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Abstract

We consider the weakly nonlinear growth of instabilities of a submerged elastic jet.
We look at the large Weissenberg and Reynolds number cases with small and moderate
elasticity. As in inviscid Newtonian shear flows, critical layers develop, but they are
affected by the elastic properties of the fluid. At small elasticity, the early development
of the critical layer is not significantly changed. At moderate elasticity, the critical layer
splits into two different layers, whose location depends on the elasticity. The resulting
amplitude equation is significantly altered from the Newtonian case.

1 Introduction

Rallison and Hinch [1] studied the inertial instability of a submerged elastic jet having a
parabolic velocity profile. They used a large Weissenberg and Reynolds number limit and
concentrated on the effects of elasticity on the instability. At the end of their paper, they
found hints of a critical layer for certain parameter values. This critical layer disappears
when elasticity is removed from the equations and so depends on elastic effects.

As in [1], we consider a jet of an elastic fluid entering into a motionless fluid. We can
think of the motionless fluid as being the same material as the jet, or we can consider it to
be Newtonian without any change in the governing equations. Because it is motionless, its
elastic properties will not affect the dynamics.

The jet itself is 2 dimensional, rectilinear (i.e., the fluid particles all travel parallel),
symmetric about y = 0 and bounded between y = —L and y = L. We are primarily
interested in the large Weissenberg and Reynolds number limit of this jet. Hence the
relaxation time of the elastic fluid will be large in comparison to the shear rate and inertia
will dominate viscosity.

The velocity profile of the jet which we use is similar to the Rallison and Hinch profile.
It is U(y) = V(L? —%?)?/L*. The choice of this profile will be explained in more detail later
(and our results are not strongly dependent on the particular profile), but it is chosen so
that U’ is continuous between the jet and the ambient fluid. We find that critical layers will
exist, and we concentrate on the influence these critical layers have on the weakly nonlinear
evolution of the instability.

In section 2 we give a brief description of related results in Newtonian fluids and
magneto-hydrodynamics. In Section 3 introduces the equations that govern the motion
of our elastic fluid. Section 4 describes the linear problem to be solved assuming large
Weissenberg number, derives some results about neutrally stable modes and discusses the
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influence of those results on the weakly nonlinear analysis. Sections 5 and 6 look at the
influence of an elasticity parameter £ < 1 and F ~ 1 respectively, performing both the
linear and weakly nonlinear analysis. Section 7 concludes this work and suggests future
lines of attack.

2 Rayleigh’s Equation

An inviscid Newtonian fluid can have a 2-dimensional flow profile U = (U(y), 0) where U(y)
is any function. If we restrict U to twice continuously differentiable functions, and look for
linear disturbances wexp[ik(z — ct)] then the linear stability is governed by Rayleigh’s

equation 5
[(U —c)? <UL> ] = k(U — )y

—C

where 1 is the stream function for u.

If ¢ has positive imaginary part, then the disturbance will grow — the system is unstable.
It was shown by Rayleigh that a necessary condition for instability is that U” = 0 for some
.

In order to go a step beyond the linear analysis into a weakly nonlinear theory, we
generally start from a mode which is neutrally stable, that is, ¢ has zero real part. We then
try to understand what happens as the growth rate is increased from zero to O(e). In the
case of Rayleigh’s equation, it can be shown that if ¢ is real, then U(y.) = ¢ for some y,
satisfying U”(y.) = 0. In this case, a critical layer develops about where U = ¢, which is
where the background flow is equal to the movement of the instability. It can be shown
that although there is an apparent singularity in the differential equation, the solution for
1 is continuously differentiable.

A large amount of research has been done into the this problem, as well as the effect
that weak viscosity has (see [2] and references therein). In the presence of viscosity, we can
no longer use an arbitrary flow U. Generally, people will use a flow profile which does not
satisfy the equations of motion, but justify it either by arguing that the time scale that the
viscosity acts on is slower than the time scale of the instability or by explicitly adding a
body force.

A paper by Hughes and Tobias [3] studies the linear stability of magneto-hydrodynamic
shear flows. The linear stability has been studied by others as well (see references in [4]).
Some papers by Shukhman [4, 5] have analyzed the weakly nonlinear problem in the presence
of a magnetic field parallel to the flow. They used a modified Rayleigh equation

et ()] = o -t

Rather than the critical layer occurring where the background flow is as fast as the insta-
bility, the critical layer will occur here where the speed of the instability relative to the
background flow is equal to the Alfven wave speed.

The magneto-hydrodynamic version of the Rayleigh equation is similar to that which
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we will derive for an elastic fluid (previously derived by [6, 1])

(U = ¢)? —2EU" (%)T =[(U=¢)? - 2EU’Q]%.

Here the critical layer occurs where the speed of the instability relative to the background
flow equals the elastic wave speed.

