoff frequency was conservatively chosen
to avoid contamination of the infragravity band estimates by
more energetic swell. Frequencies less than 0.01 Hz are not
considered because the fluxes associated with these long-
wavelength (>1 km) waves are not well estimated by the array.

The ratio Fi5/F 45, between upcoast and downcoast infra-
gravity energy fluxes depends on Fir!/F3xsl, the analogous
ratio in the swell band (Figure 1). As Fir*"/Fie! increases,
FIS/F%3,, increases, indicating that upcoast (downcoast) prop-
agating swell drives predominantly upcoast (downcoast) prop-
agating infragravity waves. However, the infragravity ratios are
usually much closer to 1 (i.e., equal upcoast and downcoast
fluxes) than are the swell ratios (FS/F5a,, ranges between
about 0.2 and 10, whereas F3»"/F5ueh, ranges between 0.04
and 100 (Figure 1)). These observations suggest the possible
importance of backscattering of infragravity waves from topo-
graphic irregularities or the direct excitation of opposing
alongshore infragravity energy fluxes by swell.

2.2, Model

Nonlinear interaction between a pair of swell components
with frequencies and vector wavenumbers (f, k,) and (f, k;)
theoretically forces a secondary (infragravity) wave with the
difference frequency and wavenumber (f, — f;, k, — k;) (for
f2 > f1). As the water depth /1 decreases, forced wave ampli-
tudes increase rapidly (Figure 2a) because interactions involv-
ing a pair of swell components traveling in approximately the
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same direction become nearly resonant (i.e., (f; — fi,
[k, — k) is close to the linear dispersion relation (equation
(A1))). Longuet-Higgins and Stewart [1962] hypothesized that
while swell energy is mostly dissipated in the surf zone, the
associated longer-wavelength forced infragravity waves are re-
leased as free waves, reflect from the beach, and radiate sea-
ward. The approximately #~ /2 decrease in energy (“unshoal-
ing”) of an outgoing, leaky free wave is more gradual than the
approximately 4~ > amplification of an incoming forced wave.
Free waves are thus expected to dominate the infragravity
band well outside the surf zone, consistent with many obser-
vations [e.g., Okihiro et al., 1992; Elgar et al., 1992; Herbers et
al., 1995].

Interactions between swell components propagating directly
onshore force onshore propagating infragravity waves. How-
ever, if the infragravity frequency f, — f; is small compared
with the swell frequencies f, f,, then |k, — k;| << K/, [k,| and
even slight obliquity of the incident swell can yield an infra-
gravity wave propagating at a grazing angle relative to the
shoreline. The nonlinearly excited infragravity wave field is
expected to be directionally broader than the incident swell
and refractively trapped close to shore (Figure 2b and section 3).

The forced infragravity wave field excited by a spectrum of
surface gravity waves in arbitrary water depth A follows from a
perturbation expansion of the governing equations and bound-
ary conditions to second order [Hasselmann, 1962]. The low-
est-order velocity potential ® is assumed to be a linear
superposition of statistically independent swell components

oW, x, z) = J dZ (k) exp [i(k - x — ot)]

g cosh [k(z + h)]
"3 3
io cosh [k h]

where ¢ is time, x (=[x, y]) and z are the horizontal and
vertical (relative to the mean sea surface) space coordinates,
dZ is the complex sea surface elevation amplitude function,
the wavenumber k (= |k|) and radian frequency o (= 2f)
are related by the dispersion relation (equation (A1)), and CC

or an asterisk indicates the complex conjugate.

Forced secondary waves at infragravity frequencies result
from difference-frequency interactions of the primary swell
components, and the secondary velocity potential ®® is given
by (neglecting sum-frequency interactions)

+ CC

®, x, z) = J

ki

J D(k,, ky) dZ* (ki) dZ (ky)

+exp [i [(ky— ky) - x — (03 — a9)t]]
g cosh [|k, — ky|(z + h)]

s + 4
i(o; = o) cosh [[ky — &k Ji] T € 4
with
—(o2— 0'1)2
D(k,, k) =
(ky, k) gk, — k| tanh [k, — K |[a] — (02 — 07)*
gki - k, g9

