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Explosive instabllity
due to 3-wave or 4-wave mixing

A. Review 3-wave mixing (resonant triads)
and 4-wave (including NLS)

B. Explosive instability in ODEs
3-wave mixing, 4-wave mixing

C. Open problem: a physical application of
explosive instability due to 4-wave mixing

. Effect of dissipation
. Effect of spatial structure
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A. Recall derivation of 3-wave
equations

Start with physical problem that admits waves,
but has no dissipation.

Linearize, and find dispersion relation, w(k).



Recall derivation of 3-wave eq'ns

Start with physical problem that admits waves,
but has no dissipation.

Linearize, and find dispersion relation, w(k).

Q: Does w(k) admit 3 pairs  {k.o(k)}

sO _ . B} . B
k =k, +k, =0, w(k) = w(k,) = w(k,) =07

If yes =» 3-wave equations (resonant triads)
If no =» 4-wave equations (resonant quartets)



3-wave equations

—_ —_

Suppose kl ikZi]zS =09 w(El)iw(Ez)iw(£3)=0.
3
Then  u(x,ne) = 82 A, (ex,et)-expik, - X —iw(k, )t} + O(”)
m=1

and

m,n,l=123

3-wave mixing
(capillary-gravity waves; x, materials)



3-wave equations

J.(A Y+c VA =i A'A
mn,l=123
e Coppi, Rosenbluth & Sudan (1969) showed that if
{04, 65, 05} all have the same sign, then {4, 4,, 43}

can all blow up at the the same time, everywhere in
space. This is the explosive instability.



3-wave equations

d(AY+c VA =i A A,
mn,l=123

e Coppi, Rosenbluth & Sudan (1969) showed that if
{04, 65, 05} all have the same sign, then {4, 4,, 43}
can all blow up at the the same time, everywhere in
space. This is the explosive instability.

e The blow-up occurs even with no spatial structure,
SO A=A, (7).



4-wave equations

« Start with w(k)

* Need L L
k+k,xk,+xk, =0,

w(k) = w(k,) = (k) = w(k,) =0.



4-wave equations

« Start with w(k)

* Need L L
k+k,xk,+xk, =0,

w(k) = w(k,) = (k) = w(k,) =0.

» Special case:

—

(k+6kY+{k-0kY—k =k,

f(k) + 6w + {w(k) - dw} — w(k) = w(k).

=» nonlinear Schrodinger equation



Nonlinear Schrodinger equations

For one wave field (in 1-D):

i(0,A+cd A +ela-d, A+ylAF A]=0.



Nonlinear Schrodinger equations

For one wave field (in 1-D):
i(0,A+cd A +ela-d, A+ylAF A]=0.
For two coupled wave fields (in 1-D):

i(0,A+cd A)+ela,-d A+ Ay, |AF +y, 1 BF)] =0,
i(0.B+c,d B)+¢ela, d, B+ B(y, |AF +y,, IBF)]=0.

(also called vector NLS)



NLS equations with 4-wave mixing
(in 1-D)

4
i(0,A, +c,d,A,)+ela, A, +A, Ny, 1A, P
n=1

* * *

+0 A A A 1=0,

m- - ptoqtr
m,p,q,r =1,2,3,4

(Benney & Newell, 1967)
(gravity-driven surface water waves; x; materials)



NLS equations with 4-wave mixing
(in 1-D)

4
i(0,A, +c,d,A,)+ela, A, +A, Ny, 1A, P
n=1

* * *

+5,AA"A] =0,
m,p,q,r =1,2,3,4

Q: Does the “new” 4-wave mixing term
permit new phenomena?

A: Yes - explosive instability

(even with no spatial structure, so NOT wave
collapse)



B. Explosive instability
with no spatial dependence

» 3-wave equations (1969)

* 4-wave equations (2007)



3-wave equations
no spatial dependence

Al(t)=i0AA,, AL(T)=id,A A, Al(T) =i8,A A,.

