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ABSTRACT

Acoustic Doppler Current Profiler velocity measurements in the Bab al Mandab during the period June 1995—
March 1996 are used to assess the hydraulic character of the exchange flow. The strait is 150 km long and
contains two distinct geometrical choke points: the Hanish sill and Perim narrows. The authors use a three-layer
approximation of the monthly mean velocity and density structure at the sill and narrows to calcul ate the phase
speeds of the first and second internal, long gravity waves. The first (second) mode is generally characterized
by in-phase (out-of-phase) motions of the two interfaces. The cal cul ations take cross-strait topographic variations
into consideration by using a piecewise linear representation of the actual bottom. The resulting phase speeds
are used to determine whether the flow is subcritical, supercritical, or critical with respect to the first and second
modes. Subcritical (supercritical) means that the two wave pairs corresponding to a given mode propagate in
opposite (the same) directions, whereas ‘““critical” means that one or both members of a pair has zero phase
speed. Critical or supercritical conditions are indications of hydraulic control and imply that signal propagation
through the strait associated with a particular mode can occur in only one direction, or perhaps not at all.

During the summer months, the velocity profilesindicate a*‘ three-layer’” structure, with surface water outflowing
from the Red Sea, intermediate water inflowing from the Gulf of Aden, and Red Sea Water outflowing at the
bottom. During this time period, the flow is found to be subcritical with respect to both internal modes, although
tides and mesoscale disturbances are potentially strong enough to temporarily create critical or supercritical con-
ditions, particularly with respect to the second internal mode at the narrows. During the winter and transitional
months the velocity has atwo-layer character with inflowing surface water and outflowing Red Sea Water. However,
the outflowing Red Sea Water can further be partitioned into an intermediate layer originating from the Red Sea
thermocline and a deeper, homogeneous layer originating from below the thermocline. A subtle three-layer character
therefore exists and the three-layer model is configured accordingly. Surprisingly, the monthly mean narrows flow
during this time period is found to be substantially subcritical with respect to the first baroclinic mode. At the
Hanish sill the flow is marginally to moderately subcritical with respect to the first mode, suggesting the possibility
of proximity to a section of critical control. It is possible that friction may be strong enough to shift the control
section to the south of the sill. With respect to the second mode, the flow at both the Hanish sill and Perim narrows
are found to be very close to the critical speed with respect to the second internal mode, suggesting hydraulic
control. The wave whose propagation is arrested is one attempting to move from the Gulf of Aden into the Red
Sea. The vertica structure of this wave suggests a role in determining how much Upper Red Sea Deep Water is
able to pass through the Bab a Mandab and into the Gulf of Aden. The strength of tides and mesoscal e disturbances
in the strait suggest that this upstream influence may be intermittent.

Estimation of internal Rossby radii of deformation for the first and second internal modesindicates that rotation
(which isneglected in our wave speed cal culations) is only moderately weak. Nevertheless, the errorsin cal cul ated
propagation speeds due to the neglect of rotation are estimated to be quite small.
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1. Introduction

The Bab a Mandab (BAM) is a strait 150 km long
that connects the Red Sea to the Indian Ocean’s Gulf
of Aden (Fig. 1). The Red Seais otherwise closed except
for the Suez Canal, and the throughflow permitted in
the latter is negligible. It has been well documented
(e.g., Siedler 1968; Patzert 1974; Maillard and Soliman
1986; Smeed 1997) that winter conditions in the BAM
consist of surface inflow into the Red Sea and deep
outflow into the Gulf of Aden. The outflow originates
from 50 to 200 m in the Red Sea with a smaller portion
originating from greater depths. It forms an overflowing
plume that descends from the 163-m-deep Hanish sill
to 400-600 m in the Gulf of Aden (Fedorov and Me-
chanov 1988; Bower and Price 1999). This exchange
flow is driven by 2 m yr—* evaporation and by cooling
over the Red Sea and is probably reinforced by the
monsoonal winds that blow more or lessin the direction
of the surface inflow during winter. In summer, thewind
direction over the BAM reverses and a shallow (<20
m) surface outflow into the Gulf of Aden forms. The
Red Sea inflow during this season lies beneath the sur-
face layer and is composed primarily of Gulf of Aden
Intermediate Water (Patzert 1974; Smeed 1997). Un-
derneath this inflow is a weakened Red Sea outflow.
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Figure 1 shows that the sill, named after the nearby
Hanish Islands, lies well north of the narrowest section,
named after Perim Island. In the following, the terms
“sill” or *“Hanish sill”” will refer to the cross section
coincident with position B2 in Fig. 1, while the Perim
narrows (or just ‘‘narrows”) refersto the section at A2.
The narrows generally contains the largest velocities.
Also, the terms “‘outflow” and “‘inflow’” will be used
to indicate flow from and into the Red Sea, respectively.

Recent observations (Murray and Johns 1997) of the
currents and stratification in the BAM apparently yield
a paradox. On one hand, the strong upstream/down-
stream asymmetry of the flow strongly suggests that
hydraulic control exists at the strait, perhaps at the sill
or narrows. In particular, the overflow has the character
of fluid spilling over a dam and qualitatively resembles
the Mediterranean overflow and others that are known
to be hydraulically controlled (Farmer and Armi 1988;
Armi and Farmer 1988). On the other hand, rough es-
timates of the internal Froude number (Murray and
Johns 1997) during the period of strongest exchange
and based on direct velocity measurements at the nar-
rows suggest that the flow is substantially subcritical
with respect to the first internal long gravity mode. That
is, “two-layer” internal gravity waves can propagate in
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Fic. 1. Map of Bab a Mandab showing Hanish sill and Perim narrows sections. The site of
Siedler's (1968) measurements are denoted by an ““S.”
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both directions (toward the Red Sea and toward the Gulf
of Aden), a feature that indicates a lack of hydraulic
control at the narrows.

