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ABSTRACT

In Part I, the energy levels of ocean surface waves at infragravity frequencies (nominally 0.005-0.05 Hz)
locally forced by swell in 13-m water depth were shown to be predicted accurately by second-order nonlinear
wave theory. However, forced infragravity waves were consistently much less energetic than free infragravity
waves. Here, in Part 11, observations in depths between 8 and 204 m, on Atlantic and Pacific shelves, are used
to investigate the sources and variability of free infragravity wave energy. Both free and forced infragravity
energy levels generally increase with increasing swell energy and decreasing water depth, but their dependencies
are markedly different. Although free waves usually dominate the infragravity frequency band, forced waves
contribute a significant fraction of the total infragravity energy with high energy swell and/or in very shallow
water. The observed 4! variation of free infragravity energy with increasing water depth # is stronger than the

) h~'/2 dependence predicted for leaky surface gravity waves propagating approximately perpendicular to local

depth contours, but is consistent with a heuristic, geometrical optics-based (WKB) model of the refractive
trapping of a directionally broad wave field generated close to shore. Preliminary analysis shows that free
infragravity waves are indeed directionally broad and that the propagation directions of infragravity waves and
incident swell are related. Free infragravity energy levels also depend on the general geographic surroundings.
Comparisons of observations from the same depth and with similar swell conditions, but on different shelves,
suggest that more free infragravity wave energy is radiated from wide, sandy beaches than from rocky, cliffed

coasts and that less energy is trapped on a narrow shelf than on a wide shelf.

1. Introduction

Waves with infragravity periods (about 0.5-5 min),
slightly longer than the periods of wind-generated sea
and swell waves (typically 2-20 sec), can be very ener-
getic close to shore with surface elevation variances
O(103 cm?) (Holman et al. 1978; Wright et al. 1982;
Guza and Thornton 1985). Although high correlations
observed between infragravity and wind wave energy
levels suggest that infragravity waves are driven by wind
waves (e.g., Munk 1949; Tucker 1950; Holman et al.
1978; Okihiro et al. 1992; Elgar et al. 1992; and others),
the precise generation mechanisms are not well un-
derstood.

Nonlinear interaction between two wind wave com-
ponents with slightly different frequencies fand f+ Af
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theoretically excites a forced secondary wave with a
relatively low (infragravity) frequency A f (Longuet-
Higgins and Stewart 1962; Hasselmann 1962). The
forced wave energy theoretically depends on the direc-
tions of the interacting waves, as well as on their energy
and frequency. In Part I of this study (Herbers et al.
1994, hereafter referred to as Part I) estimates of the
frequency-directional spectrum of swell and sea ob-
tained from an array of bottom-mounted pressure
transducers deployed in 13-m depth, 2 km from shore
were used to predict accurately forced infragravity wave
properties. Bispectral analysis (¢.g., Hasselmann et al.
1963) was used to decompose the observed infragravity
waves into forced waves, which are phase coupled to
swell and sea, and other uncoupled motions. Although
observed and predicted spectra of forced bottom-pres-
sure fluctuations were in good agreement, the observed
total (i.e., coupled plus uncoupled ) infragravity spectral
levels were between 3 and 1500 times higher than the
forced infragravity levels, indicating that the infragrav-
ity band was often dominated by free, uncoupled mo-



1064

tions (consistent with earlier studies: Okihiro et al.
1992; Elgar et al. 1992). The present study (Part II)
focuses on free, uncoupled infragravity motions.

Longuet-Higgins and Stewart (1962) suggested,
based on observations by Munk (1949) and Tucker
(1950), that as incident wind waves are dissipated by
breaking in very shallow water, shoreward propagating
forced infragravity waves are somehow released as free
waves, reflected from the beach, and radiated seaward.
Subsequently, idealized models describing the gener-
ation of leaky (radiating out to deep water) and edge
waves at infragravity frequencies through nonlinear
interactions and breaking of surface gravity waves have
been developed (e.g., Gallagher 1971; Bowen and Guza
1978; Foda and Mei 1981; Symonds et al. 1982; Schaf-
fer and Svendsen 1988; Schiffer et al. 1990; List 1992;
Roelvink et al. 1992; Schiffer 1993; and others), but
the processes controlling the variability of free infra-
gravity waves on natural beaches are still poorly un-
derstood. Alongshore wavenumber spectra of infra-
gravity motions in a few meters depth indicate that a
significant fraction of the seaward radiated infragravity
energy is refractively trapped as edge waves within a
few hundred meters of the shoreline (Huntley et al.
1981; Oltman-Shay and Guza 1987; Howd et al. 1991).
Observed variations in infragravity energy on the con-
tinental shelf (Okihiro et al. 1992) and weak infra-
gravity energy levels measured in the deep ocean (Webb
et al. 1991) are consistent with continued effective re-
fractive trapping across the entire shelf.

Whereas forced wave energy levels are a function
only of the local wave field and water depth (see Part
I), free wave energy levels may also depend on the
topography of nearby shores and the surrounding shelf.
In the present study, long-term bottom-pressure mea-
surements (described in section 2) collected in depths
ranging from 8 to 204 m, including sites near and far
from shore, on broad (North Carolina and Virginia)
and narrow (California and Hawaii) shelves, and off-
shore of both gently sloping beaches and steep rocky
cliffs are compared and contrasted. The dependence
of free and forced waves on the water depth and local
swell conditions is discussed in section 3, where it is
shown that refractive trapping controls the cross-shore
distribution of free infragravity wave energy. It is also
shown that the observed broad directional distributions
of infragravity wave energy vary in response to changes
in incident swell propagation directions. In section 4,
a geometrical optics-based (WKB) model for the prop-
agation of long waves asymptotically far from shore is
shown to predict qualitatively the observed depth de-
pendence and broad directional spread of free infra-
gravity wave energy. The sensitivity of infragravity en-
ergy levels to surrounding shelf and beach topography
is illustrated in section 5 by comparing observations
made in the same depth at different sites. In section 6
it is shown that when local swell energy levels are ex-
tremely low, the infragravity wave field is dominated
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by arrivals from remote (possibly transoceanic)
sources. The results are summarized in section 7.