.{0'10'2-}_
g

k2 K2
o, cosh? (kh) o, cosh? (k)
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Figure 2, Schematic of infragravity wave generation on a
plane beach (slope 0.01) by nonlinear interaction of two swell
components with frequencies and deep water incidence angles
of (0.09 Hz, —25°) and (0.11 Hz, —30°). The forced, shoreward
propagating infragravity wave with the difference frequency
0.02 Hz is nearly resonant in shallow water and strongly am-
plified (Figure 2a, dashed line). While the incident swell com-
ponents are dissipated through breaking, the forced infragrav-
ity wave is released as a free wave, reflects from the beach, and
radiates seaward (Figure 2a, solid line). Well outside the surf
zone the (weakly depth dependent) outgoing free wave is much
more energetic than the incoming forced wave. Note that even
for these moderately small angles of swell incidence (Figure
2b, dashed lines) the outgoing free infragravity wave is refrac-
tively trapped close to shore (Figure 2b, solid line).

A simple relationship between the asymptotic forced infra-
gravity wave variance in shallow water E g

-1 0@ 2} )

g ot
(where E{} indicates the expected value [see Herbers et al.,
1992]) and the deepwater incident swell spectrum is now de-
rived for a mildly sloping beach with straight and parallel depth
contours. The (double-sided) frequency-alongshore wavenum-
ber spectrum of swell in shallow water E (o, k,) in terms of the

Ey= E{
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deepwater spectrum E(o, k,) follows from Snell’s law [e.g.,

Longuet-Higgins, 1957]

E{dZ(k) dZ*(K)}  g°%k.
dodk, T 20°m1?

E(U', ky) = EO(Uv ky) (7)
where k, , is the deepwater cross-shore wavenumber. The cor-
responding shallow-water limit of the interaction coefficient D

(equation 5) is [Herbers et al., 1992]

. 3 9 (gkyZ/UZ) - (gky1/0'1) -
Dk, ko) = = 2 g,0.h2 [1 + ( o, — oy
(8)
Substituting (4), (7), and (8) in (6) yields
Tmax 01+ Aomax o2y o2g
ElG:J dO'lJ’ dO’zJ dkylj dkyz
Ommn o1+Admin - uf/g - 0§/g
C(a,, 02 k1, ky)
IR By, k) Eoloa k) (9)

where [0,in Omax] a0d [A0,n, Aon.,] are the frequency
ranges of the primary (swell) and secondary (infragravity)

waves, respectively, and C is

9/ g \°
C(a'lv 0, kyh kyZ) = 5 (0_10_2 kx],OkXZ,O
.[1 N ((gkyz/o'z)_(gkyl/o'l))z] -2 (10)
o, — 0

The predicted £~ (equation (9)) growth of forced waves is
invalid near the shoreline [Longuet-Higgins and Stewart, 1962].
However, the alongshore wavenumbers of both primary (),
(k,,) and secondary (k,, — k,,) waves are conserved, and in
shallow water C is a function only of the frequencies and
deepwater propagation directions of the primary wave compo-
nents (equation (10)). Thus although in the shallow water limit
the predicted forced infragravity wave energy is singular and is
expected to be modified by the onset of wave breaking, the
distribution of energy in (o, k,) space is depth-independent.

When forced infragravity waves are released as free waves
and reflect from the beach, the alongshore wavenumber is also
conserved. Hence the free infragravity waves radiated from
shore have the same k, energy distribution as the incoming
forced infragravity waves, and certain directional properties of
the radiated free waves are independent of the depth where
the incoming forced waves are released. For example, the
theoretical ratio between upcoast (F.J) and downcoast
(F'S, ) energy fluxes (equation (2)) of free infragravity waves
in asymptotically shallow water is obtained by weighting the
expression for the released infragravity energy (equation (9))
by the alongshore component of the group velocity ¢, =
gh(k,, — k,)/(d; — o) and partitioning the integrals into
upcoast (k,, — k,; < 0) and downcoast (k,, — k,; > 0)

contributions
o1+ Aoma ollg kn
d (0] dky]

Tinin
- do,
- a%/g - og/g

Omin o1+A0min

—F{'Gp = dk

F(ligwn B yz
kyZ - k,vl

c——=C(0y, 0y, kyl’ kyz)Eo(U'l, kyl)Eo(Uz, kyZ)

gy — 04
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Tmax o1+ A0max trf/[l trglg
* d a0 d g, dkyl dkyz
1+Aomin k

