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1 Introduction

The Earth’s system is very non-linear and complicated. For instance, if a periodic forcing,
as an input signal, is coming into the Earth’s system (e.g. variability in a solar constant),
then very complicated signal is coming out and we want to understand what process can
explain this transformation. The ice core oxygen isotope records, that is usually linked to
the local temperature, (Figure 1) shows various oscillation and variation in temperature of
5°C. The other example of a noisy signal is El Nino/Southern Oscillation. Temperature
anomaly with respect to the mean in the equatorial Pacific is shown in Figure 2.

Now, we are going to analyze these two cases by choosing the special time and spatial
scale of phenomenon. For example, for El Nino it would be Pacific Basin and few years
(inter-annual) correspondingly. And we try to understand that phenomenon using deter-
ministic type of model and all unresolved processes we consider as a noise. In this sense
stochastic dynamical system is obtained (Figure 3. We start with the simple example where
underlying dynamical system is linear.

2 The Null Hypothesis

Consider stochastic climate model developed by Hasselmann in 1976 (Figure 4). It is a layer
of the ocean (mixed layer) that has the heat flux coming from the atmosphere (Q,,) and
we are interested how mixed layer temperature (7') evolves in time. Write down the heat
balance
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where C), is the specific heat of seawater, p is density, A is mixing coefficient, ¢ is time, and
z is vertical coordinate. Boundary conditions are
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Figure 1: Ice core oxygen isotope record (ratio of *¥O to '60) taken from the NGRIP ice
core at Greenland.
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Figure 2: Temperature anomaly with respect to the mean in the equatorial Pacific in the
Nino 3.4 region.
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Figure 3: Stochastic dynamical systems approach scheme.



where h is depth of the layer. Now, we define depth averaged temperature
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where T, is atmospheric temperature.
We eventually get the equation
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The time scale 1/ is roughly 100 days. The question is how to represent vT,,. We look at
a Fast-Slow systems with fast variable x and slow variable .

dx
dy
oy = g(x,y).

Looking at data measurements, one finds that variations of atmospheric temperature are
much faster than ocean temperature fluctuations. Let yg be an initial condition, Ay = y—yo,
t < 7, and take ensemble average. Assuming ergodicity

oy, d B _ dAy
(Ay) = (g(z,y))t
J= Ay —(Ay)
dy -
= 9@y~ (9(@,y) = 3(@.y)
(g(z,y)) =0
If z is stationary, so is g. Then, g looks like white noise and the model is
dy

In total we have

dT -

— = AT t

o = T+ k()
or

th = —"}’Ttdt + O'th.
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Figure 4: Scheme of Hasselmann’s stochastic climate model. See text for definition of all
parameters.

3 Analysis of the SDE

Let X; = T; be a stochastic process that satisfies the equation

dXt = —")/Xtdt + O'th

t t
Xt:Xo—fy/ Xsds—l—/ odWs.
0 0

How do we define a stochastic integral fg odWs? The Ito stochastic integral definition is

T N—-1
/0 AW, = lim S~ hlt;) (W (t1) = W(t;)
=0

and the Stratonovich stochastic integral is
T = [+t
. j +1
/0 h(t) o dW; = A}l_Igo jE:O h (92J> (W(tjr1) — W(t))).

Where the limits exist in the Ly norm (mean square) sense. So find 1) [ dW; = W (apply
definition and the fact that Wy = 0) and 2) fOT WedW;. Start with Taylor expansion using
(dW;)? = dt

1
h(Wy + dW;) — h(Wy) = h'(W;)dW; + §h”(Wt)(th)2 +
1
= h/(Wt)th —|'- §h//(Wt)dt +

Integrate both sides

T T
1
h(Wr) — h(Wp) = / B (Wy)dWy + / §h"(Wt)dt.
0 0
We obtained the [t6’s lemma.
Now, choosing h(W;) = W2 (consequently h’' = 2W; and h” = 2) we find using the Ito’s
lemma

T 1 T
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Again using that Wy = 0 we obtain

/TWdW —E(WQ T)
0 t t—2 T '

Thus, any linear 1-D stochastic differential equation can be solved analytically via the
1t6 lemma.

dX; = Audt + B dW,
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Now, Taylor expand

ft+dt,zy +dXy) — f(t, Xy) = frdt + fod X + = (fu(dt) + 2f12dtd X; + fao(dX)?) +

Then plug SDE into this and find

t 1 t
J(t, X)) — f(0,Xo) = /0 (fl + foAs + 2f22B§) ds +/0 faBsdW.

For our SDE model, choose

f((l?,t) =
fi(z,t) = 'yewac
fo(x,t) =€
Jaz(z,t) = 0.

Using this with our stochastic ODE and applying the It6 lemma
¢ t
X, — Xy = / (ve"? Xs —ve"* Xg) ds + a/ e’ dWs.
0 0

And we have solved the SDE exactly as
t
X, =e " [Xo —|—/ UeVSdWS} .
0

4 Numerical Solution of SDEs

One often requires a numerical solution of the SDE (interpreted in It6’s sense)
dXy = f(t, Xt)dt + g(t, Xt)th (1)

over the time interval [0,T]. A basic approach to this problem is to consider discrete time
instants t,, = nAt, for a given time-step At, and approximate (1) with the Fuler-Maruyama
scheme

X1 = X 4 f(tn, Xn) At + g(tn, Xn) AWpy1. (2)



Here, we have denoted X,, = X (t,) the approximate solution of (1) and AW, 1 = W41 —
W, is the jump of a Wiener process over the time interval A¢. The jumps AW are indepen-
dent, Gaussian random variables AW ~ N(0, At) and can therefore be generated at each
iteration with an appropriate random number generator (e.g. DW = sqrt(Dt)*randn(1) in
MATLAB). We also remark that Ito’s interpretation of an SDE consists of the continuous-
time limit of the Euler-Maruyama scheme.