The number of possible configurations that hydrau-
lically controlled three-layer flow can take is large
(Smeed 1999, manuscript submitted to J. Phys. Ocean-
ogr.), and this makes it difficult to anticipate what a
hydraulically controlled summer flow inthe BAM might
look like. In the winter the situation is apparently sim-
pler and elementary two-layer hydraulic theory (e.g.,
Farmer and Armi 1986) suggests one of the following
regimes. First, the winter flow might be maximally con-
trolled, meaning that supercritical motion would exist
at either end of the strait. These supercritical flows
would be joined to the slower flows in the Gulf of Aden
and Red Sea by internal hydraulic jumps. Such aregime
would prevent internal waves from propagating through
the BAM in either direction. The presence of a strong
seasonal cycle, in which the summer outflow is atten-
uated, suggest that long internal waves can propagate
out of the strait from the Red Sea, arguing against max-
imal exchange. The other possible controlled state
would be submaximal, a regime with supercritical flow
at the southern end of the strait. Supposing that the sill
and narrows represent the most likely locations of crit-
ical control, there are a number of configurations that
might arise. A control section might exist at the sill,
with supercritical flow to the south extending through
the narrows and into the Gulf of Aden. This regime
seems at odds with the observation of descending out-
flow into the Gulf of Aden. Or the flow could be sub-
critical to the north of the narrows (including the sill)
and supercritical to the south. It is also possible for the
flow to be critical at the sill, supercritical immediately
downstream, and critical again at the narrows. In this
case a hydraulic jump would exist between the sill and
narrows. Further complicating the picture is that the
winter flow appears to have a subtle three-layer char-
acter, as explained below.

Hydraulic conditions within the BAM during different
seasons are important in many respects. Perhaps the most
basic scientific issue concerns the extent to which the
Red Sea dtratification and thermohaline circulation are
determined by local atmospheric forcing. The degree to
which the Red Sea is self-contained and self-determined,
and not just a gulf of the Indian Ocean, depends to a
great extent on the ability of internal waves to propagate
into the Red Sea through the BAM. Information con-
cerning the propagation of wavesis also important in the
formulation of numerical models of the Red Seain which
open boundary conditions must be imposed at or near
theBAM. For example, standard radiation conditions per-
mitting wave propagation out of, but not into, the nu-
merical domain may imply the existence of hydraulic
control. Similar issues arise in the application of simple
analytical models of the Red Seathermohalinecirculation
(Phillips 1966; Maxworthy 1997), in which the investi-
gator must decide whether or not to impose a critical
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control condition in the BAM. (Maxworthy did and Phil-
lips did not.) Also, hydraulic control usually implies the
existence of hydraulic jumps, whereby supercritical flow
is returned to a subcritical state. Such jumps can lead to
overturning and mixing within and between different lay-
ers and may be important, for example, in the mixing of
the descending Gulf of Aden plume. Finally, the presence
or lack of hydraulic controls within the strait is a con-
tributing factor in the understanding of the stratification,
velocity and overall local character of the exchange flow
as suggested above.

In this paper we examine the question of flow criticality
more thoroughly using monthly mean velocities obtained
by Murray and Johns (1997) from Acoustic Doppler Cur-
rent Profilers (ADCPs) moored at the Hanish sill and
Perim narrows over the period June 1995 through March
1996. From these measurements and from hydrographic
data obtained during the same period, we construct alocal
three-layer representation of the internal structure of each
monthly mean flow using approximations to the cross-
strait sill and narrows bottom topography. During sum-
mer months the three layers correspond to the outflowing
surface and bottom layers, and inflowing intermediate
layer described above. In the winter, the vel ocity structure
has atwo-layer character but the density has athree-layer
structure (Siedler 1968), and we construct our three-layer
model accordingly. In both cases, any net (barotropic)
transport into or out of the Red Sea is removed. The
propagéation speeds of the first, internal, long gravity
modes of the model flow are calculated, and it is found
that the flow is subcritical with respect to these two-layer
modes during each month. During the winter, the speed
of one of these modes is reduced at the sill, indicating a
possible two-layer internal hydraulic control in the vi-
cinity. Such a control would prevent propagation of first
internal gravity modes from the Gulf of Aden into the
Red Sea. The model also permits calculation of the sec-
ond (““mode 2") internal long gravity wave speeds and
theflows at the sill and narrows turns out to be subcritical
with respect to these during the summer. During the win-
ter, and perhaps the transition months, the flow at both
the sill and narrows is close to the critical speed for mode
2. Thisresult suggests the presence of amode-2 hydraulic
control associated the blockage of signals propagating
from the Gulf of Aden into the Red Sea. The vertical
structure of the wave that is arrested suggests that the
control is instrumental in determining the percentage of
Upper Red Sea Deep Water that composes the outflow.

The paper is organized as follows: Our three-layer
model is described in section 2 and the wave speed cal-
culationsfrom it are presented in section 3 (for the Hanish
sill) and section 4 (for the Perim narrows). In section 5
we discuss the composition of the winter outflow in more
detail and discuss the ramifications of hydraulic control
with respect to mode 2 on this composition. Section 6
discusses the potential importance of rotation and time
dependence, both of which are neglected in the preceding
analysis, and section 7 summarizes our findings.
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Fic. 2. Layer structure of Bab a Mandab exchange flow according to Smeed (1997).

2. The three-layer model

Based on historical XBT data, Smeed (1997) has ap-
proximated the stratification in the BAM by the summer
and winter three-layer regimes shown in Fig. 2a. The
surface layer has salinity ~37 psu and atemperature that
varies seasonally over 23°-33°C. During the summer
months, this layer is relatively thin (<20 m thickness)
and warm (~32°C), and it flows toward the Gulf of Aden
(Fig. 2b). During the winter months the layer is thicker
(~80 m), cooler (~26°C) and it flows toward the Red
Sea. The second layer is composed of cooler (T = 18°C)
and dlightly fresher (S = 36 psu) Gulf of Aden Inter-
mediate Water (GAIW). In the summer, this layer flows
into the Red Sea (Fig. 2b), forming an intrusion that has
been detected as far as 800 km into that body (Smeed
1997). In the winter the intrusion retreats into the Gulf
of Aden (or simply decays) and disappearsfrom the BAM
atogether, as suggested in Fig. 2c. As stated earlier the

reversal in the direction of layers 1 and 2 are associated
with the reversal of the monsoon winds in the southern
Red Sea (Patzert 1974). The third and deepest layer is
composed of Red Sea water originating from middepths
(50-200 m) and, to some extent, greater depths. Layer
3 flows into the Gulf of Aden throughout the year, al-
though the transport is attenuated during the summer.
Based partly on this picture of the stratification and
partly on the observations of Murray and Johns (1997),
we have constructed a three-layer model for calculating
the propagation speeds of long, internal gravity waves
at the sill and narrows. Each layer has uniform density
and velocity. The model ignores lateral variations in
layer velocities as well as the earth’s rotation, and jus-
tification for the latter will be taken up in the final sec-
tion. Two pairs of wave speeds are calculated, one for
the first internal modes and the other for the second
internal modes. Application of the model during the