2. Field data

Infragravity motions on the shelf were investigated
with observations from Atlantic and Pacific sites (Fig.
1). Nine months of bottom pressure data (September
1990-May 1991) were collected in 8-m and 13-m
depths on the broad (about 80 km wide) North Car-
olina shelf, approximately 1 and 2 km offshore of Duck,
respectively [Figs. 1a and 2; see Elgar et al. (1992) and
Part I for experimental details]. One month of bottom
pressure data was obtained in the fall of 1988 at the
Chesapeake Light Tower situated in 13-m depth on a
shoal about 25 km offshore of the Chesapeake Bay
mouth (Figs. 1a and 2; Herbers and Guza 1991). Other
field sites were on the much narrower shelves of Hawaii
and California. An approximately yearlong bottom
pressure record was collected I km from shore in 8-m
depth at Oahu, Hawaii, where the shelf is less than 2
km wide (Figs. 1c and 2; Okihiro et al. 1992). Three-
month long bottom pressure records in 30-m depth
were collected during fall/winter of 1991/92 at 16 lo-
cations along the southern California coast and at four
locations around Santa Rosa, a rocky island in the
Southern California Bight with steep cliffs and shallow
reefs (O’Reilly et al. 1992). Two representative coastal
sites offshore of sandy beaches (Ventura and Redondo)
and one of the Santa Rosa rocky island stations are
discussed here (Fig. 1b). Measurements in 204-m depth
were obtained during six months in the fall/ winter of
1991/92 from a pressure gauge mounted 16 m below
the sea surface on Harvest Platform, located at the edge
of the California shelf (Fig. 1b; Seymour et al. 1985).

The pressure data (sample rates between 0.5 and 4
Hz) were divided into 170-min long records (137 min
when longer continuous records were not available).
Pressure spectra with 0.0005-Hz resolution (obtained
from overlapped, detided, and tapered 34-min seg-
ments) were converted to sea surface elevation with
the depth correction of linear theory (the correction is
negligible at infragravity frequencies). Differences in
the wind wave climate, particularly between Pacific and
Atlantic Ocean sites are apparent in the average spectral
shapes above 0.04 Hz (Fig. 3a). The trend of decreasing
relative spectral levels at infragravity frequencies with
increasing water depth is qualitatively consistent with
the theoretical depth-dependence of forced waves and/
or the refractive trapping of free waves (e.g., Okihiro
et al. 1992).

Local maxima in the infragravity spectra occur at
the frequencies of standing wave antinodes associated
with shoreline reflections (e.g., Suhayda 1974), es-
pecially in the 8-m and 13-m depth data collected close
to shore (Fig. 3a). In deeper water, farther from shore,
phase coupling between seaward and shoreward prop-
agating waves is not resolved owing to the reduced fre-
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FI1G. 1. Locations of pressure measurements: depths (a) 8 m (Duck) and 13 m (Duck and the
Chesapeake Light Tower) on the North Carolina/Virginia shelf, (b) 30 m (Redondo, Ventura,
and Santa Rosa Island) and 204 m (Harvest Platform) on the California shelf, and (¢) 8 m at

Qahu, Hawaii. The shelf break corresponds approximately to the 200-m depth contour.

quency separation of nodes and antinodes and possibly
directional spreading effects. In the results presented
below, standing wave effects are further reduced by
averaging the infragravity spectra across a wide fre-
quency bandwidth. Standing wave nodes and antinodes
cancel in these smoothed spectra and, thus, measured
spectral levels (i.e., bottom pressure variance including
free and forced waves) are approximately linearly pro-
portional to the infragravity wave energy [see Hassel-
mann (1962), Okihiro et al. (1992), and Part I for

further discussion of secondary wave energy]. Observed
spectra will therefore be referred to as “‘energy spectra.”

At all sites, the observed spectral density at infra-
gravity frequencies and the total swell energy are highly
correlated (correlation coefficients above 0.6 in the
band 0.004-0.04 Hz, Fig. 3b). Correlations drop rap-
idly at frequencies above about 0.04 and 0.05 Hz at
the Pacific and Atlantic sites, respectively, probably
owing to very low-frequency swells from distant storms
that are statistically independent of the dominant
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swells. The correlations also fall off below about 0.004
Hz (Fig. 3b), indicating that motions at lower fre-
quencies were not generated by swell, consistent with
earlier studies (e.g., Munk et al. 1956; Morison and
Imberger 1992). Relatively little is known about these
5-30-min oscillations. Munk et al. (1956) suggest they
are edge waves excited by atmospheric pressure fluc-
tuations (see also Greenspan 1956; Shillington and van
Foreest 1986; Evans 1988) or by tsunamis impinging
on the shelf, but observational evidence is still scarce
(e.g., Snodgrass et al. 1962; Miller et al. 1962; Beardsley
et al. 1977; Shillington 1984; Van Dorn 1984). Re-
cently, Giese et al. (1990) and Chapman and Giese
(1990) showed that internal waves associated with large
amplitude tides generate energetic sea level fluctuations
with periods of about 50 min on the Puerto Rican shelf.
A transition between infraggavity motions (driven by
swell) and lower-frequency shelf motions (forced by
other mechanisms) is particularly evident on the broad
shelf at Duck, where the correlation with swell energy
drops off sharply below about 0.002 Hz (Fig. 3b) while
the spectral density increases (Fig. 3a). In contrast, on
narrower shelves (e.g., 8 m Oahu and 204 m Harvest,
Figs. 1 and 2) the spectral levels below 0.002 Hz are
relatively low (Fig. 3a) and high correlations with swell
energy extend to periods as long as 30 min (Fig. 3b).