3 Basic equations

Because we are interested in an elastic fluid, we cannot use the Navier-Stokes equations.
There are a wide variety of equations developed to describe elastic fluids. Many of them
are applicable in different regimes, and none seem to be universally valid. The principal
lectures for this year discuss them more completely.

We use the Oldroyd-B equations

DU
p—— =—VP+uVU + GV -A
Dt

A=lo_a

=_(-A)
V.-U=0.

where U is the fluid velocity, P the pressure, p the density u the viscosity, 7 the relaxation
time of the fluid and ¢ time. Often G is considered to be C'/T where C is proportional to
the concentration of a polymer in the fluid. It measures the strength of the fluid’s response
to stretching, while A measures the amount the fluid is stretched. The upper convected

derivative is defined by X = %/;\ —A-(VU) - (VU)T - A

We non-dimensionalize with a typical length scale L equal to the half-width of the jet
and velocity scale V equal to the center-line velocity. Then using asterisks to denote the
new non-dimensionalized variables, V* = 1V, U* = VU, p* = pu/pVL, P* = P/pV?
and t* = %t. In the base flow, A1 will be 1 + 27‘2Uy2, and a characteristic value for U, is
V/L. Defining A = Wi~! = L/V1 we will normalize A by A* = \?A. Setting F = G72/pL?

and dropping the asterisks, we arrive at

DU

ﬁ:—VP+uV2U+EV-A (1)
\4
A= 2\1—)A (2)
V.U =0. (3)

Because of the length rescaling, the jet is now bounded between y = —1 and y = 1. The
elasticity parameter E is independent of the speed of the base flow. It depends entirely on
geometrical and material properties. We will take the Newtonian viscosity p to be small.
We are interested in the influence of the elasticity and the inverse Weissenberg number, A
on the growth of instabilities.

In the presence of nonzero viscosity or elasticity, the momentum equation (1) will not
allow U = (U(y),0) to be a solution. A body force b(y) may be added to to the right
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hand side to maintain this base flow. Alternatively, we can assume that the instability
investigated develops over a short enough time scale that the base flow is effectively steady.

For a steady rectilinear flow, the elastic stress will reach a steady state, so %’i‘ = 0.
Expanding the upper convected derivative in equation (2) yields —A - (VU) — (VU)T - A =

A3l — AA. Solving this we get

A 20" + N2 \U'
R 22 )

We allow perturbations to the base flow so that the velocity is U = U + u and the
elastic stress is A = A +a. We substitute U and A into equations (1) and (2). Since the
flow is two dimensional and incompressible, we introduce a streamfunction i such that
u = (1y, —tpz). We eliminate pressure by taking the curl of the momentum equation (1)
yielding an equation for the vorticity w and we expand the constitutive equation (2) giving

VQw = —w (4)
wi + Uwy +U" "y — J(h,w) = uV3w + E[—0gya11 + (0zg + Oyy)ai2 + Oryazn] (5)
)—F—f:—m. (6)

2a12 a2

ar+Uay — J(,a) —1/JxA’—U/<
agy 0

The Jacobian J satisfies J(q,r) = gz7y — gyrz. The tensors F = A - (Vu) + (Vu)T - A and
f=a-(Vu)+ (Vu)T - a are given by

F_ <2A11wmy + 2A12¢yy A22wyy - Allwxm )
A22¢yy - All¢mc _2A121/]x:1: - 2A221/]xy
_ <2a11¢xy +2a12¢yy a2ty — a11%u )

a2y — a11%ez  —2012YVze — 20224y

4 Linear Problem

We shall make the assumption that A and p are negligibly small, and so we reach a simpler

expression for F
_ 12 2'¢xy e
F=2U {_ s E

We now linearize the perturbation equations (4)—(6), holding on to the leading order linear
terms. We seek solutions proportional to exp[ik(x — ct)]. If ¢ has positive imaginary part,
then this mode will grow in time at a rate of R[c]k. It is referred to as unstable. If ¢ has
negative imaginary part, then the mode will decay in time and is called stable. The resulting
relation between R[c]k and k is a dispersion relation. It gives the growth rate as a function
of the wavenumber k.

Equation (6) shows us that ass and ajo are both much less than a1, and that

a1y = [AU Yy, + 20"%4,) /[ik(U — ¢)).

Substituting this into the vorticity equation (5) and dropping nonlinear terms provides

0 0 o
7y (Fa—y”> = kT @
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Figure 1: The dispersion relation for varicose modes with different values of . The elasticity
tends to stabilize the mode. For all cases, the growth rate is positive for sufficiently small
k, and the mode disappears at some finite value of k.

where T' = (U — ¢)2 — 2EU"* and = ¢/ (U — ¢). Note that T' is continuous.

We will be looking for varicose and sinuous modes. Because of the symmetries of these
modes, we can restrict our computations to just looking at half of the jet. For a varicose
mode, the perturbation has no flow across the center line of the jet. Consequently, ¢, =0
at y = 0. This means that 1 is constant on the center line. Since ¥ can have an arbitrary
constant added to it, we choose that constant to make 1(0) = 0 for a varicose mode.