NovEMBER 1999

months July, August, and September is straightforward
as the velocity has the distinct three-layer structure
shown in Fig. 2b. During the winter and transitional
months (Oct-Mar) only layers 1 and 3 are present in
the BAM as shown in Fig. 2c. However, the density
distribution during this time period will show that layer
3 is actually composed of two sublayers so that the
exchange flow has a three-layer structure apparent in
density if not velocity. This feature, which was first
recognized by Siedlert (1968), will be discussed more
thoroughly in sections 3-5. In any case, wewill continue
to apply the three-layer model during this period, keep-
ing in mind that the two-layer hydraulic character of the
flow will be revealed by the mode-1 propagation speeds.

The bottom depth at the sill and narrows varies quite
a hit, with deep central channels and shallow shelves,
and use of a one-dimensional model in this situation
would lead to obvious ambiguities in estimating layer
depths. We have therefore derived general expressions
for the propagation speeds over arbitrary cross-sectional
topography. We will use these expressions in connection
with shapes that approximate the actual geometry at the
sill and narrows. Following the definition sketches of Fig.
3 consider athree-layer flow in the x direction, contained
in a channel whose bottom elevation varies with y. The
layer densities, thicknesses, and velocities are denoted
pn do, U, where (n = 1, 2, 3), and the departures of the
interfaces from their equilibrium elevations are denoted
1, and n,. The hydrostatic, Boussinesg momentum equa-
tions governing the three layers are given by

o, 0 (6 p
a  ox\2 p

U, Jdfuz p,
— 4+ [+ =+ gm + ) =0 (21
ot 8X(2 P 0.1 ™ 9272 (2.1)
where
g = gpz —ph and g, = gP3 - le

In addition p isthe average density and p, isthe pressure
at the (rigid) upper surface.

Denoting the cross-sectional areas of each layer by
A, the continuity equation for the nth layer is

* In analyzing hydrographic data taken from near the narrows, Sied-
ler (1968) was the first to recognize the three-layer structure of the
winter flow and wrote ‘‘ The vertical distribution of temperature, sa-
linity, and density is characterized by three layers: A homogeneous
surface layer, a complicated intermediate layer with great variations
in time, and an almost homogeneous bottom layer.” (His narrows o,
profile is reproduced in our Fig. 11.)
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Fic. 3. Definition sketch showing (a) cross section and (b) lon-
gitudinal section for a three-layer model with continuously varying
cross-sectional topography.

oA, (U A
Ay _ AA) 2.2)
ot X

Following Baines (1995) treatment of the two-layer ver-
sion of this problem, it is convenient to introduce the

shear velocities
and (2.3)

and to use these in place of the layer velocities through
the substitutions

u :Q+V1A2+(V1+V2)Aa

vy = U — Uy Vv, = Uy, — U

' A
u :Q_V1A1+ v,Aq
2 A
U, = Q — v,A — (Vl + VZ)A:L’ (2.4)
A
where
Q = U A, + WA, + UA, (2.5)

is the total (or ‘‘barotropic’”) volume transport and
A=A + A, + A, (2.6)

is the total cross-sectional area. Both Q and A are in-
dependent of x. At this stage no linearization has been
made and the system contains the five unknowns (v,
Vo, M1, M2 Po)- (Although the layer areas also appear
to be variables, they depend only on the interface dis-
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placements.) The barotropic transport Q is a parameter
that must be predetermined for the case of arigid lid
and is negligibly small in our monthly mean BAM ap-
plication. The barotropic pressure p, can be eliminated
from consideration by subtracting any two of the mo-
mentum equations from each other. Two equations ob-
tained this way and any two of (2.2) now comprise a 4
by 4 system for the unknowns (v, v,, 1, 17,).

We wish to calculate the propagation speeds of small
disturbances to a steady background flow causing per-
turbations of the velocity and interface elevation u;, and
7, We therefore replace u, by u, + u, and d, by (d,
- n,d, + m, — m,, and d; + 7,), where u, and d,
now denote background velocity and thickness. These
expressions are substituted into the 4 by 4 system sug-
gested above and the resulting equations are linearized.
In doing so the quadratic velocity terms u,du,/ox are
replaced by u,du;/dx, and the layer areas are approxi-
mated as

dA,
Ad, — m(c 1) = Ady) — Tfj\)m(x, 0,

for example. Carrying out similar expansionsfor A, and
A, results, after some tedious algebra, in the system

V. v,
iya— =0 2.7)
ot X

where v, = (v, v,, 1, 1,) and the elements in the
coefficient matrix a; are given by

Q — 2v/A + v, A v, Ag
a; =r + lAl = ) aizley
_ g _VioA _ i A __vA
a13 - gl A anll a14 - A anzl a21 - A 1
a, = v, + Q — (v, + 2v)A — 2V2A2,
A
(v, + v)v,0A,  V30A, . V3OA,
< =0,
A an, Adm Adn,
L AGAYANT AA A
* A N ’ * A \on, ’
_ Q+ (V1 + Vz)A3 + Vl(Az - Al)
a33 - A ’
_A(vy + v)oA oM, + v AGA IO,
“ AIA, /om, ’
a = —AA(ANT A+ A (A
1 A \am,) 41 A o)
B _A3(1/1 + v,)0A [0m, + v,A0A M,
8 = AOA o, ’
a44 — Q (Vl VZ)A';l\ VZ(AS AZ) (28)
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Note that the dependence on the bottom topography
enters through 0A,/0m, and the other derivatives of the
layer areas, all of which must be prespecified. Specific
examples will follow in the discussion of the BAM sill
and narrows geometry.

