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ABSTRACT

The energy of seaward and shoreward propagating ocean surface gravity waves on a natural beach was estimated
with data from an array of 24 bottom-mounted pressure sensors in 13-m water depth, 2 km from the North
Carolina coast. Consistent with a parameterization of surface wave reflection from a plane sloping beach by
Miche, the ratio of seaward to shoreward propagating energy in the swell-sea frequency band (0.044-0.20 Hz)
decreased with increasing wave frequency and increasing wave height, and increased with increasing beach-face
slope. Although most incident swell-sea energy dissipated in the surf zone, reflection was sometimes significant
(up to 18% of the incident swell-sea energy) when the beach face was steep (at high tide) and the wave field
was dominated by low-energy, low-frequency swell. Frequency-directional spectra show that reflection of swell
and sea was approximately specular. The ratio of seaward to shoreward propagating energy in the infragravity
frequency band (0.010-0.044 Hz) varied between about 0.5 and 3 and increased with increasing swell energy.
This trend suggests that infragravity waves generated in very shallow water, and refractively trapped on the
sloping seabed, are significantly dissipated over a 50-km wide shelf during storms.

1. Introduction

Shoreward propagating surface gravity waves evolve
substantially in shallow water owing to refraction,
shoaling, nonlinear interactions, and dissipation. Usu-
ally, most of the incident wave energy is dissipated by
wave breaking in the surf zone, but under some con-
ditions reflection back toward deep water is significant.
Reflection of surface waves from ocean beaches is
poorly understood. In the present study, estimates of
the ratio R? of seaward to shoreward propagating wave
energy are used to investigate reflection from a natural
beach. Miche (1951) empirically determined that, for
monochromatic waves normally incident on a plane
laboratory beach,

R>~1 when M=

16g% tan’B

— 1
Gor s b
where M will be called the Miche number; 8 is the

beach slope; H,, and fare the deep water wave height
and wave frequency, respectively; and g is the gravi-
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tational acceleration. Carrier and Greenspan (1958)
obtained theoretically a similar result (within a factor
of 2) based on the nonlinear, inviscid, shallow-water
equations (see also Munk and Wimbush 1969 and
Meyer and Taylor 1972). Miche (1951) suggested that

R*~M when M< 1, (1b)

with the remainder of the energy dissipated through
wave breaking,

Results of laboratory experiments with monochro-
matic waves are qualitatively consistent with Eq. (1)
(e.g., Moraes 1970; Guza and Bowen 1976; Mansard
and Funke 1980; Guza et al. 1984, and references
therein). Field studies of reflection from natural
beaches are limited. Tatavarti et al. (1988) and Walton
(1992) used collocated velocity and pressure measure-
ments near the shoreline at several field sites to estimate
shoreward and seaward propagating wave energy. The
observed R? followed the trends suggested by Eq. (1),
but was small at swell-sea frequencies in all the datasets.
Many studies (e.g., Suhayda 1974; Guza and Thornton
1985; Nelson and Gonsalves 1990; Walton 1992) have
noted that R?is O( 1) at infragravity frequencies (<0.05
Hz). However, the interpretation of these large R? es-
timates at low frequencies is complicated because in-
fragravity waves are believed to be nonlinearly excited
in very shallow water.

Accurate estimates of R? require detailed measure-
ments of the directional wave properties, information
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not avallable in the field studies of Suhayda (1974),
Nelson and Gonsalves (1990), and Walton (1992).
Freilich and Guza (1984) and Herbers and Guza
(1990) estimated reflection with observations from ai-
rays of sensors in 4-10 m depth for a few datasets and
concluded that less than 10% of the total swell and sea
energy was propagating seaward. In the present study,
R? was estimated with a more extensive dataset ob-
tained from a 24-element, large-aperture array of pres-
sure sensors in 13-m water depth. The field experiment
and data analysis are briefly described in section 2,
with additional detail in the appendix. Observations of
R? in the swell-sea and infragravity frequency bands
are discussed in section .3, where it is shown that re-
flection in the swell-sea frequency band is qualitatively
consistent with Miche’s hypothesis [ Eq. (1b)]. The ra-
tio of seaward to shoreward propagating infragravity
energy was often greater than 1, and as high as 3 when
swell-sea energy was maximum. The results are sum-
marized in section 4.