Conversely, for a sinuous mode, the perturbation has no flow along the center line of
the jet. Consequently for a sinuous mode v, (0) = 0.

To find the boundary conditions at y = 1, we observe that for |y| > 1, the value of T’
is ¢. Thus 7 solves

02 77// _ k2 0277

and so n = O} exp(ky) + C5 exp(—ky) for y > 1 and n = C exp(ky) + C; exp(—ky) for
y < 1. We assume that 7 decays as |y| — oo so Cf = (C, = 0. We use this to choose
boundary conditions at y = +1. The boundary condition we apply at 1 is that I'y’ = —kc?n
and at y = —1, '’ = ken. Either of these conditions along with the conditions previously
discussed at y = 0 will suffice to determine the solutions. However, for what immediately
follows, it is easier to use the conditions at +1.

We are interested in conditions under which we can have a marginally stable mode, that
is, a solution where c is real. Clearly if ¢ is such that I' = 0 for some value of y, then c is
real and the differential equation will be singular. The values of ¢ which allow this will form
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a continuous set, the continuous spectrum of the problem. We will now show that if ¢ is
not in the continuous spectrum, then ¢ has nonzero imaginary part. For generality, we do
not make many assumptions on U here. We take only that U is continuously differentiable
and that U(—1) =U(1) = 0.

Assume that c is real but outside of the continuous spectrum. This means I' is nowhere
0. We multiply equation (7) by n*, the complex conjugate of 1, and integrate from —1 to
1. One integration by parts gives

1 1
oty = [ TPy =i [ Tinfa.
The boundary term evaluates to —kc?(|n(—1)|> + |n(1)|?) < 0. Since U(—1) = U(1), the
mean value theorem can be used to prove that U’ = 0 at some point in the interior. At
this point I' = (U — ¢)2 — 2EU’* > 0. By assumption, I' # 0, hence I' is positive at
some y € (—1,1). Since I' is continuous in this interval, and is nowhere 0, it is positive
throughout. Both integrals are positive, and thus the left hand side is negative while the
right hand side is positive, a contradiction.

We have shown that all real eigenvalues ¢ lie within the continuous spectrum. Thus if
an unstable mode stabilizes, the eigenvalue is actually entering the continuous spectrum.
This will substantially complicate the nonlinear analysis. Generally when we attempt a
weakly nonlinear analysis, we separate the dynamics into a small number of slowly growing
or neutrally stable modes on which we focus along with some quickly decaying modes which
are ignored. We then get coupled ODEs relating the amplitudes of these modes. Here there
is a continuum of slow modes, so we cannot reduce the problem to even a finite set of modes,
much less a small number. Consequently we will arrive at a PDE rather than the ODEs.

It has been shown [7, 8] that a jump in first normal stress (A1) can lead to an instability
at zero Reynolds number. If there were a discontinuity in U’, then there would be such a
jump, and we might expect it to play a significant role in the dynamics. To simplify our
analysis, we will not investigate that effect. To prevent this from occurring, we need U’
continuous everywhere, including y = +1. This is why we have chosen U(y) = (1 — y?)2.
The theoretical results we obtain here do not depend strongly on this form. Our numerical
work has shown qualitatively similar behavior for other flow profiles.

We expect to find a neutrally stable mode proportional to explik(z — ct)] which goes
unstable. We will attempt a weakly nonlinear analysis of this mode, looking for modulations
over a long time scale T = e~ 't where € < 1.

We change to a frame moving with the disturbance, and so 0, is replaced by —c0, + €0r.
The equations (4)—(6) become

VQw = —w (8)
ewr + (U - c)wz + U//% - J(% w) = MVQW + E[_axyall + (8w:v + 8yy)a12 + axya22] (9>
car + (U — ¢)ag — J(¥,2) — h,A' — U’ (2;“2 “82) —F—f=-)a (10)

22

These are the equations we must use for the weakly nonlinear analysis.
We consider two cases
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Figure 2: Plots of the varicose eigenfunctions for small and mdoerate elasticities.
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5 Small E, small \

There are two limits which are of interest here. In the limit where E ~ €2, X ~ e the elastic
stresses appear in the leading order balance inside the critical layer. Almost all of the terms
are of the same order, so this limit turns out to be quite hard. It corresponds to the scaling
at which the critical layer splits into two layers whose width is comparable to the distance
between them. The interaction between the two layers is important. We do not discuss this
limit here.

The limit where E ~ ¢, X ~ € is more tractable. We set E = ¢*E; and A = e\;. The
elastic stresses do not appear at leading order inside the critical layer.

When the instability begins to appear, we expect ¥ to be very small. As the instability
develops, ¥ should grow and saturate at some size £&. We seek an appropriate relation
between { and e. The dominant terms in equation (9) are ewrp, (U — ¢)wy, U1, and
J(¢,w). Inside the critical layer, U is about 0, and can be approximated by (y — y.)U..
For small T, the balance between ewp and (y — y.)Ulw, tells us that y — y. = Oe and so
the proper length scale inside the critical layer is Y = e 1(y — y.). As T grows, we expect
J (1, w) to become order e ~!¢w, which should be comparable in size to ew. This gives & = €2.