Because the present study concerns infragravity mo-
tions generated by swell, frequencies below 0.004 Hz
(where the correlation with swell energy is sometimes
weak, Fig. 3b) are not considered. To avoid contam-
ination of the estimated infragravity wave energy levels
by very low frequency swells arriving from distant
storms, the upper frequency limit of the infragravity
band was chosen to be 0.05 and 0.04 Hz for observa-
tions in the Atlantic and Pacific, respectively.

3. Variability of forced and free infragravity energy

Contributions of forced waves, locally excited by
nonlinear wave—wave interactions, to the total observed
infragravity energy were estimated with bispectral
analysis (frequency domain analysis of third-order sta-
tistics, Hasselmann et al. 1963). The technique, based
on double integration of bispectra over all possible pairs
of waves with a difference frequency in the infragravity
band, yields estimates of the infragravity band-inte-
grated forced wave energy (see Part I). Interactions of
the dominant wind waves (0.04-0.2 Hz in the Pacific,
0.05-0.2 Hz in the Atlantic) were included in these
calculations. Errors are introduced in the forced wave
energy estimates by directional spreading of the swell,
statistical uncertainty in the bispectra, and possibly
phase coupling between shoreward propagating swell
and seaward propagating free infragravity waves. It was
shown in Part I that errors from the first source are
usually small. Errors from the latter two sources are
greatly reduced by integration over the infragravity fre-
quency band. Bispectrum-based estimates of the energy
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and phase (relative to the interacting swells) of forced
waves observed in 13-m depth at Duck were shown in
Part I to be in good agreement with predictions of sec-
ond-order theory for weakly nonlinear waves. Similar
phase results (not shown) were obtained for the present
datasets, even though in a few cases the nonlinearity
may not have been particularly weak (i.e., the 8-m
depth gauges were within the surf zone on some oc-
casions, and significant wave heights occasionally ex-
ceeded 6 m at Harvest Platform).

Forced and free infragravity wave energies observed
in depths 8, 30, and 204 m are compared in Fig. 4. In
all three depths forced wave energy is approximately
proportional to the swell energy squared (Fig. 4a), as
predicted by second-order nonlinear theory. Since the
coupling coefficient relating infragravity and swell
energies depends on the details of the swell frequency—
directional spectrum, as well as the depth, scatter about
a line with slope 2 is expected. In 204-m depth the
observed forced wave energy levels are typically a factor
of 102-103% smaller than in 8-m depth for the same
swell energy, qualitatively consistent with the theoret-
ical rapid decrease of forced wave energy with increas-
ing water depth (Longuet-Higgins and Stewart 1962;
Hasselmann 1962).

The more gradual decrease of free infragravity energy
with increasing depth (Fig. 4b) possibly results from
unshoaling and refractive trapping of seaward propa-
gating free waves generated close to shore (Okihiro et
al. 1992). In contrast to the quadratic dependence of
forced wave energy on swell energy, free wave energy
is approximately linearly proportional to swell energy
(Fig. 4b and all other sites investigated ). The observed
weaker dependence of free infragravity energy on swell
energy is not necessarily inconsistent with nonlinear
generation at nearby shores, but suggests that wave
breaking is important in the generation process. If the
source of free infragravity energy was forced waves re-
leased at a fixed location close to shore, then both free
and forced infragravity energy should be roughly pro-
portional to the square of the swell energy. However,
if the nonlinear transfer of energy to low frequencies
is arrested when the swell energy is dissipated through
wave breaking, then (because larger amplitude swells
break farther from shore) the dependence of free in-
fragravity energy released at the breakpoint on incident
swell energy will be weaker than quadratic (Longuet-
Higgins and Stewart 1962). Alternative models (e.g.,
Symonds et al. 1982), which assume that free infra-
gravity waves are driven by variations in setup inside
the surf zone rather than nonlinear interactions outside
the surf zone, also predict a weaker than quadratic de-
pendence on swell energy, qualitatively consistent with
the present observations. The considerable scatter
about the trend suggests that free infragravity energy
levels on the shelf may be sensitive to the swell fre-
quency-directional spectrum, as is the case for forced
waves (Fig. 4a).



1068

LERRALLL | T T TTTm

LAY

Ty

& 10}

&

>~

>

(0]

c

)]

o

©

S 2

1072t

L

SLe
10_4 il‘ll.:llr 1 l.lllllly 11 Illllll ISRl
10" 102 10° 104 10°

Swell energy (cm?)

JOURNAL OF PHYSICAL OCEANOGRAPHY

VOLUME 25

102 T llllllll T llllllll ‘I‘I.I,I ||| T VTTIm
& A
e 10
&
>
o
o
c
)
o
o
s 107%r
A 8 m Duck
x 30 m Venturo (b)
H
10_‘ Dl 112183 rlr1l IllﬁlTvelsltlllllll 11 L1
10" 102 10° 10% 10°

Swell energy (cm?)

o

10~

1072

MRAALLL B ERALLLL BN LLL. S AL

Forced/free IG energy

10735

~
@]
~~

10’ 10?2

—
o MERTTIT SETEERTTTY BETSTUTTIT SR TIT
(7]

10° 10*

Swell energy (cm?)