2
Omin o —oylg vl

-1
k,vZ - kyl
c——— C(ay, 0y kyl’ kyz)Eo((Tl, ky1)E0(0'2, ky2)

g; — 0
(11)

2.3. Model-Data Comparisons

Since both incident swell and associated infragravity waves
were measured in intermediate (13 m) depth water, theoretical
predictions of FI5/F i3, were obtained numerically with finite
depth theory rather than the simple analytic asymptotic rela-
tionship (equation (11)). As is detailed in Appendix B, the
measured frequency-directional spectrum of swell in 13-m
depth was transformed to shallow water with linear shoaling
and refraction theory. Second-order finite depth theory was
then applied to the shallow water swell spectrum to predict the
frequency-directional spectrum of forced shoreward propagat-
ing infragravity waves. This forced wave spectrum was subse-
quently reflected from the beach and transformed back to the
13 m depth array, accounting for unshoaling, refraction, and
trapping effects with a WKB approximation. Finally, the flux
ratio FyS/F§3,,, in 13-m depth was calculated from the pre-
dicted frequency-directional spectrum with (1) and (2a)-(2b).

Although the predicted F\S/Fi5,, ratios exclude low mode
edge waves trapped shoreward of the array and are insensitive
to contributions of leaky waves radiated to the deep ocean (i.c.,
small values of sin 8 in (1)), the effect of variable damping of
waves trapped on the shelf seaward of the array is neglected.
That is, infragravity waves propagating seaward at large ob-
lique angles may be strongly amplified by multiple reflections
between the shoreline and caustics on the inner shelf (seaward
of the array), whereas waves radiated at smaller oblique angles
may be significantly damped before reaching a turning point on
the outer shelf. These possibly strong variations in the ampli-
fication of high-mode edge waves are not accounted for in the
model predictions (infragravity wave damping and radiation
are further discussed in section 3). Although the model is
qualitative, the observed and predicted Fo/F i3, ratios none-
theless agree within about a factor of 2 for the 20 cases exam-
ined here (Figure 3). The good agreement between observed
and predicted ratios of upcoast and downcoast infragravity
energy fluxes strongly supports the hypothesis that quadratic
nonlinear interactions of swell drive free infragravity waves
and further suggests that the directional properties of infra-
gravity waves observed well outside the surf zone may be ac-
curately predicted by a model that neglects wave-breaking ef-
fects.

2.4. Discussion

The dependence of the infragravity wave field on incident
swell propagation directions in general, and in particular the
generation of opposing alongshore energy fluxes suggested by
the observations (Figure 1), is clarified by recasting (9) and
(10) in terms of E (o, 68,), the frequency-directional spectrum
of incident swell in deep water

Omax o1+ Admax 2 w2
E[G:J dU]J dO'zJ dol’()J d92,0
-2 —7/2

Tmin o1+ Aomin
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. C(oy, 0y 01, 92,0)

e Eoay, 91,0) Eo(a3, 059 (12)
with
9 3
Cloy, 0y 01y, B39 = 2 (0_10_2) cos 6 cos 0,9
[0} sin 02(] - 0O sin 0]0 72
|1+ U‘ Y . (13)
2 1

The predicted infragravity energy is sensitive to the frequen-
cies of the interacting incident waves. For example, infragravity
waves forced by two normally incident swell components with
frequencies f; = 0.09 and f, = 0.11 Hz, are 65 times more
energetic than infragravity waves forced by equally energetic,
but higher-frequency (f, = 0.19, f, = 0.21 Hz) normally
incident seas. This strong frequency dependence of the infra-
gravity response is consistent with many observations [Elgar et
al., 1992, and references therein]. The more complicated de-
pendence of infragravity energy levels on incident swell prop-
agation directions is illustrated in Figure 4a for fixed swell
frequencies of 0.09 and 0.11 Hz. The interaction coefficient C
is maximum (C,,., = [99°]/[20303]) for colinear and nor-
mally incident swells (6,, = 0 and 6,, = 0 in Figure 4a).
However, C is not greatly reduced by moderately large swell-
incidence and swell-spreading angles. The maximum infragravity
response to obliquely incident swell (C = C,,,, cos 0, 4 cos 6,)
occurs at the nonzero deepwater spreading angle o, sin 6, , =
0, sin 6,, for which the refracted propagation directions in
shallow water are colinear and therefore closest to resonance
(equation (13)). For this small spreading angle, even deepwa-
ter swell incidence angles of 45° cause only about a factor of 2
reduction in C (from C,,,). Similarly, moderately large
spreading angles do not markedly reduce C. For example, for
0,0 = —30° there is a 17° wide band of 6,4 (—32° < 6,4 <

