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ABSTRACT

This is Part 1 of a two-part study of infragravity-frequency (nominally 0.005-0.05 Hz) motions on the
continental shelf. Data from a large aperture (250 m X 250 m) array of 24 bottom-mounted pressure transducers
deployed in 13 m depth is used to investigate the local forcing of infragravity motions by nonlinear difference-
frequency interactions of surface gravity waves. Second-order nonlinear theory ( Hasselmann) and observed
swell-sea frequency~directional spectra are used to predict the energy levels of forced infragravity waves. For a
wide range of wave conditions, the predicted forced wave levels are lower than the observed energy levels,
suggesting that the infragravity band contains a mix of free and forced waves. Bispectral analysis is used to
estimate the relative amounts of free and forced infragravity energy. Good agreement between bispectrum-
based estimates and theoretical predictions of forced wave energy confirms that second-order nonlinear theory
accurately predicts locally forced infragravity motions. The contribution of forced waves to the total infragravity
energy, ranging from less than 0.1% to about 30%, is largest when the infragravity energy is maximum, consistent
with previously noted trends in similar water depths. The bispectral technique developed here to estimate the
energy of forced and free infragravity waves is used in Part 2 to investigate, with data from single-point pressure

gauges, the shelfwide variability of free infragravity energy.

1. Introduction

Ocean surface gravity waves are most energetic in
the swell-sea frequency band, typically 0.06-0.3 Hz.
Lower-frequency motions in the so-called infragravity
band (nominally 0.005-0.05 Hz) are generally weak
in the deep ocean (the bottom pressure variance is at
most a few centimeters squared, Webb et al. 1991) but
can be very energetic in shallow water (variances > 100
and 1000 cm? in 10 m depth and at the shoreline, re-
spectively, Wright et al. 1982; Guza and Thornton
1985; Okihiro et al. 1992; Elgar et al. 1992). Although
field observations have shown that infragravity energy
levels are highly correlated with swell-sea energy (e.g.,
Munk 1949; Tucker 1950; Holman et al. 1978, among
others), the generation of infragravity motions is not
well understood. Nonlinear interaction of two surface
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waves theoretically excites a forced secondary wave
with the difference-frequency A f(e.g., Longuet-Higgins
and Stewart 1962; Hasselmann 1962), and the theo-
retically expected phase-coupling between swell-sea and
difference-frequency infragravity motions has been de-
tected in field observations (e.g., Hasselmann et al.
1963; Elgar and Guza 19835; Okihiro et al. 1992; Elgar
et al. 1992). However, although qualitative theoretical
predictions of the forced infragravity spectrum
Frorea(Af) are roughly consistent with the observed
spectrum E(Af) when surface waves are very energetic
(Sand 1982), the predicted Ep,.q(Af) accounts for
only a small fraction of E(Af) when swell-sea (and
infragravity ) energy is low ( Okihiro et al. 1992). The
accuracy of Egeq( Af) predictions in these studies was
limited by either the assumption of unidirectional swell-
sea (Sand 1982) or the low resolution of pitch and
roll-type measurement systems ( Okihiro et al. 1992).

Motions other than locally forced secondary waves
are clearly important at infragravity frequencies. Ob-
served alongshore wavenumber spectra (Munk et al.
1964; Huntley et al. 1981; Oltman-Shay and Guza
1987; Howd et al. 1991; Oltman-Shay 1991, personal
communication ), weak energy levels in the deep ocean
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(Webb et al. 1991), and cross-shelf energy variations
(Okihiro et al. 1992; Elgar et al. 1992) all suggest that
the “other” infragravity energy consists predominantly
of free surface gravity waves refractively trapped on
the shelf with only weak radiation to the deep ocean.
Various qualitative models suggest that these free waves
-are generated through nonlinear interactions and/or
breaking processes close to shore (e.g., Longuet-Higgins
and Stewart 1962; Gallagher 1971; Bowen and Guza
1978; Foda and Mei 1981; Symonds et al. 1982; Mei
and Benmoussa 1984; Schiffer and Svendsen 1988;
Schiffer et al. 1990; List 1992).