FIG. 4. (a) Forced infragravity energy, (b) free infragravity energy, and (c) the ratio of forced to free
infragravity energy versus swell energy. Infragravity energies were integrated over the frequency ranges
0.004-0.05 Hz and 0.004-0.04 Hz in the Atlantic and Pacific, respectively. The data are from 8 m depth
at Duck (triangles, upper clouds), 30 m at Ventura (asterisks, middle clouds), and 204 m at Harvest Platform
(squares, lower clouds). The solid lines are least-squares-fit curves to the logarithms of the observed energies.
Dashed lines labeled 1 and 2 indicate linear and quadratic dependencies, respectively.

The observed ratios of forced to free infragravity en-
ergy range between 1073 and 10 (Fig. 4c), indicating
that either free or forced waves can dominate the in-
fragravity band. Owing to the different dependencies
of free and forced wave energies on swell energy and
water depth (e.g., cf. Figs. 4a and 4b), the relative con-

tribution of forced waves to the infragravity band en-
ergy increases with both increasing swell energy and
decreasing water depth. Overall, the present observa-
tions (including the sites not shown in Fig. 4) indicate
that free waves are the dominant source of infragravity
energy on the shelf (outside the surf zone), although
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forced wave contributions are significant in shallow
water and can even dominate the infragravity band in
deeper water when the swell is very energetic. (Note
the forced/free wave energy ratios > 1 for swell energy
> 10* cm? in 204-m depth in Fig. 4c.)

Although the observed decrease of free infragravity
energy with increasing water depth 4 (Fig. 4b) is not
inconsistent with theoretical propagation effects, these
observations were obtained at different sites. Thus, dif-
ferences in free infragravity energy may have resulted
from the different wind wave climates or geographic
surroundings (see section 5), as well as from the dif-
ferent depths. The seabed between the simultaneously
sampled gauges in 8-m and 13-m depth at Duck was
nearly planar, and thus, the effect of alongshore depth
variations on wave propagation between these mea-
surement locations is small. According to linear long-
wave theory, the energy of nonbreaking free waves
propagating perpendicular to a gently sloping beach
with no alongshore depth variations is proportional to
h~'/? (e.g., Eckart 1951). The decrease in total (free
plus forced) infragravity energy levels observed between
8 and 13 m depth at Duck was previously shown to
be close to the theoretical #~!/2 value (0.78) for leaky
free waves when incident swell energy levels were very
low, and to increase systematically with increasing swell
energy (Fig. 3 in Elgar et al. 1992). This trend was
attributed to increasing forced wave contributions (with
a strong depth dependence) to the infragravity band
with increasing swell energy.

The present bispectral decomposition of infragravity
energy into free and forced wave contributions allows
an assessment of the depth dependence of free wave
energy. The ratio R of 13-m to 8-m depth free infra-
gravity wave energy observed at Duck is approximately
independent of swell energy (Fig. 5), confirming that
the trend of increased R (based on the total infragravity
energy) with energetic swell observed by Elgar et al.
(1992) is indeed caused by forced wave contributions.
In fact, the largest free wave R values occur with very
low swell energy, less than 30 cm? (discussed in section
6). Although the observed values of R vary between
0.4 and 1, the majority are in the range 0.5-0.7, lower
than the theoretical value R > 0.78 for leaky waves
(leaky wave obliquity increases R above the 0.78 value
for shore-normal propagation; e.g., Kinsman 1965).
The R values of 0.5-0.7 suggest that a significant frac-
tion (10%-50%) of the free infragravity energy radiated
seaward in 8-m depth is refracted back toward shore
at a turning point between 8-m and 13-m depth.

According to Snell’s law, only free long waves trav-
eling seaward at angles greater than 52° (relative to
the beach-normal) in 8-m depth are refracted back to-
ward the beach between 8-m and 13-m depth. Hence,
the observed variation in free wave energy between 8-
m and 13-m depth implies that a substantial fraction
of free wave energy in these depths propagates at large
angles relative to the beach-normal. Array measure-
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FIG. 5. The ratio R of free infragravity energy in t3-m depth to
that in 8-m depth versus incident swell energy (in 13-m depth) at
Duck. Dotted lines indicate the theoretical #~'/? variation for leaky
waves propagating in a direction perpendicular to the depth contours,
and the stronger /™! dependence predicted for an isotropic directional
spectrum.

ments in 13-m depth confirm that free infragravity
waves are directionally broad with significant along-
shore propagation (Fig. 6). The estimation procedure
(Herbers and Guza 1990) assumes a free wave field
that is spatially homogeneous across the array. Free
waves dominated the cases shown in Fig. 6, and the
cross-spectra were smoothed over wide (0.007 Hz) fre-
quency bands, thus effectively eliminating the spatial
inhomogeneities associated with standing waves (ap-
parent in the high-resolution spectra in Fig. 3a).

The directional distribution of infragravity wave en-
ergy apparently depends on the directional properties
of swell. For example, when the directionally narrower,
onshore propagating swell was traveling upcoast (90°
< § < 180°), infragravity waves were also traveling
predominantly upcoast (0° < ¢ < 180°, Figs. 6a,b).
Similarly, -when the swell was traveling downcoast
(180° < 0 < 270°, Fig. 6¢), downcoast (180° < ¢
< 360°) propagating infragravity waves were observed.
With normally incident swell the peak of the infra-
gravity spectrum is directed offshore (Fig. 6d). Similar
trends were previously observed at Duck in 8-m depth
(Oltman-Shay 1991). The energy of seaward traveling
infragravity waves is about a factor 2 larger than the
energy of shoreward traveling infragravity waves for
the cases shown in Fig. 6, an imbalance possibly caused
by energy dissipation on the shelf (see Elgar et al. 1994
for further discussion). A detailed analysis of the de-
pendence of infragravity wave directional properties
on incident swell conditions, based on the entire 9-
month long dataset, will be given in a subsequent pub-
lication.