The long-wave speeds are the eigenvalues of the
matrix a;. In general, two pairs of eigenvalues and
associated eigenvectors will arise, corresponding to
first and second internal modes. When the background
flow contains no shear, the first baroclinic modes will
be characterized by displacements of the two interfaces
that are in phase, as shown by the dashed curves in
the center of Fig. 3b. This pair corresponds to the
modes that would arise in a two-layer system created
by removing our middle layer. The second pair cor-
responds to the second internal mode that, under con-
ditions of no shear, is characterized by 180° out of
phase excursions of the two interfaces, as shown by
the dotted lines at the right of Fig. 3b. When shear is
present in the background flow, the phase lags of the
two modes are still zero or 180° unless the phase speed
iscomplex, asituation not encountered for BAM shears
and stratification.

When the two propagation speeds for thefirst internal
modes have opposite sign, signals carrying information
with that particular vertical structure can propagate in
either direction, toward the Red Sea or the Gulf of Aden.
In this case we call the flow subcritical with respect to
the first internal modes. When both speeds have the
same sign, propagation in only one direction isindicated
and we call the flow supercritical with respect to those
modes. When one or both of the two speedsis zero the
flow is critical. Similar terminology is used in connec-
tion with the second internal modes. Critical conditions
at any section in a strait is an indication of hydraulic
control. Supercritical conditions at any section of the
strait is usually an indication of critical flow elsewhere
and, therefore, of hydraulic control.

3. The Hanish sill

Figure 4 shows the topography across the Hanish sill
section. Central to our study is data from the upward-
looking ADCP moored near the bottom of the deep
central channel and capable of ranging within about 13
m of the surface. The position of this instrument is
denoted B2 in Fig. 1. Also present was a salinity—tem-
perature mooring (not shown) instrumented with six
moored CTD units (Sea Cats) at depth levels of 145 m,
117 m, 94 m, 66 m, 52 m, and 30 m, deployed within
100 m of the ADCP. A continuous plot of along-axis,
ADCP velocity profile over the period June 1995-March
1996 appears in Fig. 3 of Murray and Johns (1997).
Also, Figs. 4ab of that paper show temperature and
salinity over the same period.

The dashed line in Fig. 4 is an approximation to the
bottom topography used in the propagation speed cal-



NovEMBER 1999

'
50

o
)
=3
depth (m)

ey
o
=)

| 1 1
10 20 30
(km)

Hanish sill

FiGc. 4. Cross section of the central BAM at Hanish sill with in-
strumentation and analytical approximation (dashed curve) to bottom
topography.

culation. The layer areas and their derivatives for this
approximate topography are given by
1
A =dw — Ea(dl — 20)?
1
A, = (45 — d))(w — 25a) + Ea(45 — dy)?

+ 65(1182 — d2)

oA, 0
A =65z P B L d - 20)
an, an,
B oA
B _ B 1304, (3.1)
an, an,

where o« = 564 and all other quantities are expressed
in meters. These expressions are valid provided the
upper interface depth is <45 m and the lower interface
depth is >45 m, which is true in all months. The pa-
rameter w isthe width of the upper portion of the model
channel (see Fig. 4) and is computed so as to remove
the barotropic transport, as described below.

When configuring a layer model to match an ob-
served flow with continuously varying velocity and
density, there are always uncertainties in defining in-
terface positions. There is often a range of reasonable
choices, and we compute phase speeds over thisrange.
We also vary the density values over areasonablerange
when direct density information isnot available (which
is sometimes the case at the narrows). The ranges in
phase speeds that result from all of these variations are
not error bars in the strict sense, but they do give an
indication of the uncertainty of the calculation due to
ambiguities in fitting the layer model to the observed
flow. We will refer to these ranges as ‘‘uncertainty
bar.”

The propagation speed calculations are based on
monthly mean stratification and velocity. Figure 5 shows
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Fic. 5. Monthly mean ADCP velocities at Hanish sill, June 1995—
March 1996. The bottom (not shown) is at 162 m.

the monthly mean ADCP sill velocity profiles.?2 Note
the distinctive **summer” profiles of July through Sep-
tember, which contain Red Sea outflow (negative ve-
locity) in the upper 10-20 ml, middepth inflow, and
deep outflow. During these months the interfaces of our
three-layer model are nominally chosen as the two zero
crossings of the velocity profiles. For example, the Au-
gust profile has nominal interface levels at z = 25 m
and z = 105 m. The monthly mean velocity profile for
August is then averaged over the three corresponding
layers to obtain u,, u,, and u,. The stratification mea-
sured at the salinity—temperature mooring is then used
to compute monthly averaged densities and these are
averaged over each of the three layers to form p,, p.,
and p,. We also vary the positions of the interfaces by
+5 m about the nominal values and include the results
in our uncertainty bars.

The winter and transitional month (Oct—Jun) velocity
profiles have inflow throughout the upper 40-50 m un-
derlain by outflow so that the velocity has a two-layer
character. However, the stratification throughout this
time period has a three-layer structure, which can be

2 For the purpose of calculating phase speeds, the profiles are ex-
trapolated to the surface (from 20-m depth) and bottom (from 30 m
above the bottom) using both constant velocity extensions and con-
stant shear extensions. The results for each type of extrapolation are
included in the uncertainty bars.
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Fic. 6. April 1996 sill density profile shown with March 1996
ADCP velocity profile.

seen in the o, profile made from an April 1996 CTD
cast at the sill (Fig. 6.) A nearly homogeneous upper
layer of thickness 30—40 m is underlain by a stratified
middle layer of thickness ~80—90 m and a lower ho-
mogeneous layer of thickness ~40 m. Next to the o,
profilein Fig. 6 is the March 1996 ADCP velocity pro-
file. The velocity zero crossing lies 15-20 m beneath
the lower boundary of the upper homogeneous layer.
The close proximity of these two boundaries is typical
of the October—March data. In the intermediate layer
the velocity reaches a maximum value (in the direction
of the Gulf of Aden) and stratification is evident. In the
lowest layer the density is relatively homogeneous and
the velocity is reduced. For the picture shown in Fig.
6, we configure the three-layer model the following way:
The lower interface is picked to match the top of the
lower homogeneous layer (~120-m depth) and thislevel
(which is less distinct than the lower interface position
for summer) is varied by £10 m. The upper interface
ispicked to match either the zero crossing of the vel ocity
profile (~45-m depth) or the bottom of the homoge-
neous layer (~35-m depth). Wave speeds are cal culated
for both of the later choices, and the range in valuesis
included in the uncertainty bar estimates. With thismod-
el configuration, the mode-1 wave speeds turn out to be
close to what would be obtained from atwo-layer model
with the interface coincident with the velocity zero
crossing. In fact, we perform a two-layer calculation?