We typically have a long wave instability which stabilizes at higher wave number k. We
make the assumption that our domain is such that the longest wave possible corresponds
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to the wavelength at which the modes restabilize. A small perturbation to the domain size
allows an unstable mode to develop with wavenumber k& = kg + €k;. Using our scaling for
1, we have (for the outer solution)

V) = 1hye? + P> + cc + hot

W = wye2 + wyeS + cc + hot

where cc denotes complex conjugate and hot denotes higher order terms. We expect 2 and
ws to be proportional to exp(ikz) and separable in y and T. Let ¢, = B(T)thy(y)e** and
ws = B(T)W,(y)e™*®. At O(e?) equation (8) becomes 1&2” — k24, = —&, and equation (9) is
(U = €)W, + U"1hy, = 0 which combine to give

(U = &)ty — k&1s] — Uty = 0 (11)

which is identical to the Newtonian case. As in the Newtonian case, the mode of interest
satisfies U = ¢ when U” = 0. For future reference we define a linear operator £ such that
Llp,] =0

LY] = (U = c)(dyy — k/'(Q)T/)) - U"y.

Solving this linear problem gives us information about the shape of @Z;g, but tells us
nothing about the evolution of B. That will come from the next order.
At O(e3) equations (8) and (9) become

v2¢3 — 2kok1t, = —w;
*WQT — (U - C)W3x + U/,¢3IE'

The kok; term comes from the fact that 921, = (—k:% — e2kok1 — €2k?)1p,. We are only
interested in the part of 95 proportional to exp(ikz), which we express 15. The x derivatives
again become multiplication by ¢k. Combining these equations gives

5[7/;3] = —iBrw, [k +2B(T)(U — C)koquﬁ;- (12)

We multiply this by wA;k /(U — ¢) and integrate from y = —1 to 0 (the 0 to 1 contribution
follows similarly). This will give us a differential equation to solve for B. A complication
arises at y., so instead we integrate over (—1,y. —d) and (y.+0,0) for a § determined later,
but assumed to be small. On the right hand side we approximate this integral in the limit
0 — 0 with a principle value integral so that the right hand side evaluates to iloBr + k111 B
where Iy = [° [1h,]2U" [ko(U — ¢)?dy and Iy = [, 2ko|ih,|? dy.

When we integrate the left hand side by parts, we get

Ye—0 ik o] 0 % [Tl Ye—0b ) N 0o D
/ Y5 Ls) +/ V3L :/ Vs L[] Vs L[]
Y

-1 U-c 46 U-c 1 U-c - Ye+d U-c

—+ [&;Qﬁsy]%fé + WA;TE:&y]gché - [&;ylﬁs]?icl_(s - [1/;;3,7ﬁ3]20+5
—ay [[?Z;gyﬂ T %Z;;‘y Hiﬁgﬂ . as d — 0
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where we use the fact that ¢ satisfies £[y)] = 0, that the boundary conditions at —1 and
0 cause boundary terms to disappear and that continuity in 1/12 across ¥y, means the jump
in w; is 0. To evaluate the remaining jumps we need to know more about wg close to y..
Close to y., we will use a Taylor Series approximation for U — ¢. At y., U = ¢ and
U'"=0,50U—c= (y—y)U.+ (y — ye)*U" 6+ ---. As y — y., 1, diverges and so to
leading order in y — y. equation (12) becomes
NV, 1B,

T koly — ye)UL

which gives a solution of the form

Uy =~y — ye) BrQInly — ye| + |y — yely + R

where () and R are regular functions of y and v is a constant measuring the jump in 1,/;3y
across the critical layer. Note that wAJ is continuous across the critical layer, so we arrive at

iloBr + k111 B = 2% 1. (13)

Our solution for 1/;3 gives us no information about . However, it does show that e,
becomes larger than v, as y — y.. This continues at even higher orders, and the asymptotic
expansion which we have assumed for ¢ will fail close to y.. Even before determining this
solution, we could see that it would fail because in obtaining an equation for 1;”, we
neglected terms which we expect to be small. However, we also divided by U — ¢, and so as
y — y. some discarded terms will inevitably become unbounded.

We will have to resolve the critical layer more carefully in order to retain an asymptotic
solution. In the process, we will be able to determine the value of «, which allows us to
find B. We will introduce a new space variable Y satisfying y — y. = €Y. Thus 9, — %ay
Inside the critical layer U — ¢ will be given by U —c¢ = eY U/ + %U " using the observation
that U, — ¢ = U/ = 0. We will match the outer solution with the inner solution at y = §
corresponding to Y = A. A satisfies 1 < A < e ! so that § = eA < 1.