This is Part 1 of a two-part study of infragravity-
frequency motions on the continental shelf. Pressure
array data acquired in 13 m depth are used to quan-
titatively verify second-order nonlinear theory (Has-
selmann 1962 ) for the local forcing of infragravity mo-
tions by swell and sea. The field experiment and data
reduction are described in section 2. In section 3, com-
parisons of the predicted Eg.a( Af) and the observed
E(Af) show that (similar to past studies) Egrcea(Af)
is always less (and in many cases much less) than
E(Af). Nonlinear theory is not verified by these com-
parisons. In section 4, integrals of the bispectrum are
used to estimate the energy levels of free and forced
infragravity waves. The observed forced (i.e., phase
coupled to swell-sea) infragravity energy levels agree
well with theoretical predictions. Sources of errors in
the results are discussed in section 5. The bispectral
technique developed here is used in Part 2 to investi-
gate, with data from single-point pressure gauges, the
variation of free infragravity energy as a function of
wave conditions, water depth, and geographic setting.

2. Field experiment and data reduction

An array of 24 pressure sensors was deployed for 9
months on the seafloor in 13 m depth, 2 km offshore
of the U.S. Army Corps of Engineers Field Research
Facility at Duck, North Carolina. The field site, a sandy
beach along a relatively straight barrier island with no
nearby headlands, is exposed to ocean waves from a
wide range (about 180°) of propagation directions ( Fig.
l1a). Repeated high-resolution bathymetric surveys us-
ing a towed sled with surface piercing optical targets
and a shore-based laser positioning system show that
the seafloor at the array location is featureless in the
alongshore direction, with a mean cross-shore slope of
. about 0.005 (Birkemeier et al. 1991). Small depth
variations (<1 m) across the array, which spans about
250 m in both the cross-shore and alongshore directions
(Fig. 1b), are neglected in this study. The relative po-
sitions of the sensors were accurately known. Extensive
triangulation by scuba divers using highly tensioned
wires between many sensor pairs reduced uncertainties
in the sensor locations to less than about 1% of the
distance from the array center. To reduce flow noise
the pressure sensors were buried about 10 cm within
the seabed.
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FIG. 1. Pressure sensor array location (a) and plan view (b).
The positive x axis is directed offshore.

Fifteen data runs, each 2 h and 50 min long and
collected at a 4-Hz sample rate, were selected for anal-
ysis. The data span a wide range (0.3-3.3 m) of sig-
nificant wave heights (defined as 4E/? with E, the
surface elevation variance in the frequency range 0.06-
0.24 Hz, estimated from the bottom pressure data with
a linear theory depth correction). Mean frequencies
(of the surface elevation energy in the same frequency
range) varied between 0.10 and 0.17 Hz. Estimates of
spectra, bispectra, and cross-spectra were obtained from
Fourier transforms of overlapped, detided, and tapered
34-minute data segments, through a combination of
ensemble averaging and frequency band merging.
Spectral and bispectral estimates were further stabilized
by spatial averaging over three array elements separated
by about 200 m.
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F1G. 2. The dependence of the interaction coefficient D [Eqs. (1) and (A5), contours at 10%! intervals
in units m™*} in 13 m depth on fand A9, for a fixed Af = 0.03 Hz. Two primary (swell-sea) waves
(frequencies f, f + Af, and directional difference A8) force a secondary (infragravity ) wave with frequency

Af.

3. Predictions of forced waves

A perturbation expansion in weak nonlinearity
shows that the interaction between two surface gravity
waves with slightly different frequencies fand f + Af
excites a forced secondary wave with the difference fre-
quency Af (e.g., Longuet-Higgins and Stewart 1962;
Hasselmann 1962). The spectrum Egc.q( Af) of sec-
ondary pressure at the seafloor is [Hasselmann 1962;
Hasselmann et al. 1963; see Eq. (A8) of the Appendix,
neglecting interactions involving primary waves with
frequency < Af]