3 The two-layer phase speed is calculated by configuring the three-
layer model to have a thin (1 m thick) intermediate layer with zero
velocity and centered about the velocity zero crossing. This method
gives mode-2 phase speeds that are very close to those of a two-
layer model.
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with the interface placed at the velocity zero crossing
and include the results in the mode-1 uncertainty bars.

Note that most of the velocity profilesin Fig. 5 have
a significant barotropic (depth averaged) component.
For example, the depth-averaged velocity in November
ismorethan —25 cm s~*. On the other hand, it isknown
that the annual mean barotropic velocity in the BAM
(based on a 2 m yr—* evaporation rate) is less than 1
cm s~* and monthly mean values are unlikely to exceed
this by any significant amount. The apparent barotropic
transports in the ADCP profiles are due to the fact that
the upper layer is much wider than the lower layers. For
example, the strongest negative velocities in November
occur at about 85-m depth where the flow is confined
to a narrow central trough, whereas the upper layer
could extend over a much larger width (Fig. 4). For the
purposes of phase speed calculation, it is desirable to
remove the barotropic component of the flow. One could
do so by simply adding a constant factor to the velocity
profile, but, since the massimbalanceisamost certainly
due to the relatively large (but unknown) width of the
inflow, we calculate the width w of the upper part of
the model channel such that the total transport is zero:
A + WA, + uA; = 04

Figure 7 shows the results of the propagation speed
calculations for each month. (Note that the ** phase’” and
‘“group’’ propagation speeds are identical for these long
waves.) The left- and right-hand columns of arrows cor-
respond to the first and second internal modes, respec-
tively. Each arrow indicates the magnitude and direction
of the speed of one of the two pairs of modes, with
right-pointing arrows indicating propagation toward the
Red Sea. Uncertainty bars appear near the tips of the
arrows indicating the ranges in propagation speeds due
to ambiguities in the definition of the interfaces, vari-
ations in reasonable values of the layer densities, and
estimated errors in removing the barotropic transport.
(The bars are omitted whenever their range is less than
5 cm s1). As an example, the two first internal modes
corresponding to month 6 have speeds =(—1.08 to
—1.18 m st and +0.28 to +0.43 m s*), indicating
that the flow is subcritical with respect to the first in-
ternal modes. The —1.08 to —1.18 m s~* wave prop-
agates toward the Gulf of Aden, while the other wave
propagates toward the Red Sea. Similarly, the second
internal modes for the same month have speeds
=(—-0.65 £ 003 m st and +0.06 = 0.03 m s1),
indicating nearly critical flow. That is, one wave prop-

4In most cases, the resulting w is within 30% of the actual strait
width at 20-m depth, so the technique seems quite reasonable. In the
few cases where this difference exceeds 30% we simply set w to be
the strait width (~100 km at the sill) and verify that the resulting
barotropic velocity is small compared to the calculated propagation
speed. Additionally, we vary w within 20% of its estimated value in
al cases to verify that the resulting phase speeds are insensitive to
this value. The range in phase speeds resulting from this variation
are included in the uncertainty bars.
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Fic. 7. Propagation speeds of the first and second long internal gravity wave modes at the Hanish sill. Each
arrow indicates the magnitude and direction (toward or away from the Red Sea) of a particular wave based on
mean velocity for that month. The net barotropic flow has been removed before calculation of the speeds.
Uncertainty bars indicate ranges in calcul ated speed due to ambiguities in stratification and/or interface definition.

agates toward the Gulf of Aden, but the wave that would
otherwise propagate toward the Red Sea is nearly ar-
rested. The mode-2 propagation speedswere remarkably
insensitive to variationsin the definition of theinterfaces
and layer densities, as evidenced by the relatively small
error bars.

Figure 7 shows that the flow is substantially subcrit-
ical with respect to both mode 1 and mode 2 during the
summer (months 7-9). ‘‘Substantially subcritical’’
means that the two speed arrows for each mode point
in opposite directions, that the two speeds have roughly
the same magnitude, and that the magnitude is roughly
the same as if the fluid was quiescent. During months
6 and 10-3 the flow continues to be subcritical with
respect to mode 1, although the speeds of the wave
attempting to propagate into the Red Sea are reduced.
At one end of the uncertainty bars the flow is, in fact,
close to being critical. The reduction in speed is par-
ticularly apparent in the winter months (11-2). It is

possible therefore, that the sill is close to a point of
mode-1 critical control.

With respect to mode 2 the flow is supercritical during
months 2-3 and very close to the critical speed over
months 6, 10—2, and perhaps 3. This behavior suggests
the presence of a mode-2 critical control section at or
near the sill during these months. Such a control would
arrest the mode-2 wave attempting to propagate from
the Gulf of Aden into the Red Sea. For this wave, the
ratio of interfacial displacements m,/n, is typically
—0.50 in the winter months, meaning that a negative
displacement of the lower interface is associated with
a positive displacement of the upper interface of about
half the magnitude.

4. The Perim narrows

Figure 8 shows the cross section of the strait at Perim
narrows along with the position of the ADCP and an
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FiG. 8. Cross section of BAM at Perim narrows with instrumenta-
tion and analytical approximation to bottom topography.

analytical approximation of the topography. Here, the
ADCP is capable of ranging to within 16 m of the
surface. Asin the case of the sill, the topography con-
tains a deep central trough the depth of which ~220
m is greater than that ~163 m at the sill. The areas
and their derivatives for the analytical topography are
given by

A, = dw, A, = w(55 — d,) + 7200(165 — d.),
A
A, = 7200d,, M _ M —W,
an, any
A, - _ 9, = —7200. (4.1)
an, an,

These expressions are valid as long as the upper inter-
face is shallower than, and the lower interface deeper
than, 55 m. In some cases both interfaces lie below 55
m and (4.1) is replaced by

A, = 55w + 7200(d, — 55), A, = 7200d,,
oA dA, 9 5}
A =7200d, Do B R oy,
N Iy I, am,
4.2)

Asbefore, w is computed so asto bring the total volume
transport to zero and all quantities are expressed in me-
ters. In all cases, the computed value of w was within
30% of the actual width.