4. Geometrical optics-continuum model

Geometrical optics (WKB) theory is now used to
show that the observed cross-shore variation of free
infragravity wave energy (Fig. 5) is qualitatively con-
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sistent with the refractive trapping of a directionally
broad spectrum of long waves. Owing to multiple, con-
structively interfering reflections between the shoreline
and offshore turning points, the infragravity energy ra-
diated from shore may be concentrated in discrete edge
wave modes. A plane beach with constant slope 3 ex-
tending to deep water supports edge wave modes with
alongshore wavenumbers

3 (2=f)?
Y gsin[(2n + 1)B]°

(2n + 1)5<g, (1)

where fis the edge wave frequency, » is the mode
number, and g is gravity (Ursell 1952). Analytic edge
wave solutions are known for other idealized topog-
raphies (e.g., Ball 1967; Longuet-Higgins 1967) and
edge wave solutions to the shallow water equations can
be obtained numerically for arbitrary, smooth cross-
shore depth variations (e.g., Holman and Bowen
1979). WKB solutions can be obtained for edge waves
on smooth bathymetry with both cross-shore and
alongshore depth variations (e.g., Shen et al. 1968).
WKB solutions for progressive waves are not valid near
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the shoreline nor offshore turning points, where the
associated singularities are eliminated by heuristically
introducing reflected waves (appendix A). Schiffer and
Jonsson (1992) show that for mode numbers n > 2
the WKB approach yields edge wave dispersion rela-
tions close to the exact solutions for both plane [Eq.
(1)] and exponential (Ball 1967) beach profiles. Al-
though previous studies have shown that a significant
fraction of the infragravity energy in the surf zone is
contained in lower mode (n < 2) edge waves (e.g.,
Huntley et al. 1981; Oltman-Shay and Guza 1987),
these motions do not extend very far offshore. For 0.02-
Hz waves on a beach with slope 8 = 0.01 (roughly
equivalent to the Duck inner shelf), only modes n > 5
reach 8-m depth, and these higher-mode edge waves
are well described by a WKB approximation (appen-
dix A).

The wavenumber separation of adjacent edge wave
modes decreases as the mode number 7 increases [ Eq.
(1)]. Hence, adjacent high-mode edge waves on a
gently sloping seabed are expected to be approximately
equally excited (unless the infragravity forcing is very
narrowbanded ). Additionally, as » increases, the dis-
tance between the shoreline and the offshore turning
point increases (¢.g., Eckart 1951), and scattering from
topographic irregularities on the shelf will tend to
equalize energy in adjacent edge wave modes. There-
fore, the edge wave energy far from shore should vary
smoothly from mode to mode and is conveniently ap-
proximated by an equivalent continuum, analogous to
the Garrett and Munk (1972, 1975) model for vertical
internal wave modes.

In the shallow water WKB approximation, the di-
rectional spectrum E(#; x) of free infragravity waves
radiating from shore on a gently (monotonically ) slop-
ing seabed 2 = A(x) with no alongshore depth varia-
tions is given by (e.g., Longuet-Higgins 1957; Le Mé-
hauté and Wang 1982)

E(8;, x) = hy

(x) E(6,(8; x); x)

g 4
for ——<f<—-, (2
or > > (2)
where x, (with depth /;) is a location shoreward of x
and the propagation direction 6; at x; is given by Snell’s
law

. hs 172 .
0,(6; x) = arcsm[(m) sma] . (3)

At x;, only waves traveling seaward with propagation
directions f, within the aperture

. hs 1/2
—a(x) < b, < aXx); alx)= arcsm[(h(x ) ] @

reach a distance x offshore. Waves propagating seaward
with larger oblique angles (|6;] > a) are refractively
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trapped between x; and x. In the WKB shallow water
approximation, waves propagating obliquely seaward
(i.e., # # 0) at location x are specularly reflected from
offshore turning points and the directional spectrum
of shoreward traveling waves at x is given by

E(8; x)=E(w — 0, x)

for §<0<1r and w<6<%7£. (5)

The directional spectrum of free infragravity waves
E(8; x) is isotropic if the spectrum close to shore E(6;;
X,) is white for seaward propagation angles in the range
—a < 0, < a[Egs. (2),(4), (5)]. For the asymptotic
case where x is far offshore of x; and A(x) » A, the
aperture a(x) ~ [hy/h(x)]"/?is very small, and E(;
x) is directionally isotropic for any directionally smooth
radiation of infragravity wave energy from shore. In-
tegration of Egs. (2) and (5) over 8 yields an asymptotic
h~! dependence of free infragravity energy.

The asymptotic WKB limit is compared to simu-
lations of a discrete spectrum of edge wave modes on
a plane seabed with slope 8 = 0.01 in Fig. 7. The edge
wave energy prediction E(x) (also based on shallow
water equations, Eckart 1951) was obtained by sum-
ming the variances of a large number of edge wave
modes within a narrow (Af = 0.004 Hz) frequency
band centered at /= 0.02 Hz
M2 N En

2 ZM+1

m=—M/2 n=1
X [exp(—k}™x) L, (2k5"x)1%,  (6)

where k™ is the alongshore wavenumber of edge wave
mode » with frequency f+ (mAf)/M [appendix A,
Eqgs. (A7), (A9)], and E, is the shoreline variance of
mode n (assumed white across the frequency band-
width Af). Results are shown for three hypothetical
shoreline energy distributions (Fig. 7a), corresponding
to radiation that is approximately isotropic, weighted
toward shore-normal propagation (i.e., relatively ener-
getic high modes), and weighted toward oblique prop-
agation (1.e., relatively energetic low modes). Although
the cross-shore variations of edge wave energy near the
shoreline differ, reflecting the relative weighting of low
modes, for offshore distances greater than a few kilo-
meters all cases agree well with the asymptotic 2! roll-
off predicted by WKB theory (Fig. 7b). The edge wave
spectra 5 km from shore in 50-m depth are in good
agreement with the directionally isotropic spectrum
predicted by WKB theory (Fig. 7¢; the transformation
of an isotropic E(#) to k, space is described in appendix
B). Other choices of shoreline energy distributions that
are smooth at high mode numbers yield similar results;
the offshore distance required to reach the theoretical
asymptotic limit is not large.