o 2% 27
Eorea(Af) = 2 f ar fo @, | a0+ af,

=/, A6 + ME(f+ Af, 0)E(, 62),

where E(f, 9) is the frequency-directional spectrum
of primary (swell and sea) seafloor pressure, D(f+ Af,
—f, A8 + 7) is the difference-interaction coefficient for
two primary waves with frequencies fand f + Afand
a difference A8 (=6, — 6,|) in propagation direction
[Eq. (AS5) of the Appendix ]. Okihiro et al. (1992) dis-
cuss the dependence of D on the primary wave prop-
erties and water depth. In 13 m depth, D is significantly
reduced by directional spreading. For a value of A8
= 30° (typical for the data discussed here), D is about
25% of the maximum value for colinear (A6 = 0) pri-
mary waves and Eg,...a(Af) is reduced by more than
an order of magnitude (Fig. 2). Accurate estimates of
E(/f, 8) were not available in previous studies. For the
dominant swell and sea (0.06 Hz < f < 0.24 Hz; ex-
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F1G. 3. Top panels: Observed bottom pressure spectra E(f') (solid curves), and predicted [asterisks, Eq. (1)] and

observed [circles, Eq. (6)] forced infragravity wave spectra Epqea(Af). Upper-middle panels: observed frequency-
directional spectra of seafloor pressure E(f, 8) at swell-sea frequencies (contours at 205 intervals in units cm?/Hz°%).

Normal incidence to the beach is § = 180°. Lower-middle and bottom panels: predicted [Egs. (A11), (4)] and observed
[real part of Egs. (2), (4)] normalized bispectra b(f;, /2), respectively (contours at 0.5 Hz~!/? intervals). The observation
dates, total swell-sea energies, and infragravity energies are, respectively, (a) 26 October 1990, 6993 cm?, 66 cm?; (b)
19 May 1991, 3785 cm?, 15 cm?; and (¢) 23 December 1990, 769 cm?, 5 cm?. The frequency resolution of the estimates

is 0.007 Hz for E(f), Erorcea( Af), and E(J, 8), and 0.014 Hz for b(f;, f2).
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FiG. 3. (Continued)

amples are shown in Fig. 3) E(f, 6) were estimated
from the array measurements (Fig. 1b) with a varia-
tional technique (Herbers and Guza 1990). Predictions
of Erreea( Af) were obtained by substituting the ob-
served E(f, 8) and the theoretical interaction coefficient
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Din Eq. (1). Errors in Egyeea( Af) predictions resulting
from the exclusion of primary waves with f< 0.06 Hz
and f> 0.24 Hz are expected to be small. Although
D? is maximum for colinear high-frequency primary
waves (Fig. 2), infragravity forcing by locally generated
seas is negligible because bottom pressure spectral levels
at frequencies > 0.2 Hz are much lower (even during
the initial stages of wind wave generation) than the
energy levels of everpresent (at the exposed Duck field
site) lower-frequency swells (e.g., Fig. 3, top panels).
Wave fields dominated by swell with frequencies
< 0.06 Hz are rare at the Duck field site and not con-
sidered here.

Predictions of Eg..q( Af) are compared to the ob-
served infragravity spectrum E(Af) in the top panels
of Figs. 3a—c for wave fields with high, moderate, and
low swell~sea energy, respectively. Predicted and ob-
served spectral levels are compared for all 15 runs and
all frequencies in the infragravity band 0.005 < Af
< 0.05 Hz in Fig. 4a. Integrated (over the infragravity
frequency band), predicted (| dA fEtea(Af)), and
observed ( f dAfE(Af)) infragravity energies are
compared in Fig. 4b. The observed frequency-inte-
grated infragravity energy varies between 0.5 and 66
cm?, and is between 3 and 1500 times larger than the
predicted forced infragravity energy. The greatest dif-
ferences occur when the swell-sea and infragravity
energies are smallest, similar to previous results at dif-
ferent sites [i.e., compare the present Fig. 4b to Fig.
7a,b in Okihiro et al. (1992)]. These energy compar-
isons do not verify second-order nonlinear theory be-
cause the locally forced waves are apparently sub-
merged in a background of free (i.e., not locally forced)
infragravity motions.