2. Field experiment and data redpctidn

"An array of 24 pressure sensors (Fig. 1a) was de-
ployed on the sandy seafloor in 13-m water depth, 2
km offshore of the U.S. Army Corps of Engineers Field
Research Facility at Duck, North Carolina (for details
see Herbers et al. 1994a). The array site, offshore of a
relatively straight barrier island, is exposed to ocean
waves from a wide range of deep water propagation
directions. The -beach is concave (Fig. 1b, see also

Birkemeier et al. 1992) and the beach-face slope 8,

defined as the mean slope of the portion of the beach
face covered by a typical swash excursion [O(10 m)
wide], ranged from 0.051 to 0.142, primarily owing to
tidal fluctuations in sea level. The slope at the array
site was about 0.005 (Fig. 1b) and small depth varia-
tions (<1 m) across the array are neglected here.

For the present study, 242 datasets (each 2 h, 50
min long and sampled at 4 Hz) collected during Sep-
tember—November 1990 and January 1991 were an-
alyzed. Significant wave heights (four times the stan-
dard deviation of surface elevation fluctuations in the
swell-sea frequency band, estimated from bottom
pressure with a linear theory depth correction ) ranged
from 18 to 240 cm. Mean frequencies (corresponding
to the centroid of the swell-sea surface elevation spec-
trum) ranged from 0.077 to 0.185 Hz. Spectral esti-
mates reported here have a frequency resolution of
0.0068 Hz and about 150 degrees of freedom.

The datasets were collected within a few days of ba-
thymetric surveys, which were obtained at least once
or twice each month, and daily during the first three
weeks of October 1990 (Birkemeier et al. 1992). Nu-
merical simulations using an extension of the mild-
slope equation (Kirby 1986, 1987) and the measured
bathymetry indicate that swell and sea are not signif-
icantly reflected from the alongshore oriented sandbar
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FIG. 1. (a) Plan view of the array of 24 pressure sensors in 13-m
depth. The positive y axis points offshore, and the negative x axis
points approximately north. (b) Seafloor profile between the pressure
sensor array and the shoreline.

(in about 1.5-m water depth, Fig. 1b). Moreover, as
discussed below, the reflection of swell and sea is typ-
ically largest at high tide when the sandbar is furthest
below the sea surface, but the beach-face slope is steep-
est, consistent with reflection from the beach face rather
than the sandbar. ‘

The ratio of offshore to onshore propagating energy
as a function of frequency, R2(f),

2 oﬂ"(f) 2
R = Enh (22)
with
360°
Ew(f)=| E(f,0)db (2b)
180°
Ew(f) = E(f, 6)do (2¢)

and E(f, 6) the frequency (f)-directional (#) spectrum
(90° and 270° correspond to offshore and onshore
propagation, respectively), was estimated from each
dataset using the method described in the Appendix.
The 250-m array aperture is several times larger than
the wavelengths of swell and sea waves, and E(f, 0) is
well resolved by the array in the swell-sea band. The
array dimensions are comparable to (or less than) the
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wavelengths of infragravity waves, and thus the direc-
tional resolution at these frequencies is lower. However,
R?(f) [Eq. (2)] is a bulk moment of the directional
wave field, and is insensitive to the fine structure of
E(f, ). The accuracy of the R?(f) estimates at both
swell-sea and infragravity frequencies is demonstrated
with model tests in the appendix.

3. Seaward- and shoreward-propagating waves

The average of all 242 energy spectra (each nor-
malized by its total variance) is shown in Fig. 2a. The
swell-sea and infragravity peaks at about f'= 0.10 and
0.02 Hz, respectively, are separated by a spectral min-
imum near f = 0.04 Hz. Spectra observed at other
shelf sites have similar average shapes (Herbers et al.
1994b).