=
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Figure 3. Predicted versus observed ratios of upcoast to
downcoast alongshore energy fluxes in the infragravity fre-
quency band (Fo/F 55,,) for 20 cases selected to span a wide
range of ratios.
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Figure 4. Theoretically predicted properties of a 0.02-Hz
free infragravity wave generated by nonlinear interactions be-
tween two swell components with frequencies f;, = 0.09 Hz
and f, = 0.11 Hz as a function of the deepwater swell inci-
dence angles 6,, and 6,, over the range of commonly ob-
served spreading angles (—30° < 6,, — 8, ; < 30°). (a) Con-
tours of the relative response C (equation (13), normalized by
the maximum value C_,, for 8,5 = 6,4 = 0). The regions
labeled I, I1, and III correspond to upcoast propagation of both
incident swell components and the infragravity wave, upcoast
propagation of both incident swell components and downcoast
propagation of the infragravity wave, and upcoast propagation
of one incident swell component and downcoast propagation
of the other incident swell component and the infragravity
wave, respectively. The dashed line dividing regions I and II is
defined by sin 6, of; = sin 6, of3 and the dashed line between
regions II and III is 6,, = 0. (b) Contours of the trapping
depth A, (equation (14), units of meters) and leaky domain
boundaries (equation (15)). Dashed lines bound the region of
significant infragravity response (C > 0.1C

max)'

—15°) for which C is larger than 0.3 C, .. (Figure 4a). A
significant portion (region II in Figure 4a) of this band of
relatively strong infragravity response corresponds to a down-
coast propagating infragravity wave excited by two upcoast
propagating swell components. Thus directionally spread, ob-
liquely incident swells can theoretically drive an infragravity
wave field in shallow water with significant upcoast and down-
coast traveling components. Although backscattering from to-
pographic irregularities may also yield infragravity waves with
an alongshore energy flux opposing the swells, nonlinear wave-
wave interaction theory at least qualitatively explains why the
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ter P (equation 17).

observed ratios of upcoast and downcoast infragravity energy
fluxes are closer to unity than the corresponding swell ratios

(Figure 1).

3. Cross-Shore Energy Fluxes
3.1. Refractive Trapping

The nonlinear infragravity wave generation model presented
in section 2 predicts a directionally broad field of seaward
propagating free waves. Whereas infragravity waves propagat-
ing directly offshore will radiate to the open ocean, infragravity
waves traveling seaward at oblique angles may be refractively
trapped on the continental shelf (Figure 2b). On a monotonic,
gently sloping shelf (with no alongshelf depth variations) the
theoretical trapping depth , is obtained by equating the cross-
shore wavenumber of the infragravity wave to zero and substi-
tuting the alongshore wavenumber and the frequency in the
dispersion relation (equation (A1))

b= g
' |oF sin 6,9 — o7 sin 0,

(05— ay)? )

03 sin 6,0 — o7 sin 6, |

+ arctanh ( I (14)

|0'§ sin 02'0 - 0'% sin 01_()' > (0'2 - 0'1)2

The predicted 4, are less than 100 m for a broad range of
interactions with a significant infragravity response (Figure
4b), qualitatively consistent with observed cross-shore varia-
tions of infragravity energy [Elgar et al., 1992; Herbers et al.,
1995].

Only weak radiation to the open ocean is expected for a shelf
that gently slopes to deep water because the theoretical range
of swell frequencies and propagation directions that drive
“leaky” infragravity waves

|(T§ sin 02,0 - O'% sin 0,_0| < (0'2 - 0'])2

(15)

is very narrow compared with the full range of swell interac-
tions with a significant infragravity response (Figure 4b). If all
the infragravity energy radiated from shore is refractively
trapped, then (assuming locally forced infragravity energy is
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negligible well seaward of the surf zone) FIS/FIS =1, where

sea’

FS, and FIJ _ are the seaward and shoreward components of

sea

the cross-shore energy flux in the infragravity band

0.04 Hz 3u/2
FIS = —J' de d6 pgc,(f) cos BE(f, 8)  (16a)
0 w2

.01 Hz

0.04 Hz w2
F§ .= J dff do pgc,(f) cos OE(f, 6) (16b)
0.01 Bz -7/2

Estimates of FIG/F!S ., obtained from the array measure-
ments with the same technique used to estimate alongshore
energy fluxes (section 2) are scattered about the theoretical
value of 1 for trapped waves (Figure 5a). However, FIS/FIC
varies systematically between about 0.5 and 5, with the extreme
values occurring with relatively low and high swell energy,

respectively.