4. Observations of forced waves

Bispectral analysis (Hasselmann et al. 1963) is used
to isolate the forced wave component of the infragravity
motions. Analogous to the (second-order) energy den-
sity spectrum E(f),

E(f)df=2E{dP(f)dP(—f)}, (2a)
the (third-order) bispectrum B(f;, /5) is defined as

B(fi, L)dfidfs

= 2E{dP())dP(f)dP(~fi — )}, (2b)

where E{ } denotes the expected value and dP(f)is
the Fourier-Stieltjes representation of the pressure time
series p(t),

p(1) =f_ dP(f) exp(2ifi); (3)
B(f1, f2) vanishes for a linear (Gaussian) wave field.
Nonzero B(f|, f;) results from phase-coupled triads
consisting of two primary waves and a forced secondary
wave with frequencies f, f;, and f; + f; [ Hasselmann
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FIG. 4. For all 15 runs. (a) Predicted forced [ Efreea( AS), Eq. (1)] versus gbserved total [ E(Af)] energy density at infragravity
“frequencies Af in the range 0.005-0.05 Hz. (b) Predicted forced [ fg '8055 ,_fz dA fEweea(AS), Eq. (1)] versus observed total

[ 0.05 Hz

0.00s 11 40 fE( A [)] frequency-integrated infragravity energy. (¢) Predicted [ Eq. ( 1)] versus observed [based on bispectral analysis,

Eq. (6)] forced infragravity energy density [ Errea(Af)] at frequencies A fin the range 0.005-0.05 Hz. ( do)s

Predicted [Eq. (1)]

versus observed [based on bispectral analysis, Eq. (10)] frequency-integrated forced infragravity energy [ ﬂ{ ;,0,*;;sz S Egorcea(AS)].

et al. 1963; Egs. (A9)-(A11) of the Appendix]. Sum
and difference interactions between primary swell-sea
components with frequencies fand f + A fcontribute
to B(f+ Af, f)and B(f, Af), respectively. A relative

measure b(f;, ) of nonlinear phase coupling between |

components with frequencies f;, 5, and f; + f; is ob-
tained by normalizing B(f;, /) by the spectral densities
at the three interacting frequencies (Haubrich 1965;
but with a slightly different normalization )

B(/1, /)

b(fi, o) = [EGOEBES: + )17

4

The observed [Eq. (4)] and predicted [Eq. (All)
using the observed swell-sea E(f, 6)] b(f;, f;) are
qualitatively similar (Fig. 3). Note that the observed
and predicted bispectra include both sum and differ-
ence interactions, and are normalized by the same ( ob-
served) spectral densities [Eq. (4)]. The imaginary part
of b(f1, f2) (not shown in Fig. 3) theoretically vanishes
[Eq. (A11)], and the approximately random scatter
about zero of the observed imaginary part (shown in
Fig. 5a for all runs) illustrates the considerable statistical
uncertainty in these bispectral estimates. When swell-
sea energy levels are high (26 October, Fig. 3a), non-
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linearities are relatively strong and the real part of b(f,,
J2) is nonzero over a wide range of frequencies. Differ-
ence-frequency interactions dominate the predicted
negative values of b(f}, f;) for f] close to the spectral
peak frequency (fi ~ 0.09 Hz) and f; (=Af) in the
infragravity band (f;, < 0.05 Hz). The positive b(f;,
/f2) for f; and f; both close to the spectral peak frequency
indicate sum-frequency interactions [discussed in more
detail in Herbers and Guza (1994)]. For moderate
swell-sea energy (19 May, Fig. 3b) similar negative
bispectral levels are both predicted and observed (i.c.,
for fi ~ 0.1 Hz, f; < 0.07 Hz). However, unlike the
twice as energetic 26 October wave field, free wind-
generated seas dominate the seafloor pressure spectrum
at double swell frequencies, and sum frequency inter-
actions are not significant [i.e., b(f}, f2) is small for f,
/> close to the 0.1 Hz swell peak]. For a low energy
wave field (23 December, Fig. 3c) the observed and
predicted b(f}, f2) are small at all £}, f;, with the pre-
dicted Egyrcea( Af) about 102 lower than the observed
infragravity energy levels. Free wave motions dominate
the bottom-pressure spectrum, and relatively weak
forced waves cannot be detected owing to the statistical
uncertainty in the b(f}, f2) estimates [Fig. 5a, the sta-
tistical scatter in the theoretically zero imaginary part
indicates that the minimum detectable b(f;, f2) level
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about 0.5

is

Hz /7],
The forced wave spectral density Egc.a( Af) can be

estimated by integrating the bispectrum B(f, Af) over

all wave pairs with difference-frequency A f

2 [~ s 8
Af

1/2

b,(Af) = 0
[z f B+ ANEGIEDS)