The frequency dependence of R%(f) is shown in Fig.
2b. At infragravity frequencies R?(f) ranges from
about 0.5 to 5.0. In the swell-sea frequency band R2(f)
decreases rapidly with increasing frequency, and is
usually below 0.1 for /> 0.1 Hz. Frequency-integrated
(bulk) R? values were estimated for both the swell-
sea (R%) and infragravity (R%,) bands:

0.044Hz
[ Bntryar

2 _ 0.010Hz

Rig = 0.044Hz (32)
[ Btrrar

0.010Hz

0.20Hz
[ Ewtrrar
, 0.044Hz
Ry = 0.20Hz ’ (3b)
L044Hz En(/)af

where the separation frequency f= 0.044 Hz was cho-
sen to avoid contamination of infragravity motions by
more energetic swell (Fig. 2a). The results presented
here are not greatly affected by the choice of a sepa-
ration frequency in the range 0.037-0.051 Hz.

a. Swell-sea waves

The bulk R? for swell-sea, R2, decreases as the
swell-sea energy increases (Fig. 3a). For wave fields
with swell-sea energy greater than about 200 cm?,
R2Z < 0.03, about the minimum detectable level (ap-
pendix). For lower-energy wave fields, RZ values as
large as 0.18 were observed.

The reflection of swell-sea energy varied with beach
slope. During the 3-day period shown in Fig. 4, the
total energy and mean frequency of swell-sea were rel-
atively low and constant, but the beach slope varied
owing to tidal fluctuations of the mean water level on
the approximately parabolically shaped beach face. For
the data shown in Fig. 4, RZ is roughly proportional
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FIG. 2. (a) Average (over the 242 datasets) of normalized (by the
total variance of each individual dataset) frequency spectra and (b)
R2(f) [ratio of seaward to shoreward propagating energy, Eq. (2)]
for the 242 datasets. The solid vertical line at /= 0.044 Hz indicates
the separation of infragravity (IG) from swell and sea (SS) frequency
bands.

to B°, consistent with Eq. (1). Tidal modulation of
R2 was less apparent during other time periods with
detectable reflection, possibly because of more variable
swell-sea energy spectra.

The three parameters affecting reflection in the
swell-sea band (frequency, Fig. 2; energy, Fig. 3; beach
slope, Fig. 4) can be combined into the nondimensional
Miche number, M [Eq. (1)]. The observed values of
RZ are well correlated with M (Fig. 5), where M is
based on the significant wave height observed at the
array, the centroidal frequency of the swell-sea band,
and the beach slope as defined in section 2. This def-
inition of M is somewhat arbitrary. For example, using
root-mean-square wave height instead of significant
wave height would offset the data in Fig. 5 by a factor
of 2. Although Miche’s empirical result is based on
monochromatic waves on constant slope beaches, the
present observations suggest that the reflection of ran-
dom swell and sea from a natural beach can be roughly
parameterized by M.

Frequency-directional spectra, E(f, 6), estimated
from the array data using a variational technique
(Herbers and Guza 1990) are shown in Figs. 6a and
7a for two case studies. In the first case (Fig. 6a), E(f,
6) is narrow in both frequency and direction, and about
8% of the total swell-sea energy is reflected. In the sec-
ond case study, the incident spectrum is bimodal with
roughly equally energetic peaks at 0.07 and 0.11 Hz
(Fig. 7a). The reflection of the 0.07 Hz swell (R?
~ 0.3) is significantly greater than that of the 0.11 Hz
waves (R?2 ~ 0.2) (Fig. 7b). On both occasions (and
other cases not shown) the spectra of seaward propa-
gating waves, Eqg( f), retain much of the structure of
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F1G. 3. Ratio of seaward to shoreward propagating energy vs energy
in the swell-sea frequency band. (a) Swell-sea (R2) and (b) infra-
gravity (R%) frequency bands.

E,.(f) (Figs. 6¢ and 7¢), similar to field observations
reported by Tatavarti et al. (1988) and laboratory
studies by Kobayashi et al. (1990).