The outer solution evaluated at y. + ¢ is

Y= 62¢2¢ + 625¢2/c + 63¢3 +
= thy, + EAY,, — Al || BrQ — ' ABrQIn |A| + €' |Aly + ERe + - -

w:egw2c+~~

5.1 Inner solution

To match we take an inner solution of the form

V(2,Y,T) = EWy(2,T) + [Us(2, T) + Y03 (x, T)] + (' In €)Y Uy, (2, T) + ', (x, Y, T) + - - -

w :6QZQ+

199



Note that the only dependence of 1 on Y is in Y ®; and ¥,. ¥, will be allowed to grow
large as Y — A. It is immediately obvious that

\II2('7;7T) = ¢2c($’T)

(I>3(va) = ¢2/c($’T)
\1’31/2($7T) = _BTQ

Uy(z,T) = Re(x,T)

The remaining terms from the outer solution will match with ¥,. In particular 2A,” +
[05']] = [Way]2A. We know 1,./, so we just need to find [,]2, in order to get v = [[¢5']] /2.

From the O(e?) component of equation (8), we get ¥,,, + ¥,yy = —Z, and so
A
(W ]2 = — </ Z,dY + 2A\I/m> .
—A

Substituting for [\If4y]éA = 2A1)," + 2v we get

A

—A

Since ¥, = 1,,., we can rewrite the final term as 2A(t,,, + 1¥,). L’Hopital’s rule and
equation (11) tell us that this is 2AU/1,./U.. Finally substituting for 1,, with ¥,, we

reach
A U///
—A c

One further change of variables ( = —Zy — U W, /U! reduces our problem to finding (.
Taking equation (9) will give a PDE for (. The O(€?) terms will be zero since U, — ¢ =
U! = 0. We are left

U/// _ _ _
CT + ﬁ\IIQT + YU(/;C - \IIQ:ECY = €E4[_€ lamYall + (azx — € 2aYY)a12 +e€ lamYa22]-

C

We need to determine how the stresses a11, a12 and ag9 scale.
Using equation (10) and the leading order approximation for U — ¢ we arrive at

€Y Ulassy + €asor — € "y (1, ass) — Fao — foo = —€Aiamn
YUlaroz + earar — € ' Jy (¢, a12) — Ulage — Fia — f12 = —eA1a12
YUlari g + eannr — € Py (1, an1) — 2Ulars — Fin — fi1 = —edan
where Jy (q,7) = qu7y — qyr,. Looking at the order of the driving terms in each component

suggests that a;; = a11, a12 = eaqo and a9y = 2ayy is a good scaling.
This yields

YUl + asor — Uspaoay — 20U Wsu — 2002055, = —Ajaine (14)
YUlazz + crar — Vagaiay — Ulaog + 22U W54, + a11Way, = — A2 (15)
YUlor1,z + a1 — Yoponry — 2ULa1a = —Aann (16)
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coupled together with the PDE

"

ﬁ\IIZT + YUéC — U, ¢y = E4[0yyar1 — Oyyaual. (17)

C

(r+

Solving this system and taking the limit A — oo, we can find v = ffooo é‘ /2dY . Then finally
we have

iloBy + ki1 B = ¢2/ Cdy (18)

5.1.1 Linearization

The coupled system of partial differential equations is nonlinear and generally difficult. To
solve it completely would demand a numerical attack. We can still manage some progress
through theoretical approaches. We follow [2] and references therein.

We can linearize these equations to get some idea of the early growth of the mode prior
to its saturation. The linear equations are

(O + M\ +ikUY )agy = =20 UK*B (19)

(Or + M + ikU'Y )ars = Ulags + 2k2U/°B (20)

(Or + M1+ ik’UéY)OzH = 2U/0412 (21)
] Ué”

(O + ikUY)C = — i Br — E(a11z + an2y)y (22)

5.1.2 Normal Modes

Taking the linear equations (19)—(22), we look for modes proportional to exp(cT’). So
a9 = G exp(oT') and similarly for the other terms.
Then
MU KB
o+ A\ +kULY
IMUK2B N 2k2U"* B
(0 4+ A\ +ikUY)? o+ M\ +ikUY
2U! a2
o+ A1+ ikULY
U" Br A UMEB
CUl(o+ikUY) (0 +ikUY) (0 + A\ + ikU'Y)3

Qg9 = —

11 =

(=

We want to back out the integral ffooog: dy. f is the sum of two terms, each of which will
have to be attacked separately.
The first term is not difficult

oo U///B U///B
/_oo U’(o—i—ku’Y ku’2 / Y —

ZU/// T




Since we are looking at —1 < y < 0, and U(y) = (1—%?)?, we know that U’ > 0. The second
term is the term that depends on the elasticity. Therefore it gives the elastic contribution.