(5)

Substitution of the theoretical expression for B, Eq.
(A1l)in Eq. (5), and neglecting the contributions of
interactions involving infragravity-frequency primary
waves, yields

© 2 27
J;fdfj(; do, R ds,D"(f+ Af, —f, A8 + m)E(f+ Af, 6,)E(f, 62)

My (Af) =

Hence, the fraction of the energy density at frequency
A f'that is locally, nonlinearly forced is approximately
given by |b;(Af)|?, with a negative bias [i.e., o; > 1,
Egs. (6)-(8)] owing to variations in the interaction
coeflicient D over contributing wave triads. This bias
is small for the E(f, 6) typically observed in coastal
environments (see section 5). Thus, forced wave spec-
tra can be estimated from observations with a single
pressure sensor [Eq. (6), setting «; equal to 1]. The
observed [Egs. (2), (5), (6), with f + Af= 0.24 Hz
the upper limit of integration] and theoretically pre-

A fmax

© 2w 27
[Car [ an [ ao. Er+ ar00E( )
Af 0 0

Eireea(Af) _ P
A = a(ANIBANE,(6)
where
My(A
ai(Af)jl—;%A% ()
with
(8)

dicted [Eq. (1), also with 0.24 Hz as an upper limit]
Eorcea(Af) are generally in good agreement, as illus-
trated for the three example cases in Fig. 3 (cf. circles
and asterisks in the upper panels), and as shown for
all runs in Fig. 4c. The observed negative real and small
imaginary parts of b; (A f') (Fig. 5b) are consistent with
theory.

The contribution of forced waves to the total infra-
gravity energy in the frequency range [ A fmin, A fmax]
can be obtained by double integration of the bispectrum
over all difference-frequency interactions

2 dAff;de(f,Af)

A fenin

by =

A fmin

8 fmax © A fmax /2
2 [ " anr [ are apEe) [ asrean)|
Af A fmin

(9
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Substitution of the theoretical expression for B, Eq. where «¢;; is given by
(All)in Eq. (9), and again neglecting primary waves N
with frequency Af, yields ;= _i (11)
A fonax M
L ) dAfEforced(Af) with
m:fmax = a;| bil?, (10)
f dAfE(AS)
A frin
Afmax oo 27 27
ff dAff dff de, de.D"(f+ Af,—f, A0+ 7)) E(f+ Af, 6,)E(/, 62)
A frin aAf o 0
n= A fmax o0 2T 2 ( 12)
[ asr[Car[" o, [ doaEGr+ 8 00EG 02
A fmin Af 0 0

Equations (10)-(12) show that |b;|? is approxi-
mately the fraction of energy in the frequency range
[A fuin, Afmax] that is locally nonlinearly forced
(with a small negative bias, «; > 1, discussed in
section 5).

As shown in Fig. 4d, estimates of forced wave energy
in the infragravity band (A fni, = 0.005 Hz, A fi.x
= (.05 Hz) based on Egs. (2), (9), and (10) (setting
a; = 1) are in excellent agreement with theoretical
predictions, Eq. (1), even when forced waves contrib-
ute less than 1% of the total infragravity energy (Fig.
4b). The observed phases of b; (Fig. 5c) are generally
within a few degrees of the theoretical value of 180°
(i.e., imaginary part = 0). Overall, the bispectral anal-
ysis shows that the energy levels and phases of forced
infragravity waves are accurately predicted by second-
order nonlinear theory (Hasselmann 1962) for a wide
range of conditions.