The observed mean propagation directions of shore-
ward [0,,(f)] and seaward [05(f)] travelmg waves,
defined as

360°
f BE(f, 0)do
180°

Oon(f) = 360° > (4a)
E(f, 8)do
80°
180°
BE(f, 6)do
bon(f) = o L (@)
E(f, 0)de

are shown in Figs. 6a and 7a. Specularly reflected waves
have an angle of propagation in the seaward direction
that is equal to the incident angle, reflected about the
beach normal. Thus (assuming the reflection coefficient
does not vary appreciably with 8), 0,¢(f) =~ 360°
— 0.0 (f) for specular reflection, qualitatively consistent
with the observed 8,4( /) (Figs. 6a, 7a, and other cases
not shown).

b. Infragravity waves

In contrast to RZ, R is often greater than ! (Fig.
2b), indicating that seaward propagating waves dom-
inate the infragravity frequency band. Furthermore,
R increases from 0.5-1 for wave fields with low total
swell-sea energy to 1-3 for wave fields with high swell-
sea energy (Fig. 3b), as opposed to the observed de-
crease in R2 (Fig. 3a). Clearly, the interpretation of
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F1G. 4. Swell-sea energy (solid line, upper panel), centroidal fre-
quency (symbols, upper panel), bulk reflection of swell-sea (R2%)
(symbols, lower panel), beach slope (solid line, lower panel), and
water depth (dashed line, lower panel) vs time. The water depth
ranged from approximately 12.5 to 14.0 m (scale not shown). The
data were obtained 5-8 October 1990.

2 js different for the swell-sea and infragravity fre-
quency bands. A plausible explanation for R > 1is
that free infragravity waves are generated shoreward of
the array (e.g., within the surf zone) and radiated sea-
ward, unlike swell and sea, which are primarily gen-
erated by wind seaward of the array and dissipated in
the surf zone. If all the infragravity energy was gener-
ated close to shore and either radiated into deep water
or dissipated on the shelf, then E,,(f) = 0 and
R}, = .

Shoreward propagating forced infragravity waves,
locally excited by nonlinear interactions of swell-sea

" waves, will reduce R%, but their contribution to the

infragravity wave energy is small (<10%) for the field
data discussed here (Herbers et al. 1994b). The ob-
served R < 3 suggest that a significant fraction of the
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FIG. 5. Bulk reflection of swell-sea (R2) vs the Miche
number M. The solid line'is R% = M [Eq. (1b)].
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FI1G. 6. (a) Contours of the frequency-directional spectrum E(f,
#) (cm?/Hz/deg). The mean directions of shoreward- [f,,(f)] and
seaward- [0,4( /)] traveling waves [Eq. (4)] are indicated by solid
lines. The dashed line is the specular image of 8,, (/). (b) The R2(f)
estimate [appendix and Eq. (2)] (solid line) and an alternative es-
timate obtained by integrating E(f, §) (dotted line). (c) E,,(f) (solid
line) and E¢( f) (dashed line). The data were taken at 0700-0950
EST 6 October 1990 and correspond to the highest RZ in Fig. 4:
R2 = 0.08, centroidal frequency: 0.11 Hz, significant wave height:
51 ¢cm, and 8 = 0.10.

infragravity energy does not radiate to deep water, but
is refractively trapped seaward of the array. Indeed,
previous studies have shown the importance of low-
mode edge waves in the surf zone (Huntley et al. 1981,
Oltman-Shay and Guza 1987; and many others), and
significant refractive trapping of infragravity energy
between 8-m and 13-m depth at the Duck, North Car-
olina, experiment site is evident in observed cross-shore
energy variations (Herbers et al. 1994b). Consistent
with these observations, the directional distributions
of infragravity energy in 13-m depth are typically very
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broad, with a maximum corresponding to alongshore
propagation, in contrast to the directionally narrow
and primarily shoreward-directed swell (Fig. 8).
When infragravity waves are generated shoreward
of the array (e.g., in the surf zone), the ratio of E,g/
E,, is independent of energy losses shoreward of the
array, but increases with increasing energy losses on
the shelf seaward of the array. These losses could result
from dissipation or radiation to the deep ocean. The
damping of any particular frequency-directional wave
component by bottom friction on the shelf (i.e., sea-
ward of the array) is believed to be nonlinearly pro-
portional to the total velocity (i.e., including all fre-
quencies and directions) at the seafloor (Hasselmann
and Collins 1968; Collins 1972). Thus, the relative im-
portance of infragravity wave damping by bottom fric-
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tion is expected to increase as the overall wave energy
increases, qualitatively consistent with the observed
increase in R} (Fig. 3b). Much of the 50-km wide
shelf near the North Carolina coast is 20-30 m deep,
and relatively short wavelength sea is attenuated at the
seafloor. Thus, if bottom friction is important, a higher
correlation of R, with swell than with sea energy is
expected, consistent with the observations (Fig. 9).
However, the trend in the ratio Eog/ E,, (Fig. 3b) could
also be caused by increased radiation of infragravity
energy to the deep ocean during storms. Although the
present observations support the hypothesis that infra-
gravity energy 1s predominantly generated in very shal-
low water and radiated seaward, the processes that re-
duce the efficiency of refractive trapping as the total
wave energy increases are not understood.