> AU EB o [ 1
/ 5 Ue ;dY = —4EB / dy
) oo (Y

) ) 10 i(o+A
oo (0 +EULY ) (o + M +ikULY _ kUg)(Y _ (kJFUél))S

We use contour integration. For the following we assume U > 0, though equivalent ar-
guments can be made if it is negative. The contour we choose is from —R to R and then
closing it with a semicircle. The contribution from the arc goes to 0 as R gets large [since
the denominator is O(Y'4)]. The poles are at Y = io/kU. and Y = i(o + A1) /kU.. We know
A1 > 0. If R[o] > 0, both of these poles are in the upper half plane and so we close the
contour in the lower half plane. This shows that the integral is 0. In contrast, if o < —Aq,
then both poles are in the lower half plane, and we can close the integral in the upper half
plane. We get a nonzero integral only when —A\; < op < 0. In this case the integral is

4E27
(M /kUY?

Thus elasticity only has an effect on the normal modes if the mode is decaying. From
equation (18)
U o 4E2m -
ol + kI = | ——< ien(Rlo]) — ——— | ¥*
ioly + kil 2 T sisn(Ro]) oo k0 Y| Vie

12

C
where y = 1 if —A\; < R[o] < 0. This can be used to solve for o, but it is of limited value
since we expect the solution to saturate at large enough values that the linearized inner
equations are invalid. This can give useful information for small 7.

5.1.3 Initial Value Problem

Rather than looking for a normal mode, we can alternately try to solve equations (19)—-(22)
as an initial value problem using Laplace transforms.

We get a very similar set of equations to the normal mode equations. Here we define
G2 such that doy = fooo e*STagg(s) ds. We similarly define the other hatted variables. As
before we arrive at

R 2IMUK2B
Q22 = — .
54+ A +kULY

) 2MUPK2B N 2k2U"* B
19 = —

BT TGN+ ikUY ) T s+ M +ikUY
. 2U G2
a11 = .

s+ A +ikUY
‘= U" Br 4K U EB

S UN(s+ikUY) (s +ikUY)(s 4+ A\ + ikULY)3

and we want [*_(dY.

When we inverse transform ¢ using a Bromwich contour integral, we will take R[s] > 0.
Using the arguments from the previous section, the contribution from the second term will
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be identically 0 because s and s + A\; both have positive real part. So once again, the
contribution from the elasticity disappears.
The first term gives a contribution. We end up with
7TU”,BT .
tloBr + k11, B = —0727#;‘
kU! ¢

This is a linear, first order constant coefficient ODE for B. B will have exponential growth
or decay. Until B becomes large, this equation should give useful information about its
growth.

6 E~1, A< 1

We now consider larger values of F. To simplify the analysis in this case, we will completely
ignore A.

As before, we assume that 1 saturates at some size £. Balancing the leading terms, the
width of the critical layer is € again. The difference is that now E is order 1, so that the
elastic stresses will have to appear in the leading order balance.

We still solve (8)—(10), but now when A = 0, the value of F becomes

F= (2A11¢$y _Allwxa:>
_Allw:m: 0 ’

It is convenient to use the following expression for a1 and a9s:

4u'u” o;1au’ 4U"”? o;1s
w_i_ x a12+ "/}y_i_ T

an = U-c U-c U-c U-c
. _ 22U, N ;'R
2= U-c¢ U-c¢

where 0, ! denotes an integral and

R = —€al,T + J(¢7 a12) — a11Yze
S = —€a,T + J(w, all) + 20/111/)901/ + 2a12¢yy'

This results in the equation

aoi = en-cotwan 6 ([F25) [p] - [F, + [o]) @

where 5 - o ’
=g (Tyree) + o (Tre)

with I' = (U — ¢)? —2EU"?. At leading order, this is the linear problem (7). We expect that
if there is a zero of I', then there is likely to be another zero. Usually we anticipate that
there will be two critical layers. We can generally look at the critical layers independently
of each other, and we will use a subscript j to distinguish between different critical layers.
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The places where I' = 0 correspond to where the elastic wave speed equals the speed of the
disturbance relative to the base flow.
We now use a different ordering for ¢ following [9]. In the outer solution

P = 2y sy + EPs + €y

w = 65/2(A)5/2.

At leading order, the outer solution satisfies

5[7/15/2] =0.

If ¢ is real, the solution to this is singular. We can use a Frobenius expansion to approximate
the outer solution close to the j-th singularity as

s = B(T) (a7 ¢1 + by ¢) exp(ikz) + cc

where a;-—L and b;c are constants that depend on the sign of y —y; and

By—y)? iRy —y)’

=1
¢ =1+ 1 5 + hot

K o\ (y—y)?  [2rrT? o srik? T
¢2=—F9’(y—yj>—<rg'+2_rg>( il (B T ) g

+ ¢1In |y — y;| + hot

We need to determine what the jumps are and how B evolves. This will require careful
analysis inside the critical layer.
At order €3, the outer solution satisfies the same problem

£[¢3] =0.