Monthly mean velocities are shown in Fig. 9 over
June 1995-March 1996. Note the Red Sea outflow in
the upper 10-15 m during July, August, and September.
Also note that the velocity extremes are generally larger
than at the sill. Unfortunately, thereisalack of complete
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Fic. 9. Monthly mean ADCP velocities at Perim narrows, June
1995-May 1996. The bottom (not shown) is at 220 m.

density information at the narrows as the current here
apparently caused intense strumming in the nearby T-S
chain mooring with resultant instrument damage. Con-
sequently, layer densities had to be calculated from a 1
June 1995 CTD cast in the central narrows and, during
other months, inferred from the sill density. Some cal-
culations were repeated using layer densitiestaken from
hydrography appearing in Siedler (1968), Patzert
(1974), Maillard and Soliman (1986), and Smeed
(1997). The g, profile from the June CTD cast is shown
in Fig. 10 along with the June mean velocity profile.
The three-layer structure in density is present, with an
intermediate layer 130 m thick sandwiched between up-
per and lower homogeneous layers. Unlike the situation
at the sill, the base of the upper homogeneous layer
(~40 m) is no longer close to the zero crossing of the
velocity (~120 m); however thisis a peculiarity of the
June flow, which is transitional between summer and
winter. Probably more characteristic of winter are the
19 December velocity® and density profiles measured
by Siedler (1968) in the central channel slightly south
of the location of the Murray and Johns ADCP. (The
position of Sielder’'s measurements are indicated by the
small circle with the nearby S in Fig. 1.) Figure 11

5 Direct current measurements were made by Siedler (1968) using
a lowered Savonius current rotor.
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Fic. 10. June ADCP velocity profile at the Perim narrows, shown
with a density profile taken from a near by June CTD cast.

(constructed from Siedler’'s Figs. 43 and 44) contains
the current speed and density profiles averaged over a
three-day period. The base of the homogeneous layer
lies at 50—60 m depth, while the velocity zero crossing
lies at a depth ~70 m. Calculation of the phase speeds
during the winter months was made following the same
procedure as used at the sill.

The narrows phase speeds for each mode and each
month are indicated in Fig. 12. In contrast to the situ-
ation at the sill, the narrows flow is substantially sub-
critical with respect to mode 1 for each month. The flow
is also subcritical with respect to mode 2, though not
substantially so throughout winter. In fact, the phase
speed of the mode-2 wave attempting to propagate into
the Red Sea is nearly zero over months 1 and 2 and
relatively small during months 6, 11, 12, and 3. The
value of m,/n, for thiswave in month 2 is —0.25, mean-
ing that a negative displacement of the lower interface
is associated with a displacement of the upper interface,
which is positive but only % as large.

The dashed representation of month 12 in Fig. 12
(designated ** Siedler’”) shows a supplemental calcula-
tion based on direct current measurements made by
Siedler (Fig. 11). The main difference between our
month 12 findings and Siedler’s is that his flow is sub-
stantially subcritical with respect to mode 2, whereas
ours is marginally subcritical. This difference is due
mainly to the greater bottom depth (270 m as opposed
to <220 m) at his narrows section.
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FiG. 11. December velocity and density profiles measured by Sied-
ler (1968) at a cite approximately 8 km downslope (south) of our
Perim narrows section. The location is shown in Fig. 1.

5. Hydraulic interpretation of the winter results

The strongest indications of critical control occur with
respect to mode 2 at the sill during months 10-3 and
6. In order to understand the significance of this control
it is necessary to further examine the composition of
the two layers that compose the outflow in winter. The
first consists of o, ranging from 23 to 27.5, which ac-
cording to the historical hydrography appearing in Patz-
ert (1974), originates from the Red Sea thermocline
(depths of approximately 50 to 125 m). The second
consists of the relatively homogeneous bottom layer
with 27.75 < o, < 28.2, which originates from greater
depths. That the lowest layer is so homogeneous is con-
sistent with the fact that water deeper than about 125
m in the Red Sea is quite homogeneous, although mix-
ing could also play arole.

To investigate the possibility of mixing within the
outflow more carefully we have examined two June
1995 CTD casts, one at the sill (number 45, to 138-m
depth) and one 11 km north of the sill (number 50, to
158-m depth). The T-S diagrams for both casts are
shown in Fig. 13 over the depth ranges 98-138 m for
number 45 and 110-158 m for number 50. The deepest
waters (T < 21.75°C) are essentially identical, while
higher up in the water column the salinity differences
(AS = 0.01 psu) are close to exceeding the resolution
of the instrument. The results suggest that little mixing
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Fic. 12. Propagation speeds of the first and second long internal gravity waves modes at the Perim narrows.
The representations are the same as in Fig. 7.

is taking place between the two locations and over the
depths shown. Also, the bulk Richardson number

gDAp
p(AU)?

of the outflow, calculated using a very liberal AU =
1l2ms?tover D=60m,is>1.6m st Thisvaue
also argues against mixing within the outflowing layer
just upstream of the sill.

In an attempt to determine the extent to which the
lower fluid is drawn up from greater depths, we have
computed the average salinity over the lowest 40 m of
CTD cast 45 and searched 40-m intervals of cast 50
to find the offset depth at which the average is the
same. The two average salinities match (AS = 0) at
an offset of 25 m. That is, the deepest waters measured
by the CTD cast on the sill comes from an average of
25 m deeper 11 km upstream. This “aspiration’ of
deeper water is entirely consistent with the Bryden and

Stommel (1982) model, more recently emphasized by
Kinder and Parrilla (1987) for the Gibraltar overflow.