4. Conclusions

The reflection of ocean surface gravity waves from
a natural beach was investigated using measurements
from an array of bottom-mounted pressure sensors in
13-m water depth 2 km from the North Carolina coast.
The observed ratio of seaward to shoreward propagat-
ing energy in the swell-sea frequency band (0.044-
0.20 Hz) decreases with increasing wave frequency
(Fig. 2b) and increasing wave energy (Fig. 3a), and
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FIG. 8. Directional distribution of swell (dashed line) and infra-
gravity (solid line) energy observed at 1900-2150 EST 11 October
1990. Shoreward propagating waves ( 180°-360°) account for 98%
and 33% of the swell and infragravity energy, respectively. See Herbers
et al. 1994b for further details.
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increases with increasing beach slope (Fig. 4), quali-
tatively consistent with a parameterization by Miche
(1951) (Fig. 5). Observed frequency-directional spec-
tra suggest that the swell-sea reflection is specular (Figs.
6a, 7a). As much as 18% of the shoreward propagating
swell-sea energy was reflected at the beach face, but
frequently the seaward propagating energy was unde-
tectable (less than 3% of the shoreward propagating
energy). In contrast, there was usually more seaward
than shoreward propagating energy in the infragravity
frequency band (0.010-0.044 Hz), with the relative
amount of seaward propagating energy largest for high-
energy swell wave fields (Figs. 3b and 9). This trend
suggests that infragravity waves, generated in very
shallow water, and refractively trapped during seaward
propagation over a sloping seabed, are significantly
dissipated on the shelf when the swell energy is high.
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APPENDIX
- Estimation of E.g(f) and E,.(f)

The cross-spectrum H,,,,,(f) of two bottom-mounted
pressure sensors n and m with horizontal space coor-
dinates x, and x,,, respectively, is related to the fre-
quency (f)-directional (8) wave spectrum E(f, ) by
(e.g., Barber 1963)
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27 . —
Hon(f) = [ o LG 200l gy (a1

0 cosh?(kh)

where £ is the water depth and k = [k cos#, k sinf] is
the vector wavenumber with k given by the linear dis-
persion relation

(27f)* = gk tanh(kh) (A2)

and g denotes the acceleration of gravity. Equation
(A1) can be expressed in the general form (dropping
the frequency dependence)

2w

d= S dob(6)E(8), (A3)

where the elements of the true (i.e., error-free) data
vector d are the auto-, co-, and quadrature-spectra, and
the corresponding elements of the kernel vector b(f)
are known functions of the sensor positions and the
wave frequency and propagation direction [ Egs. (A1),
(A2)]. The energy density E.g( f) of seaward traveling
waves [Eq. (2¢)] can be written as

27

Ew= | dOH(0)E(®) (A4)
with
[, f O0<b<m
H(”)=[o, if r<o<2r (A3

The estimate Eoq of Eqis expressed as a linear sum
of the cross-spectra (Davis and Regier 1977; Pawka et
al. 1983; and many others):

Eoe=\"d. (A6)
Here d is the observed data vector and the elements of
X are the cross-spectral weights, The estimated Eg is
related to the true E,q by [Eqgs. (A3), (A4), (A6)]:

27
Eo = Eog + A d6{ATb(6) — H(8)] E(6)
+AT(d - d), (A7)
where the second and third terms on the right-hand
side are errors in the estimate owing to the limited
array resolution [ATb(68) # H(#)] and statistical un-
certainty in the observations (d # d), respectively.
Elements of A may be chosen such that the window
ATb(8) closely resembles H(#), and E.q is approxi-
mately unbiased. However, this will generally yield
large values for the elements of A and estimates of Eg
that are very sensitive to errors in the data vector d
[Eq. (A7)]. Conversely, statistical scatter in F.¢ may
be reduced by making |A| small, but at the expense
of a larger bias. To find an appropriate balance between
bias and sensitivity to data errors an error function X
of the form
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21