3.2. Radiation and Damping

Both radiation of infragravity waves to deep ocean basins
and damping of infragravity waves on the shelf may cause
FiGJF ge > 1. Theoretical predictions of leaky infragravity
wave energy based on the assumption of deep offshore waters
(equation (15)) are inaccurate because typical deepwater in-
fragravity wavelengths (e.g., 16 km for 0.01-Hz waves) exceed
the depth of the Atlantic Ocean basin. Additionally, the WKB
approximation is invalid on the steep continental slope. Al-
though quantitative predictions of leaky wave energy require
much more sophisticated models than (15), the observations
suggest that the leaky wave component of the directionally
broad infragravity wave fields radiated from shore is small and
does not explain the observed high values of FIS/FIC  Esti-
mates of infragravity wave directional properties (e.g., Figure
Sb, discussed below) give no indication of a relative increase in
energy of shore-normal propagating (i.e., leaky) infragravity
waves with increasing F.O/Fl .. Furthermore, the propaga-
tion of inviscid, small-amplitude long waves across the shelf is
governed primarily by linear processes (e.g., refraction, trap-
ping, scattering), and the relative importance of undamped
leaky and trapped waves is thus independent of absolute en-
ergy levels. In contrast, the observations show a dependence of
Feg/F i .. on swell energy levels (Figure 5a).

The values of FIG/Fiy, . > 1 observed during high-energy
swell conditions are likely caused by damping of infragravity
waves on the shelf. If infragravity waves radiated from shore
are significantly damped during propagation from the array to
an offshore turning point and back to the array, then F!S/
Fie > 1. Although the precise mechanism is unknown, in-
fragravity wave damping by bottom friction is expected to be
nonlinear and to depend on the near-bottom orbital velocity
field of swell [e.g., Hasselmann and Collins, 1968], consistent
with the observed increase in FIG/FLY  with increasing swell
energy (see Elgar et al. [1994] for further discussion). The
highest observed values of Fio/FL5 . (=~4.5) suggest that the
damping is sometimes strong enough to effectively suppress
high-mode edge waves.

The ratio Fig)/FLy, . decreases during the most energetic
swell events (Figure 5a; swell variances > 2 X 10° cm?). In
these few cases with significant swell wave heights of 2-4 m,
the surf zone extended more than 1 km offshore (i.e., close to
the array site) and locally forced infragravity waves were

readily detectable (Figures 1 and 2 of Elgar et al. [1995]; Her-
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bers et al. [1995]). Although the estimated energy flux ratios
must be cautiously interpreted for these extreme events be-
cause the linear dispersion relation was assumed, the observed
decrease in FIS/F!G  is qualitatively consistent with signifi-
cant contributions of shoreward propagating forced infragrav-
ity waves.

3.3. Remote Sources

Values of FIS/FIS = < 1 observed with very low swell en-
ergy levels (<10? cm? (Figure 5a)) are clearly not caused by
forced wave contributions (bispectral analysis shows that
forced waves typically account for less than 1% of the infra-
gravity variance in these cases [Herbers et al., 1995]). Case
studies of the directional properties of these shoreward prop-
agating infragravity waves suggest they are arrivals from re-
mote (possibly trans-oceanic) sources [e.g., Webb et al., 1991],
rather than the infragravity waves generated at nearby shores
more commonly observed on the shelf [Herbers et al., 1995]. If
the energy source is offshore and the shoreward propagating
infragravity waves are partially dissipated or scattered into
trapped modes in the surf zone, then FiG/Fiy.. < 1. The
hypothesized importance of remote sources when local swell
energy levels are low is consistent with estimates of a direc-

tional polarization parameter P

0.04 Hz T
I dfpgcg(f)J do | sin 6| E(f, 6)
0.

.01 Hz -

P 004 Hz T
I dfpycg(f)J do | cos 6| E(f, 0)
0

01 Hz -7
1G 1G
_ Fup + Fdown
FS + F§

shore

(17)