3 coupled, complex ODEs — {4, J,, d;} known, real-valued



3-wave equations
no spatial dependence

Al(T) =i8,AA,, AL(T)=i8,A A, Ai(T) =i5,A/A;.
3 coupled, complex ODEs — {4, J,, d;} known, real-valued

Necessary and sufficient conditions for blow-up in finite time:
 atleast two of {4,(0), 4,(0), A5(0)} are non-zero;

e {04,0,,04} all have the same sign (and non-zero).
(Coppi, Rosenbluth, Sudan, 1969)



Al(T)=i0AA,, A)(T)=i8,AA, Ai(T)=id,AA,.

Necessary:
Manley-Rowe relations (constants of motion):

J1=IA1I2_IA3 |2, J2=IA2I2_IA3 |2.
5, 5, 5, 5,

If sign (o6,,) # sign (6,) forany m # n,
=>no blow-up.

(Results for 4-wave mixing are similar, but slightly more
complicated.)



A1) =i A A;, A, (1)=i8,A A, Al(T)=i8,A A,.

Sufficient: Suppose {9,, 6,, d3} have same sign.

A 3-parameter family of singular solutions is

i0
A= |0 " g0 40, =" 20N,
0,0,0;, (T, —T) 2

The 3 free, real-valued parameters are {z,, 6,, 6}

(This justifies name: “explosive instability”)



A1) =i A A;, A, (1)=i8,A A, Al(T)=i8,A A,.

Q: General solution of the ODEs?

A: Assume 4 (r)- /65'% " isthe firsttermin a

0,0, (T, - 7T)

Laurent series, in the neighborhood of a pole:

5 i0,,
A (1) = /616’;63 (Ti s l+a (t,-1)+ B, (T,-T)

+7,, (1, =) + O((7, - 1)")]

Determine complex coefficients, order by order



A1) =i A A;, A, (1)=i8,A A, Al(T)=i8,A A,.

General solution of the ODEs:

5 i0,,
A (1) = /616j63 (Ti s l+a (t,-1)+ B, (T,-T)

+7,, (1, =) + O((7, - 1)")]

Find: ¢,=0, Im(B,)=0, Re(B+ B+ ;) =0,



A1) =i A A;, A, (1)=i8,A A, Al(T)=i8,A A,.

General solution of the ODEs:

5 i0,,
A (1) = /616’:63 (Ti s l+a (t,-1)+ B, (T,-T)

+7,, (1, =) + O((7, - 1)")]

Find: ¢,,=0, Im(B,)=0, Re(B+ B+ fBs)

0,
Re(yy,) =0, Im(y,) = Im(y,) = Im(y;) = 7.



*

A1) =i A A;, A, (1)=i8,A A, Al(T)=i8,A A,.

General solution of the ODEs:

5 i0,,
A (1) = /616’;53 (Ti s l+a (t,-1)+ B, (T,-T)

+7,, (1, =) + O((7, - 1)")]

Find: ¢,=0, Im(B,)=0, Re(p+ p,*+ ;) =0,
Re(ym) =0, Im(y4) = Im(y,) = Im(y;) = 7.
6 real-valued, free constants: {z,, 6,, 6,, B4, (5, 1}

= every nontrivial solution of the ODEs near 7= 1,
blows up at 7= 1.



A1) =i A A;, A, (1)=i8,A A, Al(T)=i8,A A,.

General solution of the ODEs:

0 'O 5
A = L 1 -
(0 \/515253 ol Bam =)

+iy(t, - 1)’ + O((T, - 7)*]

Free constants: {z,, 6,, 6, B, 5, Y}
Series converges absolutely if:

() pi=py=0, 1D

3

(i) 1B kB, lylB?, lt,-tFB<I

<1 or




A1) =i A A;, A, (1)=i8,A A, Al(T)=i8,A A,.

Q: What does it mean physically for all three wave
trains to blow up in finite time?



*

A1) =i A A;, A, (1)=i8,A A, Al(T)=i8,A A,.

Q: What does it mean physically for all three wave
trains to blow up in finite time?

The end of the world?

A: Perhaps, but probably not.
The 3-wave equations evolve on a long time-scale
(t = O(e1)). Blow-up in finite time usually means
that assumptions in model have broken down at
this time, or earlier.

Before model breaks down completely, there is
significant energy transfer into the wave modes.