X = | do[ATb(8) — H()]* + «E{[\T(d — d)]*}

(A8)

is minimized, where E { } denotes the expected value,
and a is the trade-off parameter (e.g., Backus and Gil-
bert 1970; Davis and Regier 1977). Setting 3X /X =0
yields a linear system of equations for the elements
of A:

2w

[C+aVIx= | dIb(O)H(D), (A9)
where the matrices C and V are defined as

C= 021 dgb(0)b(6), (A10a)

V=E{(d—-d)(d—-d)T}. (A10b)

Whereas the matrix C is a function only of the wave
frequency f, the water depth 4, and the array geometry,
the error covariance matrix V depends on the true val-
ues of the cross-spectra (e.g., Jenkins and Watts 1968):

~ N 2
E{(Hpq—Hpq) (Hrs_Hrs)} :;Hperq; (All)

with » the number of degrees of freedom of the observed
cross-spectra H,,,,. For the present case of large v, ac-
curate estimates of the elements of V are obtained by
substituting the observed H,,, in the right-hand side of
Eq. (A11) (Davis and Regier 1977). Measurement er-
rors (i.e., calibration inaccuracies and digitization
noise) are relatively small and are neglected here.

Substitution of A [Eq. (A9)] in Eq. (A6) yields an
estimate of the energy density Eqs( f) of seaward trav-
eling waves at frequency f. The energy density E,,(f)
of shoreward traveling waves follows simply by taking
the difference of the (total) observed energy density
E(f)[estimated by taking the average of the autospec-
tra corrected to surface elevation, Eq. (Al)] and
Eoff (f ) . ~ -

The accuracy of R2(f) [= Eo(f)/Eon(f)] estimates
was verified through model tests with simulated array
data. In each test, 16 random realizations of cross-
spectra H,,, were generated for the Duck 13-m depth
array geometry (Fig. 1a) for a specified wave frequency
fand directional spectrum E(8). Estimated and true
R? were compared for different f, E(8), », and «. The
model tests indicate a weak sensitivity of the estimates
to the value of the trade-off parameter «, unless there
is a gross imbalance between the weighting of array
bias and statistical scatter [i.e., when aE? < 1 or aE?
> 1, Egs. (A7), (A8)]. A value of o = 0.25/E? was
used for all estimates presented here. Examples of
model test results for 0.1 Hz (swell) and 0.02 Hz (in-
fragravity ) waves are shown in Fig. Al. The E(f) and
degrees of freedom (v = 500) used in these simulations
are roughly representative of the observed E(8) (Figs.
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FIG. Al. Estimated vs true R? obtained from simulations. (a) Di-
rectionally narrow 0.1-Hz swell with E(8) oc R? cos®[(8 — 120°)/
2] + cos®[(6 — 240°)/2]. (b) Directionally broad 0.02-Hz infra-
gravity waves with E(8) oc cos?[(0 = Omean)/2] (mean propagation
directions 6y,., ranging from offshore to onshore are included).

6a, 7a, and 8) and the degrees of freedom in the mea-
surements [integrated over the swell-sea and infra-
gravity bands, Eq. (3)]. At swell-sea frequencies the
bias and variance of the R? estimates are small (e.g.,
Fig. Ala) and reflections as weak as R? = 0.05 are
unambiguously detected by the array. At infragravity
frequencies the R? estimates are somewhat degraded
by the limited array aperture (less than a wavelength),
but the directional spectra observed at infragravity fre-
quencies are generally broader than the swell-sea di-
rectional spectra (e.g., Fig. 8) and span a wide range
of R? that is well resolved by the measurements
(Fig. Alb).

Alternatively Eq4( /) and E,,(f) may be determined
by integrating estimates of E(f, #) [Eqgs. (2b)and (2¢)].
This indirect approach was not pursued here because
it does not allow for an optimal trade-off between bias
and stability of R? estimates. Nevertheless, estimates
of R2(f) obtained by integrating the observed E(f, 8)
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for a few selected case studies are in good agreement
with the estimates obtained directly from the cross-
spectra (e.g., Figs. 6b, 7b).
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