5. Discussion

Although there is general agreement between ob-
served and predicted forced wave energy levels over a
range of nearly 10° (Figs. 4c,d), discrepancies in in-
dividual frequency bands [ Egeeq( Af)] are sometimes
as much as a factor of 50 (i.e., Figs. 3c and 4c¢), and
the predicted and observed total forced wave energies
differ by as much as a factor of 2 (differences of 30%
are more typical, Fig. 4d). Errors in forced wave energy
predictions, Eq. (1), are caused by inaccuracies in the
swell-sea frequency-directional spectrum E(f, 0) es-
timated from finite length data records and a limited
number of sensors. The variational technique (Herbers
and Guza 1990) used here minimizes a roughness norm
of E(f, #) and generally results in an estimate direc-
tionally broader than the true E(f, 6). Owing to the
decrease in the interaction coefficient D with increasing
A8 (Fig. 2), the resulting forced wave predictions
Errea( AS) [Eq. (1)] are expected to be biased low.
Model tests indicate that this bias is less than 40%. The

observed (based on bispectral analysis) forced wave
energies and energy densities are also biased low be-
cause oy, a;(Af) > 1 [Egs. (7), (11)], rather than
equal to 1 as assumed in all the results presented here.
Using the estimated E(f, 6) to calculate o; (Af) and
a;; indicates that the observed Eg.q(Af) and
| dAfEgcea(AS) are biased low by about 20%-50%
of the true value. Neither of these biases can explain
the much larger scatter with low forced wave energy
in Fig. 4c. Statistical uncertainty in the bispectral es-
timates is probably the dominant source of errors. Al-
though statistics of bispectra are not well understood,
numerical simulations for simple nonlinear processes
(Elgar and Sebert 1989 ) indicate that the statistical un-
certainty in bispectral estimates is relatively large when
the nonlinearity is weak. Thus, when free waves dom-
inate the infragravity spectrum (|b;(Af)|? < 1) esti-
mates of Eg,eq(Af) based on Eq. (6) are expected to
be inaccurate. The statistical uncertainty in bispectra
is dramatically reduced by integration (cf. the relative
size of imaginary parts in Figs. Sa~c), and (bispectrum-
based) estimates of the total forced wave energy
[ f dA fEgcea{ Af)] are considerably closer to the pre-
dicted values than estimates at individual frequencies
[ Eforcea (A S)] (cf. Figs. 4c and 44d). _

Although the observed forced wave energy (Fig.
4c,d) and phases (Fig. 5) are well predicted by second-
order nonlinear theory (Hasselmann .1962), forced
waves account for only a small part (0.07% to 30%)
of the total observed infragravity energy. The forced
fraction increases dramatically with increasing infra-
gravity energy (Fig. 4b) as in Okihiro et al. (1992) and
Elgar et al. (1992). Wavenumber estimates (to be dis-
cussed elsewhere) indicate that the infragravity energy
that is not locally forced is contributed by free waves
generated close to shore.

The mix of free and forced infragravity energy ob-
served on the inner North Carolina shelf in 13 m depth
is not necessarily representative of other sites. Whereas
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forced wave energy levels depend only on the local
water depth and the swell-sea frequency-directional
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the surrounding shelf and beach topography. In Part
2 of this study, the variability of free infragravity energy

spectrum, free wave energy may also be a function of will be investigated using long-term bottom pressure
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measurements collected at many coastal locations in
the Atlantic and Pacific Oceans, in depths ranging from
8 to 200 m, near islands and straight coastlines, and
offshore of both steep and gently sloping beaches. The
majority of these observations are single-point mea-
surements, and estimates of E(f, 8) needed for theo-
retical predictions of forced wave energy [Eq. (1)] are
unavailable. However, as shown here (Fig. 4c,d) the
mix of forced and free infragravity energy can be es-
timated at least qualitatively well from single-point
pressure measurements using integrals of the bispec-
trum, and this methodology will be used in Part 2.
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APPENDIX
Spectra and Bispectra of Seafloor Pressure

The bottom pressure field p(x, t) of weakly nonlinear
surface gravity waves in arbitrary water depth /4 can be
derived through a perturbation expansion of the surface
‘boundary conditions and Bernoulli equation ( Hassel-
mann 1962; Hasselmann et al. 1963)

p(x, 1) =pI(x, ) + pP(x, ) + - - -, (Al)

where ¢ denotes time and x = (x, y) is the horizontal
space coordinate.