Values of P <1 and >1 correspond to infragravity wave prop-
agation polarized along the cross-shore and alongshore axes,
respectively. Infragravity waves arriving from remote sources
are refracted toward normal incidence as they propagate
across the continental shelf, and thus they have narrow direc-
tional spectra in shallow water with P << 1. Virtually all
observations of predominantly shoreward propagating infra-
gravity waves (FIS/FLS < 1 in Figure 5a) do indeed corre-
spond to values of P < 1 (lower left quadrant of Figure 5b).
The majority of the remaining values of P are roughly scat-
tered about 1, consistent with directionally broad infragravity
wave fields radiated from shore.

4. Conclusions

Directional properties of infragravity waves observed a few
kilometers from shore depend on the directional properties of
incident swell. The alongshore energy fluxes (Figure 1) suggest
that although upcoast propagating swell drives mostly upcoast
propagating infragravity waves, upcoast propagating swell can
have a significant downcoast infragravity response (similar de-
pendencies hold for downcoast traveling swell). These obser-
vations are consistent with predictions of a simple spectral
model for the generation of infragravity waves by nonlinear
interactions of directionally spread, nonbreaking waves shoal-
ing on a monotonically sloping beach with negligible along-
shore depth variations. Second-order finite depth wave theory
[e.g., Hasselmann, 1962] is used to describe the nonlinear forc-
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ing of infragravity waves by incident swell, and the forced
infragravity waves are released as free waves in the surf zone,
reflected from the beach, and radiated seaward (Figure 2a
[after Longuer-Higgins and Stewart, 1962]). Certain combina-
tions of frequencies and angles of two upcoast propagating
swell components drive a downcoast propagating infragravity
wave (Figure 4a).

Second-order finite depth theory is singular at the shoreline,
and thus cannot be used to predict absolute infragravity energy
levels, but the energy distribution in frequency-direction space
of infragravity waves radiated from asymptotically shallow wa-
ter is shown to be a function only of the (deepwater) frequen-
cy-directional spectrum of incident swell, independent of the
depth where the forced waves are released. Although the ef-
fects of wave breaking on the generation and propagation of
infragravity waves are neglected, predictions of the relative
contributions of upcoast and downcoast propagating waves to
the alongshore infragravity energy flux are in good agreement
with observations (Figure 3).

The theory also predicts that infragravity waves are typically
radiated seaward at oblique angles and refractively trapped on
the continental shelf (Figures 2b and 4b), consistent with the
observed roughly comparable contributions of seaward and
shoreward propagating waves to the cross-shore infragravity
energy flux (Figure 5a). However, the observed dominance of
seaward propagating infragravity waves during high-energy
swell conditions suggests that high-mode edge waves are
damped on the shelf [Elgar et al., 1994]. On the other hand, the
directionally narrower, predominantly shoreward propagating
infragravity waves observed with low-energy swell (Figure 5)
shows the importance of infragravity waves arriving from re-
mote sources.

The WKB-continuum approximation used here to model the
propagation and trapping of infragravity waves is not applica-
ble to low-mode edge waves, and further work is needed to
quantitatively assess the importance of wave breaking to both
infragravity wave generation and the subsequent propagation
and damping. The qualitative model-data comparisons pre-
sented here nonetheless lend strong support for the basic hy-
pothesis that quadratic nonlinear interactions of swell drive
free infragravity waves, and they confirm more recent sugges-
tions that the seaward radiated infragravity waves are direc-
tionally broad and, to a significant degree, refractively trapped
on the continental shelf.

Appendix A: Wavenumbers of Infragravity Waves

Fluxes of energy at infragravity frequencies were estimated
from array data (sections 2 and 3; equations (1), (2), and (16))
assuming a wave field composed of statistically independent
components with wavenumbers k obeying the linear surface
gravity wave dispersion relation

o? = gk tanh (kh) (A1)
where o(= 2af) is the radian frequency, g is gravity, and £ is
the water depth. Forced infragravity waves theoretically have
higher wavenumbers, but their contribution to the infragravity
energy is usually small at this site [Herbers et al., 1995]. Al-
though free infragravity waves are expected to obey the linear
dispersion relation, the array analysis is complicated by reflec-
tions from the shoreline and offshore caustics. The cross-shore
energy variations associated with nodes and antinodes of
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Figure Al. (a) Average shape of sea surface elevation spec-
tra (the average of all depth-corrected bottom pressure spec-
tra, each normalized by the total variance in the infragravity-
swell-sea frequency band). (b) Wavenumber magnitude versus
frequency. The solid curve indicates the linear dispersion re-
lation (equation (Al)), and the vertical bars represent the
average values = one standard deviation of k _ ( f) estimates
(equation (A2)).