At the next order, O(¢7/2), we get a new equation

Llrale =2REBAT 2L 4 oy — R0 ap
2
4 E 4U/3¢5/2T B 4U/U,/1/}5/2T _ 4U,3¢5/2T 4U/ wS/ZyT
(U —=c) (U =c)? U=cp  (U-¢)?
204 2U s 2y
(U —0)? (U —¢)?

As before, we multiply by ¢Z,/(U — c). We would like to integrate from —1 to 1, but this
integral will have singularities at the critical layers causing it to diverge. To accomodate
this, we will have to leave out regions of width 2§ about each critical layer. On the left hand
side, we will use integration by parts. After using the fact that L[s,,] = 0 all that will
be left is boundary terms involving v/, and v5,,. The values of those boundary terms will
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have to be evaluated by solving the inner problem. On the right hand side, all the integrals
will involve v5,,. We can evaluate them. As § gets small, a careful matching in orders of
0 will match the portions of the integrals on each side that go to infinity. We will be left
with an expression of the form

boundary terms = iIyBr + k111 B (24)

We need to solve the inner problem to advance further.

Figure 3: We see that across the critical layers there is a change in phase of the solution.

6.1 Inner Solution

The inner solution will have

P = 65/2\115/2 + 63\113 + 67/21117/2

w =/ 2z, /2
Notice that in the previous section the leading order term of % in the inner solution is
independent of Y. Here however it depends on Y. We know w = —V?¢ which has two

derivatives in Y. Each derivative in Y introduces a factor of ¢!, consequently w is two
orders larger than . It is straightforward to see that

R= R7/2€7/2 + R4€4 + Rg/zfg/2 + -
S = 55/265/2 + 5363 + S7/267/2 + LR

Again we use the variable Y = ¢71(y — y;). The left hand side of equation (23) becomes

1 I Ul r/ U}
{ Yy s Y iy Y Ny sz} +O(7?)
J zY

cUj—c (Uj =) (Uj — o)
while the right hand side becomes
—ewr + J(¥,w)
+E ( UQY”@? B <U4TZ>3> O R+ %@7 Foy
B | Sy b e )
—E <(UU_HC)2 — (U2[ii)3> 'R — %Qvlfiy + ﬁa{;l}zyy
+ EUR_x - | |
= %wYYT - E%JY(TPWYY) +FE E(Uj%a;l}?y] +F E Ujl— CSy - (UjU%c)?YSY +
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We want to match these equations order by order.
At O(€%/?), equation (23) becomes

I ES5/2 Ea_1R7/2
|:Uj J_ CY‘I’5/2Y:| y = lI’5/2YYT + Uj _ch N :CUVJ' — CYY . (25)
Order €2 gives
- ES;y  EO;'Riyy
[Uj J—cY\Ijsy} Y = Vsyyr = Jy (Vs Uspoyy) + U—-c Uj—c 2

and order ¢°/2 gives

r .y T .y
|: J Y\IJ7/2Y + ]—Jc2y2\115/2Y + _;Yzq,my _ ]732}/\1;5/2

Uj—C (Uj— ) U (Uj—C) Y
2EU‘8_1R7/2Y ES7/2
z Y
= \117/2YYT - JY(\I}5/27 \IISYY) - JY(‘I’37 \I’s/zyy) + (é] — C)2 + Uj PR (27)
B BUJY Ss)oy — EUS;) QEU]/@;IR?/W B EJ; ' Ryayy _ EUJ/‘YE);IR”WY
Uj—c)*  (Uj—¢)? (Uj —¢)? Uj—c Uj —¢)?

We need to go into detail on the expansions for ¥, R and S. Before we do this, we make
the observation that if (U; — ¢)? — 2EU]’-2 =0, then 2EU;2/(U]- —c)? =1
Some messy algebra shows that

Ry = %\PW%:T

R, = UjE— © Wy — (V5129 Usp,)],
Ry = Ui—c [YWsrnp = Wspopg + Uapop — (Vay Us ) — (Ui W )]
S50 = —w%ﬂ)@

S, = —w (Wayr — Usjay Vs ayy ]
50 = _2(U]-E c) (UJ-UE - (Uj2fji)U<) YUy 0+ (]Jf\ll5/2T R -

J J
U; 1
—m‘I’S/zT - max s joyrr = (Usjoy Way)a | -

We are finally in a position to write down equations for the evolution of v inside the critical
layers.