The primary bottom pressure field p!)(x, ¢) can be
expressed as the Fourier-Stieltjes transform (Hassel-
mann 1962)

pV(x, )= J;( exp[ik - x][dPV (k) exp[i2xft]

+ dP{(k) exp[—i2xft]], (A2)
where k is the vector wavenumber [k = (k cosé,
k sinf), with 6 the propagation direction], dP‘"(k) is
the complex conjugate of dP{’(—k), and fis given
by the dispersion relation

|
f=2—[gktanh(kh)]”2, (A3)
vy
where g is the acceleration of gravity. The secondary
bottom pressure field p®(x, ¢) is given by

p‘z’(x,r)=fk fk expli(ki + kz)+ x]

X X D(sifi, s2fa, A0)dPSV(k)dPL(ky)

S1,87==1

X exp[—2w(s /i + s22)t], (A4)
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where A0 = 0, — 0, is the difference in propagation
directions of the interacting pair of primary wave com-
ponents (s, /i, k;) and (s./5, ky) [with directions 6,
and 6>, k; = (k; cosb;, k; sinf;) and f;, k; related by
the dispersion relation, Eq. (A3)] and D is the inter-
action coeflicient

gkik, cos(A§)
2010’2
g(o, + a3) cosh(k ) cosh(kyh)
[gk3 tanh(k3h) - (01 + 0’2)210'10'2 COSh(k3h)

D(s1 /1, $2/5, A) = —

2
X [(0'1 + az)[(”;—“j) — kiks cos(AH)]
_l O']k% Uzk%
2 [coshz(kzh) * coshz(klh)]] > (AS)

with o, = 27I'S,‘ﬁ and k3 = |k1 + k2| = [k%
+ k3 + kik, cos(AB)]'/2.

Hasselmann’s weakly nonlinear theory is formally
valid only for the irrotational wave motion above the
wave bottom boundary layer, whereas the pressure
transducers (buried about 10 cm in the sand) measure
pressure below the boundary layer. Turbulent bound-
ary-layer effects on secondary wave pressure at the sea-
floor are not understood but are expected to be small
if the contribution of the local flow u (the Bernoulli
pressure — |u|2/2g) to the secondary bottom pressure
field is small. The relative contribution of the Bernoulli
term [ the first term on the right-hand side of Eq. (A5)]
to p® is O(20%) for the dominant nonlinear inter-
actions in the present observations. Pressure changes
across the wave bottom boundary layer are neglected.

The spectrum of forced secondary waves

Eforced(f) =2 f_ dr

X E{p®()p®(1 + 1)} expl—i2xf7], (A6)

where E{ } denotes the expected value, can be ex-
pressed in terms of the frequency-directional spectrum
of primary waves

‘E(f, 0)dfdd = 2E{dP{"(k)dP"(—k)} (A7)
and the interaction coefficient D
S 2 27
Eforced(f) = J; df,j(; dol o daz
X D2 (f_f’7f,5 Ao)E(f_f’s BI)E(fla 02)
0 27 27
w2 ["ap [T [ D41,
0 0 o
A0+ 7)) E(f+f,60)E(S, 6,). (A8)

The first and second terms on the right-hand side of
Eq. (A8) result from sum-frequency [s; = s, in Eq.
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(A4)] and difference-frequency {s; = —s, in Eq. (A4)]
interactions, respectively.

Analogous to the conventional energy-density spec-
trum, Hasselmann et al. (1963) introduced the bispec-

trum B(f, f2)
8Gn =2 [ an [ dnRiri, )

X exp[—27i(fit1 + fo72)], (A9)
where R(7,, 73) is the third-order correlation function

R(7\, ) =E{p(t)p(t + 7)p(t + 1)} (A10)

{Eq. (2b) is an alternate but equivalent definition of
B(f,, /2)]. Substitution of Egs. (A1), (A2), (A4), and
(A7) in Egs. (A9) and (A10) yields the lowest-order
contribution to the bispectrum (Hasselmann et al.
1963):

2w 27
B(fx,f2)=f0 db, X db:[D(f1, f2, AGYE(fi, 61)

X E(ﬁ +fé3 BI)E(ﬁa 02)
+D(~fi,i +fo, A0+ 7)

X E(fi, 0)E(fi + f2, 62)]. (All)

The first, second, and third terms on the right-hand
side of Eq. (A11) result from sum interactions of waves
with frequencies f; and f;, difference interactions of
waves with frequencies f; and f; + /5, and difference
interactions of waves with frequencies f; and f, + f,
respectively.
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