The two outflowing layers are shown schematically
in Fig. 14 and labeled Red Sea thermocline water
(RSTW) and Upper Red Sea Deep Water (URSDW).
Note that these layers have different sources, Red Sea
Deep Water is formed sporadically during winter deep
convection events in the far northern reaches of the Red
Sea (Woelk and Quadfasel 1996), whereas the ther-
mocline is thought to be replenished more continuously
over a substantially larger area (Cember 1988; Eshel et
al. 1994; Garrett et a. 1995; Eshel and Naik 1997). The
near criticality of the sill (and perhaps narrows) flow
with respect to mode 2 implies a certain degree of in-
fluence over the partitioning of volume transport be-
tween these two water masses.

The influence alluded to above can be illustrated by
considering an example. We choose a February sill re-
alization in which the mode-2 waves have propagation
speeds —0.81 m st and —0.04 m s t. The flow is
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Fic. 13. Temperature-salinity plots for 3 June 1995 CTD casts 45
(taken at 1842 UTC 3 June 1995, at the Hanish sill) and 50 (taken
at 0010, 4 June 1995, 11 km north of the sill). For cast 45, the data
runs from 98 to 138 m, also in 2-m increments. For cast 50, the data
is for depths 110-158 m at 2-m intervals.

therefore very close to being critical with respect to the
second internal mode. The wave whose speed is nearly
zero has a vertical structure that causes perturbations of
the layer volume fluxes in the proportions (1.00, 0.88,
—1.88). That is, a volume flux perturbation of one unit
in the upper layer is accompanied by a 0.88 change of
the same sign in the middle layer and a 1.88 change of
reverse sign in the lower layer. This situation is depicted
in Fig. 14, which shows the flow rate perturbations as
thick arrows in each layer. Changes in flow rate due to
the presence of the wave are roughly equal inthemiddle
and upper layer, and opposite and of twice the magnitude
in the lower layer. Accompanying these perturbations
are displacements of the two interfaces. For this wave
(which has n,/n, = —0.50) the perturbation flux arrows
shown are associated with an upward displacement of
the lower interface and a downward displacement, half
aslarge, of the upper interface displacement. These dis-
placements are shown by the dashed lines in Fig. 14.
(Of course, there is no fixed sign for this linear distur-
bance, and we could also have drawn Fig. 14 with the
flux arrows and displacementsreversed.) The above pic-
tureis similar for all of the nearly critical, mode-2 dis-
turbances of the steady flow at the sill during winter.
The vertical structures of the disturbances suggest in-
fluence over the partitioning between the lowest layer
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Fic. 14. A schematic representation of the structure of one of the
mode-2 waves whose speed was calculated using the January sill
values: u; = 0.25, u, = —0.61, u; = —056 ms7*; d, = 45,d, =
75, d; = 43 m; and, p, = 1.0237, p, = 1.026, p, = 1.0284, which
leads to ¢ = 0.04 m s for this wave. The dashed lines indicate
displacements of the interfaces, and the solid arrows perturbations of
the two volume fluxes.

transport and the transportsin the upper two layers. That
is, critical control with respect to the second internal
mode is associated with regulation of the amount of
Upper Red Sea Deep Water that is able to pass over the
sill. Further analysis of this phenomena would require
a more complete model.

6. Time dependence and rotation

Murray and Johns (1997) report typical barotropic
tidal velocities of about 60 cm s* and maximum tidal
velocities of about 1 m s=* in the BAM. In addition,
they measure mesoscale fluctuations with periods of
5-10 days, typical velocities of magnitude 20-50 cm
s, and with more complex vertical structure. Reference
to the sill propagation speeds (Fig. 7) shows that the 60
cm st typical tide, and perhaps the 20-50 cm s* me-
soscale fluctuations, are sufficient in months 10-3 and
6 to reverse the sign the mode-1 wave that propagates
toward the Red Sea, thereby creating mode-1 super-
critical flow. During months 7-9, a 60 m s-* tide would
not quite reverse the direction of these waves, though
the maximum | m s—* tides would. At the narrows (Fig.
12) it appearsthat a 60 m s~* tide isinsufficient to cause
mode-1 supercritical flow in any month, though a1 m
st tide might occasionally be large enough. It is there-
fore quite possible that hydraulic control with respect
to mode 1 at the sill, if it occurs, is highly intermittent.
For mode-2, the intermittency is even more pronounced.
All of the fluctuations mentioned above seem sufficient
to change the direction of the disturbance that, in the
absence of currents, would propagate into the Red Sea.
Moreover, thetidal velocities might also reversethesign
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of the other mode-2 wave, particularly during the sum-
mer.

Our uncertainty bars do not reflect ambiguities re-
sulting from tidal or mesoscale time variations or any
uncertainty that might result from applying concepts
developed in connection with steady flows to time-de-
pendent flows. In general, the application of hydraulic
theory to rapidly varying flows is a relatively unex-
plored issue. In some case studies involving more ex-
tensive measurements in space and time, it is possible
to follow individual signals as they propagate though
the strait in question. [An example is the undular bore
observed in the Strait of Gibraltar (Armi and Farmer
1988; Farmer and Armi 1988).] A discussion of the
hydraulics of instantaneous flows in the Bab al Mandab
would reguire more extensive measurements and, prob-
ably, further advances in theory.

The importance of (neglected) rotation is typically
estimated by calculating the width of the strait to the
internal Rossby radius of deformation L. In the present
model there is a distinct Rossby radius associated with
each internal mode, and their values are estimated in
the appendix to be 16 km < L, < 18 km for mode 1
and 10 km < L, < 12 km for mode 2. The appropriate
width to compare these values of L, against is not ob-
vious. The actual channel widths at the sill and narrows
are wider than any of the L, estimated above. However,
much of the actual width is covered by water that is
homogeneous in our three-layer theory. This is partic-
ularly true in the winter and transitional months, when
the upper interface lies near the top of the central to-
pographic troughs and the lower interface lies beneath.
Thus, the average width of these central troughs (about
7 km in both cases) is perhaps the appropriate scale to
use. Based on these values we calculate (again in the
appendix) that the error in estimating the appropriate
long wave speed is less than 5%. The small error ex-
pectation is due to the fact that the role of long gravity
waves in nonrotating hydraulics is played by Kelvin
waves in rotating hydraulic models. The formulas for
their speeds in the presence of a background flow are
nearly the same.