As shown in appendix B and Fig. 7¢, a directionally
isotropic spectrum ( E£(#) = const) corresponds to an

E(x) =
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F1G. 7. Properties of a spectrum of edge waves [Eq. (6), for large N, M] on a plane seabed with slope 3
= (.01 (Eckart 1951) are compared to an asymptotic WKB approximation for three hypothetical mode mixes.
(a) Shoreline energy distributions as a function of the alongshore wavenumber k, (symmetric about k, = 0).
Mode mixes are of the form E,, oc n~2 exp[y/n] with y = 0 (asterisks: corresponding to approximately isotropic
radiation), ¥ = —4 (triangles: dominated by high modes), and v = 4 (squares: dominated by low modes). (b)
Edge wave energy (relative to the total edge wave energy at the shoreline) as a function of distance from shore.
Symbols correspond to the different shoreline energy distributions shown in panel a. The asymptotic WKB
k™! variation is indicated by solid lines. (¢) The distribution of edge wave energy as a function of alongshore
wavenumber in 50-m depth, 5 km from shore. The WKB approximation (solid curve) corresponds to an
isotropic directional spectrum {Eq. (B3); the caustic region [k, k,] is indicated by arrows].

alongshore wavenumber spectrum E(k,) with a max-

imum near the cutoff wavenumber k,,
2xf

(gh(x))'"?

corresponding to the lowest mode edge wave that has a
turning point seaward of the cross-shore position x (e.g.,

ky(x) = (7

Ball 1967; Longuet-Higgins 1967). This concentration
of edge wave energy near the cutoff mode (0.0051 < k.
< 0.0062 m™! in Fig. 7¢) is qualitatively consistent with
estimates of E(k,) obtained by J. Oltman-Shay (1990,
personal communication) in 8-m depth at Duck, and
observed in the alongshore velocity field within the surf
zone (Oltman-Shay and Guza 1987).
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Although the observed ratios R between free infra-
gravity wave energy in 13-m and 8-m depth at Duck
generally agree better with the asymptotic #~' depen-
dence (R = 0.62) for a broad spectrum than with the
h~1/? dependence (R = 0.78) for shore-normal prop-
agating waves, there is considerable variability (Fig.
5). Similarly, the observed E(6) of infragravity waves
are broad (Fig. 6) but not isotropic (the asymptotic
limit). Deviations from the asymptotic limit are not
surprising since the measurements were obtained only
1-2 km from shore, and additional model assumptions
of no alongshore depth variations and no radiation of
infragravity energy to deep water (i.e., shallow water
theory) are not realistic. However, the qualitative
agreement of this simple, asymptotic continuum WKB
model with both exact shallow water edge wave solu-
tions (Fig. 7) and the observations (Fig. 5) is encour-
aging and suggests that an extended WKB approach
may be useful in modeling the propagation of infra-
gravity waves over continental shelves. Whereas exact
edge wave solutions are difficult to obtain with finite
and alongshore-variable depths, the approximate spec-
tral WKB theory can be extended to include slowly
varying two—dim_en'sional shelf topographies and finite
depth effects such as radiation to deep water. Further-
more, dissipation of infragravity energy on the shelf

(Elgar et al. 1994) may be included in a spectral WKB
model as a local sink term in the energy balance (e.g.,
Hasselmann and Collins 1968).

5. Effects of geographic surroundings

The similar dependence of forced wave energy on
swell energy at different sites, but in the same water
depth (Figs. 8a, 9a, 10a), confirms that forced waves
are a local effect, independent of the surrounding beach
and shelf topography. However, because free infra-
gravity motions are refractively trapped during prop-
agation over the shelf, and subsequently reflected from
the beach face, their energy levels additionally depend
on the larger-scale geographic surroundings (Figs. 8b,
9b, 10b). Free wave energy levels in 8-m depth at Oahu
are typically lower by a factor of 2-4 than in the same
depth at Duck with comparable swell energy (Fig. 8b).
Some of these differences may result from the different
Pacific and Atlantic wave climates (i.e., predominantly
lower frequency swell at Oahu, Fig. 3a). However, swell
conditions at both Oahu and Duck are quite variable
[i.e., low-frequency swell occurs at Duck, and high-
frequency swell at Oahu, see Fig. 1 in Elgar et al.
(1992)], and yet there is little overlap between Duck
and Oahu free infragravity wave energy levels. Gen-
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eration of free waves may be sensitive to the beach
profile, but both the Oahu and Duck gauges were sit-
uated approximately 1 km offshore of similarly sloped
beaches. Although the Duck and Oahu beaches are
similar, the shelves are very different. At Duck a gently
sloping, shallow (depths < 50 m) shelf extends ap-
proximately 80 km from shore, whereas offshore of
Oahu the depth increases rapidly to 200 m within 1
km from shore (Figs. 1, 2). This large difference in
shelf widths may strongly affect the refractive trapping
of free waves. As the slope of the seabed increases, there
are fewer possible edge wave modes. For example, a
plane beach with slope 8 = 1° supports 45 edge wave
modes, whereas only the Stokes mode n = 0 exists for
B8 > 30° [Eq. (1)]. Additionally, as 8 increases, the k,
range that supports edge waves is reduced. Thus, the
narrow Oahu shelf may be less efficient than the broad
Duck shelf at trapping infragravity waves radiating
from shore, consistent with the observed difference in
energy levels. The relative differences between Oahu
and Duck infragravity energy levels decrease with in-
creasing swell energy (Fig. 8b), possibly because the
efficiency with which infragravity energy is refractively
trapped and reflected on the Duck shelf is significantly
reduced by dissipation during storms. This interpre-
tation is consistent with the observed increase of the