We can immediately make a perhaps remarkable observation. When these values for R
and S are inserted in equations (25)—(27) E is cancelled in every term where it appears. So
the only role E appears to play is in determining where the critical layers are. Other than
that it does not directly affect the dynamics within the critical layers.
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After substituting for R and S and integrating once in Y, equation (25) becomes

I
Vs oy + W]—C)Y\PW%Y =Vi(z,T). (28)
Substituting for R and S in equation (26) gives
I
[U ! Y‘I’st] = —2Wsyyr — Jy (Vs/2, Vs/ayy )
¢ Y

However,

JY(‘II5/27 ‘115/2YY) = \115/233\115/2YYY + \1’5/2:1:Y\I’5/2YY - \1’5/2:1:Y\I’5/2YY - \1’5/2Y\I’5/2mYY
= (Ws/2, Vsayy = Uspagy Uspay )y
= [JY(\I’s/m \1’5/21/)]1’
and so integrating in Y gives

/

T
‘IstT + —I Y\IJSxY = _JY(\IJ5/2, ‘1’5/21/)/2 + VQ(% T)' (29)
2(Uj —¢)

After some effort, equation (27) becomes

Woyayq + Q(UJF,;_ )Y‘I’wzmy
__ % (% + %) Y20, + %Y‘Psxzm
(UjUi{ " (szjJ;C’WJ{) _ Uﬁ' ~+ % + o (Ui-jj{_ | Y ¥evr (30)

- 2(\115/236\1/31/}/ + \Ilamqjsmyy) + thg(l‘, T)'

We can now get the jumps in a; and b; in the outer solution (¢5,,) from our inner
solution for Wy ,.
The large Y limit of (28) forces

and so Wy, ~ 2(U; — ¢)Vi(In]Y])/T"; However, we must be able to match this to the
outer solution for 1. At Y = A, this term has become O(¢*/2InA), and so this must
match to ikB(T)bj In |A|exp(ikxz). Hence we can choose bj =2(Uj — ¢)/T%, and Vi =
ikB(T') exp(tkz). A similar look at ¥ = —A will show that b, = bjf

Since Vi o exp(ikz), equation (28) implies that W;,, oc exp(ikz). Defining W, such
that U;,, = W), exp(ikz) yields the equation

- itk _~ .
J
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We integrate this in T" using an integrating factor
. T kY (S-T)
\1’5/2Y = Zk/ e b B(S) dsS
0

The jump in a; can now be calculated by integrating ¥;,,, from —A to A and dividing by
B(T). To simplify the calculation, we take A — co.

ik T 00 kY (S—T)
aj —a; = —)/ B(S)/ e % dYdS
0

B(T .
T

_ ;%T) /0 B(S)3(S — T) dS

=b;m

where ¢ is the Kronecker delta function. Because the outer integral only goes to S = T, the
delta function picks out only half of the value of B(T).

We now turn to equation (29). Rather than going into detail on it, we note that it can
be solved with the integrating factor exp[I';Y/2(U; — ¢)] = exp(Y/b;). However, we will
end up with an integral from 0 to 7" of the nonlinear terms in the Jacobian. ¥, will have a
dependance on an integral of a quadratic in B.

Approaching equation (30), a similar problem occurs with the nonlinear terms that
involve ¥, and ¥y ,,. ¥, ,, has a tangled dependence on B. It will have a double integral of
a cubic term in B involving a delay. When we return to the outer solution and update the
boundary terms in equation 24, we will have a delay differential equation, which we expect
to diverge in finite time.

It is likely that introducing a sufficiently large A should prevent this divergence.

7 Conclusions

We have made a significant step towards understanding critical layers in elastic fluids at
high Weissenberg and high Reynolds number limits.

We have found that the presence of small elasticity does not significantly affect the early
growth of the instability, though it may affect the later development. To understand the
later development would require solving a nonlinear system of coupled PDEs.

In the case of moderate elasticity, the elasticity substantially affects the critical layers,
changing the position and number of critical layers. The equation governing the growth
of the amplitude is nonlinear, and depends on earlier times. Consequently, we expect that
the solutions will grow to infinity in finite time. Decreasing the Weissenberg number from
infinity (increasing A from 0) may help to stabilize this unbounded growth.

7.1 Future Work

There is a lot of work left to do on this problem. Quite likely a PhD thesis or two’s worth.

We have done part of the E = O(e*), A = O(e) case. To do more would likely require
considerable computations. We have also done part of the £ = O(1), A = 0 case. It should
not be difficult to add small X in to this analysis.
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It would be difficult to attack the E = O(e?), A\ = O(e) case because there are two
critical layers which will interact strongly. A successful attack on this should also be straight-
forward to translate into the MHD community, where the corresponding case has also been
neglected for being too difficult.

It would be interesting to approach the F >> 1 case because in that limit we can neglect
inertia. We would then be looking at the zero Reynolds number limit.

In all cases we discussed in this we used the high Weissenberg number limit (A < 1).
Dropping this assumption would complicate matters because we would not arrive at the
same elastic Rayleigh equation. A new continuous spectrum is created at where ik(U —
¢) + A = 0 (note that this has R[c] < 0). For small A, this overlapped with the continuous
spectrum of the standard Rayleigh’s equation. We did the case where E = O(e?), A = O(1)
though we did not report it here. This case is not difficult since the small value of E keeps
A from affecting the leading order and hence the Rayleigh equation remains unchanged. In
this case, the effect of elasticity is identical to the effect of weak viscocity. It is not clear
what happens as E gets larger.
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