standing waves violate the assumption of spatial homogeneity
used in most array analysis algorithms. Fortunately, as the
distance from shore increases, the frequency separation of
nodes and antinodes decreases, and within a sufficiently wide
frequency bandwidth the effects of nodes and antinodes cancel
and the variance is approximately spatially homogeneous.
Free, linear waves do not obey (Al) near caustics, but the
observations discussed here were obtained well seaward of the
turning points of low-mode edge waves (e.g., modes 0-4 at
0.01 Hz) and a broad spectrum of high-mode edge waves on a
gently sloping seabed can be accurately described by a contin-
uous frequency-directional spectrum of waves obeying (Al)
[see Herbers et al., 1995]. Thus the effects of both nodal struc-
ture and turning points can be neglected in the present array
analysis.

To verify that the observed infragravity waves obey the lin-
ear dispersion relation, and to confirm that the array analysis is
not degraded by standing wave effects or caustics, estimates of
a root-mean-square average wavenumber as a function of fre-

quency K. f)

1/2

ke T
J' ko kdoKk*E(f k, 0)
0 -

ke L g
J ]
0 -

T

kums(f) = (A2)

kdOE(f k, 0)

with E( f, k, 8) the frequency-(vector) wavenumber spectrum
of seafloor pressure in polar form, were obtained from the
array measurements. Waves with wavenumber higher than the
cutoff value k£, =~ 2#/h are strongly attenuated at the seafloor
and nat measured by the array. The cross spectrum H,,,(f) of
a pair of sensors with indices p and q at locations [x,, y,] and
[x,, y,] is related to E(f, k, @) by

HERBERS ET AL.: GENERATION AND PROPAGATION OF INFRAGRAVITY WAVES

ke T
H,(f)= I dkj k do exp [ik[(x, — x,) cos 0
0 -7

+ (¥, —y,) sin 6]1E(f, k, 0) (A3)

For sensor separations small compared with the surface wave-

length ([x, — x,]& < 1, [y, — y,]k < 1), (A3) can be
approximated by a truncated expansion

—_ xq)n-m(yp — yq)m
(n—m)'m!

N, n (x
Hpq(f)zE 2 i" =

n=0 m=0
ke T

j dkj k do k" cos"™ 0 sin™ 0E(f, k, 0)
0 -

(A4)
where N, is the truncation order.

An estimate of k. (f) (equation (A2)) is obtained from a
linear combination of the normalized cross spectra

, H(f)
Koo = 2 2. o0 [P H (T

P=1 g=1

N N

(AS5)

where N, is the number of sensors in the array. Substitution of
(A4) in (AS) gives

n N N

. & (X, = x)""(y, = )"
ki = E 2 2 2 Oty i" ‘ . - !

- Im!
n=0 m=0 p=1 g=1 (n m)m

ke T
I ko k dok" cos"™™ 6 sin™ 6E(f, k, 6)
0

-

ke T
J ko k do E(f, k, 8)

0

(A6)

Setting the right-hand side of (A6) equal to k2 . (equation
(A2)) yields a linear set of equations for the coefficients a,,,
i % in (xp - xq)n_m(yp - Yq)m =1

Fpqt (n—m)im! -

p=1 g=1
n=2m=0andn=2,m=2

(A7)

% % in (xp - xq)n_m(yp - yq)m =0
pqt (n—m)!m! B
p=1 g=1

all other n, m

Least squares fit solutions for the a,, were obtained using a
singular value decomposition of (A7). To reduce both bias
errors introduced by long array lags and the overall computa-
tional effort required to process 9 months of data, the calcu-
lations were done on a subset of the array lags: 4-23 m for
short-wavelength seas (0.15-0.25 Hz), 10-70 m for medium-
wavelength swell (0.06-0.15 Hz), and 30-210 m for long-
wavelength swell and infragravity waves (0.01-0.06 Hz). In
these calculations the number of terms (N,) kept in the ex-
pansion was 8 and the truncation value for the smallest eigen-
value (relative to the largest eigenvalue) was 10~*. Excellent
agreement at the overlap frequencies of &, estimates using
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different subarrays confirms the high accuracy of the present
wavenumber estimates. Although only estimates of k. are
discussed here, the technique can be applied to any moment of
E(f, k, 6) that can be expressed as a polynomial expansion in
k cos 0, k sin 0 [Herbers and Guza, 1994].