ratio between seaward and shoreward propagating in-
fragravity energy in 13-m depth at Duck from roughly
1-2 for moderate swell conditions (e.g., Fig. 6) to 3—
4 for energetic swell conditions (Elgar et al. 1994).
Free infragravity energy levels observed in 13-m
depth at the Chesapeake Light Tower are consistently
lower than observed in 13-m depth at Duck (Fig. 9b).
The sites, located on the same broad shelf offshore of
mildly sloping sandy beaches, are separated by only
about 100 km in the alongshelf direction (Fig. 1a).
However, the 13-m Duck site is 2 km from shore,
whereas the light tower is situated on a shoal about 25
km from shore (Fig. 2). Free waves radiating from
shore at relatively large oblique angles that reach the
Duck gauge are refractively trapped by slightly deeper
waters ( 19 m) shoreward of the Chesapeake shoal, re-
sulting in lower infragravity energy levels at the Ches-
apeake Light Tower. However, the proximity to Ches-
apeake Bay may also reduce infragravity energy levels
at the light tower owing to the absence of a surf zone
across the bay mouth. Dissipation of free infragravity
waves propagating over the 25 km of relatively shallow
water separating the light tower from shore is also pos-
sibly significant. The observed divergence of the Duck
and Chesapeake Light Tower infragravity energy levels
with increasing swell energy (Fig. 9b) is consistent with
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increased nonlinear dissipation on the shelf reducing
the amount of seaward radiated energy reaching the
light tower. A similar trend is observed in the ratio of
energies in 8-m and 13-m depth at Duck (Fig. 5). When
swell energy is high the free infragravity energy in 13-
m depth is reduced relative to that in 8-m depth.

A more dramatic difference in free infragravity en-
ergy levels was observed between the southern Cali-
fornia stations in 30-m depth at Redondo and Santa
Rosa Island (Fig. 10b). For similar incident swell con-
ditions, energy levels observed at Santa Rosa were typ-
ically an order of magnitude lower than at Redondo.
Differences in shelf topography affect the propagation
and trapping of free waves and thus may cause these
different infragravity energy levels. However, variations
in free wave energy levels observed at a large number
of southern California coastal locations in 30-m depth
(including the Redondo and Ventura stations, Fig. 1b)
are much smaller than the differences observed between
Redondo and Santa Rosa, even though the shelf to-
pography between the coastal stations varies apprecia-
bly (i.e., cf. the shelf profile at Ventura to those near
Redondo and Santa Rosa, Fig. 2). Similarly, free in-
fragravity wave energy levels at other 30-m depth sta-
tions on the south and west side of Santa Rosa Island
are comparable to the (north) Santa Rosa observations

shown in Fig. 10b and much lower than the coastal
energy levels. The beaches (where the free infragravity
motions are believed to be generated) around Santa
Rosa Island are markedly different from those on the
mainland shelf, with steep cliffs and shallow reefs near
Santa Rosa Island and gentle slopes near the coastal
stations. Concomitant differences in shoreline reflec-
tions and localized breaking of incident swell, which
affect nonlinear shoaling and surf zone processes, may
explain the observed differences in free infragravity
energy levels.

6. Arrival from remote sources

At the seafloor in deep ocean basins, forced infragravity
energy is negligible owing to attenuation over the water
column. The primary source of infragravity energy is the
weak radiation to deep water of free infragravity waves
from coasts where incident swell (and infragravity wave)
energy levels are high (Webb et al. 1991). The present
observations show that this background radiation from
distant shores is the dominant source of infragravity en-
ergy on the shelf when generation by local swell is ex-
tremely weak. For the relatively few cases with very low
energy swell (variances less than 30 cm?), the observed
ratio R between free infragravity energy in 13-m and 8-
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when the local swell energy was very low (18 cm?). The distribution
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for clarity.

m depth at Duck is usually larger than for cases with
energetic swell, and closer to the theoretical value R
= (.78 for leaky waves (Fig. 5).

Directional distributions of infragravity wave energy
observed in 13-m depth when local swell energy levels
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were very low (Fig. 11 and other examples not shown )
are consistent with infragravity waves arriving from
the deep ocean and reflecting from the beach. The dis-
tributions are bimodal with relatively narrow peaks at
seaward and shoreward propagation directions (Fig.
11), in contrast to the broader directional distributions
with significant alongshore propagation observed with
more typical swell energies (Fig. 6). Also in contrast
to observations with more energetic swell, the energy
of shoreward traveling infragravity waves exceeds the
energy of seaward traveling infragravity waves, indi-
cating that energy arriving from deep water is dissipated
and/or refractively trapped close to shore.

7. Conclusions

Motions in the infragravity frequency band (nom-
inally 0.005-0.05 Hz) on the continental shelf are a
mix of forced waves, phase coupled to wind waves, and
free waves usually generated at nearby shores. Observed
forced wave energy levels are accurately predicted by
second-order nonlinear theory (see Part 1), but the
generation and subsequent propagation of free waves
is poorly understood. The observed mix of forced and
free waves is highly variable with the relative contri-
bution of forced waves to the infragravity energy gen-
erally increasing with both increasing swell energy and
decreasing water depth (Fig. 4).