On the subject of rotation, we also note that the May
and June 1995 CTD survey carried out by Murray and
Johns (1997) indicated very little cross-strait slope in
isotherms and isopycnals at the sill or narrows, afurther
indication of the weakness of rotation.

7. Conclusions

Through direct calculation of internal long-wave
speeds, we have attempted to assess the criticality of
the flow at the Hanish sill and Perim narrows, the two
primary choke points of the Bab al Mandab. Our results
based on monthly mean velocity and stratification are
quite surprising; we find that the flow at both of the
sections is subcritical with respect to the first baroclinic
mode (the mode involved in two-layer hydraulic con-
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trol). In particular, our analysis suggests the monthly
mean flow to be substantially subcritical at the Perim
narrows throughout the entire deployment period (June
1995 through April 1996). Only the strongest tides
might temporarily render the flow there supercritical.
The same can be said for the Hanish sill flow during
the **summer’” months 7-9. During months 10-3 and 6
the flow is marginally to moderately subcritical, as ev-
idenced by the relatively slow speed of the first baro-
clinic wave attempting to propagate from the Gulf of
Aden into the Red Sea. The nearly critical nature of the
flow at one end of the uncertainty bars may indicate the
proximity of our sill section to a section of critical flow
(a point of hydraulic control) or may simply indicate
that no mode-1 control exists. For example, itispossible
that bottom friction has shifted the control to the south
of thesill inthe manner described by Pratt (1986). Given
the uncertainties in our estimates due to factors such as
the neglect of rotation, idealization of the bottom to-
pography and (especially) extrapolation of density and
velocity, either conclusion is possible. In any case, the
strength of the tides and mesoscale fluctuations in the
strait strongly suggest the intermittent occurrence of
mode-1 critical flow.

Interpretation of results for the second baroclinic
(mode 2) depends upon the season in question. During
months 7-9, the monthly mean velocity has a three-
layer character, with outflowing surface and Red Sea
overflow waters and inflowing Gulf of Aden Interme-
diate Water. We configure our three-layer model such
that the two interfaces correspond to the velocity zero
crossings and calculate the mode-2 wave speeds ac-
cordingly. This calculation suggests the month 7—9 flow
to be subcritical at both the sill and narrows, but perhaps
subject to intermittent criticality or supercriticality at
the hands of the strongest tides. During the remaining
months, the velocity structure is two-layer in character
but the density structure is more complicated. An upper,
nearly homogeneous layer, which more or less corre-
sponds to inflowing water, is underlain by an interme-
diate layer of stratified water originating largely from
the Red Sea thermocline. Below this layer lies a nearly
homogeneous layer of upper Red Sea Deep Water. When
configured in accordance with this three-layer structure,
our propagation speed calculations indicate nearly crit-
ical flow at both the sill and narrows. The wave whose
speed is arrested is the one which, in the absence of
any fluid velocity, would propagate from the Gulf of
Aden into the Red Sea. The dynamics of this wave are
such as to affect a partitioning between the volume flux
of Upper Red Sea Deep Water and that of the two over-
lying layers. That is, the wave plays a role in deter-
mining how much Upper Red Sea Deep Water is drawn
over the sill. Since the flow is close to critical at both
the sill and narrows the actual point of hydraulic control
is ambiguous. It might be the case that critical flow
exists at both locations, with a hydraulic jump between.
The situation is further complicated by the presence of
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tides and mesoscale fluctuations that may render such
a control intermittent.
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APPENDIX
Estimates of the Importance of Rotation

The strength of (neglected) rotation can be approxi-
mated by comparing the Rossby radius of deformation
for the vertical mode in question to some measure of
the flow width. For a two layer flow, the Rossby radius
of deformation is given [Pratt and Armi 1990, Eq.
(2.89)] as

Ly = [d(ps = p1)D1.Do/py(Dy.. + D,.)]¥2/A, (A1)

where f is the Coriolis frequency and D, and D,,, are
the *‘ potential depths” of the two layers, here numbered
1 and 2. In idealized situations, the potential depth of
alayer isits upstream thickness in quiescent regions of
the gulf or sea from which it originates. For example,
D,.. would be the upstream thickness in the Red Sea of
the overflow water, perhaps 100500 m, while D, is
the upstream thickness in the Gulf of Aden of the in-
flowing surface water, perhaps 100 m. Using this range
of potential thicknesses as well asg’ = 0.004 g, and f
= 104 s ! gives 16 km < L, < 18 km. For mode 2,
no expression comparable to (A1) has yet been devel-
oped; however, we expect that the appropriate value of
L, can be obtained by reducing the values of the po-
tential depths and g’ by two-thirds, in which case (A1)
gives 10 km < L4 < 12 km.

The appropriate width to compare these values of L
against is not obvious. The actual channel widths at the
sill and narrows are wider than any of the L, estimated
above. However, much of the actual width is covered
by water that is homogeneous in our three-layer theory.
This is particularly true in the winter and transitiona
months, when the upper interface lies near the top of
the central topographic troughs and the lower interface
lies beneath. Thus, the average width w, of these central
troughs (about 7 km in both cases) is perhaps the ap-
propriate scale to use.

The rotational effect that impacts this study the most
isthe alteration in the propagation speed of long waves.
With rotation, the long internal gravity waves that we
have discussed become channel Kelvin waves. It is
well known (Gill 1977) that the latter play the same
rolein rotating hydraulics that long gravity waves play
in nonrotating hydraulics. To estimate the degree to
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which rotation might alter the phase speed, suppose
that the deep central channel is replaced by a rectan-
gular channel of width 6 km that contains two layers,
one of them inactive. Then the speed of thelong gravity
wave and its Kelvin wave counterpart differ by the
factor

a=1-[1- tanh2(w,/2L,)(1 — d/D.)]*?

[see Pratt 1983, Eq. (3.19), for example]. Using the
worst case scenario, we takew = 6 km, L, = 10 km,
and d/D., = 0.2, which gives « = 0.04, or a 4% error
in propagation speed. (The average of the side wall
depthsis d). Although rotation may be marginally im-
portant in the central trough, the associated errors in
propagation speeds are probably not so.
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