4-wave equations
no spatial dependence

4
A, + A, YT, 1A P+, A/ A A =0, mpaqr=1234
n=1

4 coupled, complex ODEs — coefficients known, real-valued
Necessary and sufficient conditions for blow-up in finite time:
 atleast three of {4,(0), 4,(0), 45(0), 4,(0)} are non-zero;

e {04,0,,03,0,} all have the same sign (and non-zero);

iﬁhjil

m,n=1

< 44/5.6,0.,9,



For NLS-type models with
4-wave mixing

Self-focussing singularity (or wave collapse)

— requires 2 or more spatial dimensions
— a finite amount of energy collapses to a point
— solution blows up at one point, in finite time

Explosive instability

— works in any number of spatial dimensions (including 0)
— draws an infinite amount of energy from a background

source
— solution blows up everywhere, in finite time



C. An open problem

Find a physical example of the explosive
instability due to 4-wave mixing, (with or)
without spatial structure

4
A, + A, YT, 1A, F+5 A A A =0,
n=1

m,p,q,r =1,2,3,4



Final result for ODEs

when necessary conditions hold
* 3 wave mixing

A”W(T) = Z(S 14*14>l< mapaq = 19293

m-"p~Tq?’

A 6-parameter family of solutions all blow up
e 4-wave mixing

4
iA, + A, YT, 1A F+5, A A'AT =0, m,p,q,r=12,34
n=1

An 8-parameter family of solutions all blow up



D. Can damping stop blow-up in ODES?

With no damping:

A (t)=id A A m,p,qg=12,3

7 A

Add damping:
A (1)=i0,A A -v, A, v,=0.

Simplest case: uniform damping V=V, =V, =V



Can damping stop blow-up?

No damping:
(1) A (T)= iémA;AZ,
Uniform damping:

2 *k 3k
@) Al (T)=i8,AL A" —VA,,



Can damping stop blow-up?

No damping:
(1) A (t)=1i0 A A

m-"p-Tq’
Uniform damping:
2 * %k
@ A (T)=i8,A A" —VA,,,

CHANGE VARIABLES:

r-l=¢€" A (D)=eVa (T), m=123

A%

This maps (2) into (1), exactly (Miles, 1984)



Result: uniform damping provides
a threshold for blow-up

3-wave mixing with uniform damping:

A (T)=i0,A A —VA,,
If
e {04, 0y, 05} all have the same sign

0 %
e 14,0k | 88,0, 1—e™™ (threshold)

then solutions blow-up in finite time.
(A similar result holds for 4-wave mixing)




Can non-uniform damping
stop blow-up in ODES?

A (1)=i0,A)A -V, A, , Vaz0.

Seek a formal series solution:

A (1) = /612’;’63 (ril—mr) l+oa (t,-1)+ B, (T,-T) +...]

This is too restrictive — singularity is not a pole




Effect of non-uniform damping
A (1)=i0,A A, -V, A,.

i0,
A (D=2 " io (7, -7)
0,0,0; (T, —T)

+b (t,-7)’In(t,-1)+ B, (T, -T7)* +..]

Try

Find: {«,,} real, determined by {v, }
{b,.} real, determined by {v,}

Bt real, 164, P} free

Continue...




Effect of non-uniform damping

A (1)=10d,A A, -
Result (for ODE model):
 The ODEs are no longer completely integrable

* The singularity is no longer a pole

vm14m ?



Effect of non-uniform damping
A (T)=id AA -v A

m* p* g
Result (for ODE model):

 The ODEs are no longer completely integrable
* The singularity is no longer a pole

But

* Blow-up persists for a 6-parameter family of
(formal) solutions of the ODEs

« Damping does not quench blow-up, except
perhaps by inserting a threshold for blow-up.



Thank you for your attention



E. Blow-up in PDES?

J.(A,)+¢C, VA, =i, A A, mpq=123



Blow-up in PDES?

J.(A,)+¢C, VA, =i, A A, mpq=123

Zakharov & Manakov, 1976
3-wave PDEs are completely integrable

Kaup, 1978
Solved equations in 1-D on whole line (comp. sup.)
Numerics + analysis to learn about blow up



Blow-up in PDES?