Owing to multiple reflections between the shoreline
and offshore turning points, free infragravity wave en-
ergy radiated from shore may be concentrated in dis-
crete edge wave modes. Low-mode edge waves (some-
times important in the surf zone) do not reach far off-
shore, and high-mode edge wave energy is expected to
vary smoothly with mode number on a low-slope
seabed, owing to the small wavenumber separation of
adjacent modes. In this case, a field of discrete edge
wave modes may be approximated by a continuous
directional spectrum. Shallow water WKB theory pre-
dicts that asymptotically far from shore, on a mildly
and monotonically sloping seabed with no alongshore
depth vaniations, free infragravity wave spectra are di-
rectionally isotropic with energy levels inversely pro-
portional to the water depth 4 (Fig. 7). This asymptotic
result is independent of the detailed directional struc-
ture of the infragravity wave field radiated from shore.
Observed free infragravity energy levels in 8-m and 13-
m depth, 1 and 2 km from shore, respectively, are
qualitatively consistent with the predicted asymptotic
h~! variation (Fig. 5). Preliminary directional analysis
shows that the infragravity wave field in 13-m depth is
directionally broad, although the detailed directional
structure at this site relatively close to shore is still quite
variable and sensitive to incident swell directional
properties (Fig. 6). The approximately #~' dependence
and broad directional distributions show that refractive
trapping is of O(1) importance to free infragravity
waves radiated from shore.
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Energy levels of free infragravity waves on the shelf
depend on the surrounding topography. For example,
infragravity energy levels observed on a narrow shelf
are significantly lower (about a factor 2-4, Fig. 8b) than
those observed in the same depth on a broad shelf with
similar incident swell conditions, possibly because
narrow shelves trap less energy than broad shelves.
Furthermore, energy levels observed offshore of a rocky
coast are about an order of magnitude lower than those
observed offshore of a sandy beach (Fig. 10b), probably
because free infragravity wave radiation depends on
the characteristics of the nonlinear shoaling and/or
breaking of waves very close to shore. The dynamics
are not understood, and further observations are
needed, but the present analysis suggests that the shelf-
wide topography is important to the propagation and
trapping of free infragravity motions, whereas the gen-
eration and reflection of free infragravity waves is sen-
sitive to the shoreline morphology.
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APPENDIX A

WKB-Geometrical Optics Approximation
of Edge Waves

The WKB-geometrical optics approximation of edge
waves is illustrated with a simple example of edge waves
in shallow water on a plane beach with slope 8

hA(x, y) = x tang. (A1)

The surface elevation function n.(x, y, t) of a seaward
propagating wave component with wavenumber k
= [kx, k,] can be expressed in the WKB shallow water
approximation as (e.g., Friedrichs 1948):

172
n4(X, , 1) = Ax_”“[kﬁ]

X

Xcos(f dxkx+kyy~at+<1>+), (A2)
0
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where 4 and &, are an arbitrary wave amplitude and
phase, respectively; ¢ is time; and the radian frequency ¢
(=2xf) is given by the shallow water dispersion relation

o= (g% k= |k|.
At the caustic x, where k, vanishes [Eqgs. (A1), (A3)],

(A3)

0,2

- 4
k?gtanB’ (A4)

Xe

areflected wave with the same amplitude 4 and along-
shore wavenumber k,, and a phase ®_ is introduced

172
(X, y, 1) = Ax-w[kﬁ]

X cos(—f dxk, + kyy — ot + ‘P_) . (A5)
0

Asymptotically matching the combined wave profile

77(X, ,V, t) = 77+(-x: y> z) + ﬂ—(X, y9 t)

1/2 X _ q,_
=2Ax" V4 k cos f dxk, + &
kx 0 2

&, + P

Xcos(kyy— ot + 5

) (A6)

to exact standing wave solutions near the shoreline
(with unit amplitude at x = 0; Friedrichs 1948) and
near the caustic (e.g., Chao 1971) yields the (exact)
shallow water edge wave dispersion relation (e.g.,
Schiffer and Jonsson 1992)

0,2

k,=— =0.1.2
y =t Dang "L

(A7)

and the WKB edge wave surface elevation profile

n(x, y, 1) = [(2n + )x] 7' 2[x'(1 — x4
X cos((2n + 1)[[x’(1 - xH]'?

1
——arcsin(1 —2x")+ z

s
> 4]——)cos(kyy—ot+ d)

4

0<x<x, (A8)

where x' = x/x,and ® = &, + w /4. The ray paths of
a few low mode edge waves in the WKB approximation
[Eq. (A8)] are shown in Fig. Ala, and the good agree-
ment with exact (Eckart 1951 ) shallow water solutions
n(x, y, t) = exp(—k,x)L,(2k,x) cos(k,y — ot + ®)
(A9)

is illustrated in Fig. Alb.
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3500 2E
——————(k2 ~12) for k| <k
E(o, k) = Y (B2)
3000} 0 for |k,| >k,
with k the wavenumber given by the shallow water
2500} dispersion relation [Eq. (A3)]. Integration of E(¢, k,)
[Eq. (B2)] over the frequency band [, o,] yields
N a3
& 2000f E(ky) = f doE (o, ky)
~— L4}
f ky + (k% — k2)1/?
15°°T 2E(gh)'/? In| -2 ( > ;)1/2
ky + (ki — k3)
1000k for |k, <k
ky + (k3 — k2)1/2
=19 2E(gh)"?In| 2 (k3 — ky)
k
so00} v
for ki < |k| <k
0
) 1000 2000 Lo for |k,| > ks, (B3)
1.0r with k; and k, the shallow water wavenumbers [Eq.
0.8 L (A3)] corresponding to frequencies o, and o, respec-
tively. The spectrum E(k,) is maximum for |k,| = &,
0.6} (Fig. 7c).
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APPENDIX B
Wavenumber and Directional Spectra

Consider a frequency—directional spectrum E(a, )
white in both frequency and direction within a fre-
quency band [}, 05]
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spectrum E(g, k,) is given by

o)y <o <oy,
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