Estimates of k. ,( f) (computed for every 3-hour-long data
record) agree well with the linear dispersion relation over a
wide frequency band (0.01-0.25 Hz) that includes infragravity
waves, swell, and sea (Figure Al). The agreement is best (de-
viations less than 5%) in the frequency range 0.08-0.14 Hz
(Figure Alb) of the dominant swell (Figure Ala). Slight (less
than 10%) but systematic deviations of the wavenumber esti-
mates from linear theory at both higher and lower frequencies
are consistent with the presence of longer-wavelength forced
waves at double-swell frequencies [Herbers and Guza, 1994]
and shorter-wavelength forced waves at infragravity frequen-
cies [Herbers et al., 1995].

Appendix B: Theoretical Predictions of
the Frequency-Directional Spectrum
of Infragravity Waves

Frequency-directional spectra of incident swell in 13-m
depth were estimated from the array cross spectra with a vari-
ational technique {Herbers and Guza, 1990; Herbers et al., 1994]
and transformed to shallow water with the linear shoaling and
refraction relations for a gently (monotonically) sloping seabed
h = h(x) with no alongshore depth variations [e.g., Longuet-
Higgins, 1957; Le Méhauté and Wang, 1982]:

c . 3mC m
E.(f, 6,) = 7961 hcr E 3m( fy 013m) (Bla)
gy
C
sin (8,) = cTh sin (0y3,,) (B1b)

where ¢ and ¢, denote phase and group velocities and the
subscripts 13 m and 4 indicate values in 13-m depth and at a
shoreward location with depth 4. Finite depth relationships
(e.g., based on (A1)) were used in 13-m depth. The variance of
locally forced infragravity waves in depth &, E .44, is given

by
Eforced =J dfy J dfzj del,hj do,, Dz(fl,fz, 015 6,,)
h f2 61 62

'Esweu,h(fl, ol,h)EsweI],h(.fZa oz,h)

where D is the asymptotic shallow-water interaction coefficient
(equation (8)) and the integrations are restricted to pairs of
swell components with a difference frequency |f, — f;| in the
infragravity band. The frequency-directional spectrum of
shoreward propagating forced infragravity waves, E¢,, ccq,(f,
0,), was evaluated numerically by mapping the term inside the
(discretized) integral on the right-hand side of (B2) into (f,
6,) space with the nonlinear interaction rules (for f; < f,)

(B2)

f=fH-hH (B3a)
k2,h Sin 62,;1 - kl,h Sin gl,h
0= arctan[kz,h cos 8, — ky, cos 0y, (B3b)

The forced infragravity waves were released as free waves in
depth /2 and specularly reflected from the beach. Neglecting
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dissipation, the spectrum of free waves propagating seaward in
depth &, E; . ,(f, 6,), is given by

T 3
Efree,h(f5 0h) = E[orced,h(f; T — 9;,) 3 < oh < 7 (B4)

Finally, Es.. ,(f, 6,) is transformed to the 13-m depth array
location with (B1). In this WKB-continuum approximation,
waves propagating seaward in depth # with oblique angles
| — 8,| > arcsin (c,/c,5,,) are refractively trapped shore-
ward of the 13-m depth array and thus do not contribute to
E e 13m( [y 013m) Although (B1) is not valid in the vicinitity
of a caustic, the WKB-continuum approximation yields accu-
rate predictions of the gross directional properties of a broad
spectrum of high-mode edge waves on a gently sloping seabed
[Herbers et al., 1995]. The predicted absolute spectral levels of
seaward radiated free waves are sensitive to the depth £ where
the forced waves are released, but the relative distribution of
Etce13m(f> 013m) in frequency-direction space (used in sec-
tion 2.3 to calculate ratios of upcoast to downcoast energy
fluxes) is independent of & (see section 2.2).
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