J.(A,)+¢C, VA, =i, A A, mpq=123

Zakharov & Manakov, 1976
3-wave PDEs are completely integrable
Kaup, 1978
Solved equations in 1-D on whole line (comp. sup.)
Numerics + analysis to learn about blow up
Unknown: periodic boundary conditions?
more than 1-D in space?



What about the PDESsS?

d.(A)+C, VA =i5 A A m,p,q=1,2,3

m-p-Tq’

Alternative approach: variation of parameters

(S eig’” o) . 3
A = / m 1 — —
(1) 5.0, (ro—r)[ +p (t,—-T) +iy(t,—T)" +...]

{1y, 01, 65, B4, Po, v} are real-valued and free




What about the PDESsS?

d.(A)+C, VA =i5 A A m,p,q=1,2,3

m-p-Tq’

Alternative approach: variation of parameters

(S eie’” o) . 3
A = / m 1 — —
(1) 50.0. (. —r)[ +p (t,—-T) +iy(t,—T)" +...]

{1y, 01, 65, B4, Po, v} are real-valued and free
Suppose we allow {8; = (X), B, = Ba(X), 7 = 1X)}?




What about the PDESs?

0. (A,)+c, VA, =id,A A, mpqg=1273

Result:

. 0, 'O
A, (x,T)= 1/556 (7 r)[ +B,()(t, - 1)’

+{g, (X)) + iy()NT, - 1) + ..

{B41(x), B(x), Y(X)} are real-valued and arbitrary
{9,,(x)} are real-valued, known (in terms of §_.(x))
(Function space is arbitrary at this point.)



More of the same

d.(A)+C, VA =i5 A A m,p,q=1,2,3

m-p-Tq’

Allow {6(x), 6,(x), B1(X), Bo(X), v(X)}:

. 0 n) -
A (x,T)= L 1+ T,—T
W (.7) \/515253 ool =D

+{B,,(X) +ib, (X)}(T, - T)°
+{g (X)+iy(X)}T,-7)° +..]

This family of (formal) solutions of the PDEs admit 5
arbitrary functions of (x), in any function space.



The last step (V. Putkaradze)

d.(A)+C, VA =i5 A A m,p,q=1,2,3

m-p-Tq’

. 5 p (X
A — m m 1 _

+{B,,(X) +ib, (X)}(T, - T)
+{g (X)+iy(x) T, -7) +..],

pf()‘c’) =(1-c,-Vt,(x))-(1-c5 - VT,(X)),
P3(X) = (1-¢5 - VT, (X)) (1-¢, - VT, (X)),
P3(X) = (1-¢, - VT, (X)) (1= &, - VT, (X))




What's left for 3-wave mixing?

d.(A)+C, VA =i5 A A m,p,q =123

m-p-Tq’

6,0,0;, (T,(x)-1)
+{B,,(X) + b, (X)}(T, - T)’
+{g,, (X) +iy(0)}T, - 1) + ..,

—\ 6, (%)
A (%,7) = J O PuDE 1 ia )T, D)

e Convergence of the series?

(Cauchy-Kovalevskaya theory?)
e Constraints on the free functions for blow-up?

e Physical Application”?



Can damping stop blow-up?

With no damping:

4
id(Am)+AmEymnlA P+ ATATA" =0,

m* ptrq”r

Add damping:

l.d(Am)
dt

4
+ A, Y Y, 1A, P46, A A A +iv,A, =0,
n=I1

v =0.

Simplest case: uniform damping

V, =V, =V, =V, =V



Can damping stop blow-up?

No damping: d(A )

(1) dt

+ A EymnlA P+6 ATAAT =0,

m- p g r

Uniform damping:

4
(2) id(jtm) + Amz)’mn 1A, F+6,A A A +iv-A, =0,

Change variables:

1_ —2vt
T=—" A()=ea (), m=1234
2V

This maps (2) into (1), exactly.



Damping provides a
threshold for blow-up

4-wave mixing with uniform damping:

.d(A,)
l

If dt
e {04, 05, 05, 9} all have the same sign

4
+ AV 1A P48, A A A +iv- A, =0
n=1

<4./56,0,0,

4
N Vo 16,

m,n=1

vio, |

4
80,0,8, = (5 DY 18,17

m,n=1

Then solutions blow-up in finite time.

|A (0)P=

, m=12,34