Of course, more sophisticated schemes can be derived. An example is the Milstein
scheme, which approximates the solution X (¢) of (1) as

~ ~ ~ ~ 1
Xn+1 = Xn + f(tTh Xﬂ)At + g(tna XH)AWnJrl + 5 (AWH+1)2 — At]. (3)

The main difference between the various numerical schemes regards their convergence
properties in the limit At — 0. In the context of numerical schemes for SDEs, there are
two notions of convergence. The first, known as weak convergence, considers convergence
of the expectations of the approximation error |X (t,) — X,|; that is, a numerical scheme is
weakly convergent if

E (|X(tn) - Xn|) < eAt. (4)

Here, ¢ and 7 are constants (dependent on the type of scheme and the SDE considered); n
is the convergence rate of the scheme.
Similarly, we say that a numerical scheme is strongly convergent if the expectations

E[X(t,)] and E(X,,) converge, i.e.
ELX (t)] — E(%,)] < cA#". (5)

Example 1 (Ornstein-Uhlenbeck Process). Consider the Ornstein-Uhlenbeck process
dX; = —yXidt + odW,, discretised with the Euler-Maruyama (EM) scheme as

Xnt1 = Xp — v XpAt + o AW = (1 — yAH) X, + cAW. (6)

We know that the stationary state solution X®%(¢) is a Gaussian random variable with
zero mean (E[X (¢)] = 0). In order to check the strong convergence of the EM scheme, we
can take the expectation of (6), obtaining

E(Xnt1) = (1 = 7AHE(X,) = (1 - 7AH)" 1 X (7)
As n — o0, the expectation E(X,,41) converges to the analytic stationary result E[X (¢)] =0
only if

I1—yAt <1= At < =, (8)

that is the EM scheme converges strongly if At < %

5 Applicability of the Hasselmann’s Model to the SST Anomaly

Hasselmann’s linear model for the SST anomaly, derived in Section 2, resulted in the SDE

1) o)



which is the Ornstein-Uhlenbeck process. Thus, according to Hasselmann’s model, the
transition density p of T satisfies the Fokker-Planck equation
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and there exists a stationary distribution

v _xe?
P a) =\ Ly (1)

Moreover, we recall that the stationary autocorrelation and the spectrum of the Ornstein-
Uhlenbeck solution are, respectively,

0_2
E(X:X;) = > e lt=sl (12)
0.2

The main question to be answered at this point is how this model can be tuned using
experimental observations of the SST anomaly (say, {T¢*, Tt%, ... , T$}), so that any
predictions based on Hasselmann’s model can be trusted. In fact, we would like the analytic
solution of the continuous time Ornstein-Uhlenbeck process, i.e.

t
T(t) =e "y + o*e_vt/ e dWs, (14)
0

to reproduce the statistics of the time-series of measurements T, T¢, ... | T]‘i,x. To this
purpose, we discretise (14) by looking at the time instants ¢,, and t,4+1, i.e. we consider

_ _ tn+1
Thi1 = e "1 Ty 4 ge Vin+t / e dWs, (15a)
0
— —_ t7L
T, =e "Iy +oge M / e dWs. (15b)
0
We can multiply (15b) by e~ 7{tnt17tn) = ¢=7AL and subtract it from (15a) to obtain
_ _ tn+1
Thi1 = e VAT, 4 e it / eV dWs. (16)
tn

When At is small, we can approximate the integral in the last expression by cAW, 1,
where c¢ is a suitable constant. So, the last term can be approximated with a Gaussian
random variable Z, with zero mean and variance 2 (chosen appropriately). Then, we
may approximate the solution of the Ornstein-Uhlenbeck process by the discrete stochastic
process

Thi1 =Ty + Zyya, (17)

where a = e 72! € (0,1). This type of discrete process is known as the AR(1) process
(where AR stands for auto-regressive), or as a red noise process. We can now compute



the spectrum of the AR(1) process and compare it to the spectrum obtained from the
experimental data set {T¢*, T7, ... , Ty} to compute appropriate values of a and &. To
this purpose, we first note that

Ty = aTy—1 + Zy,
=a(aTy_o+ Zp_1) + Zy

(18)
_ _k k—1
=a"Zg+ " L1+ ...+ ady 1+ 2y
so that o ) i
co = B(TY) = {1 +a?+ (@) + ...+ (a?) } 52
- 1
e (19)
1—a?

Note that we have used the relation E(Z,,Z,,) = 526,m and the fact that the geometric series
converges since 0 < o < 1. Thus, recalling that the random variable Z,, is independent of
any past realisation T},, the correlation of the discrete process becomes

def 7
cx = B(TiThri) = N > TiThy
=0

N i
20
o (20)
= N Z T; k—1+1
i=0
= QC—1
=¥ ¢
so as k — oo (i.e. the discrete time series becomes infinitely long) we obtain
k =2 ~2
oo o
cr = e T, (21)

1—a2 1—-a2

where we have used a = e~ 72! (constant for a given At) and that, for uniform time-steps,
kAt = t. Taking the continuous-time version c(t) of (21), we can compute the spectrum
of the AR(1) process as

S(w) = / T Beietdt
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The absolute value was introduced to maintain the negativity of the argument of the expo-
nential term in ¢(¢). Note that, up to a normalisation constant, this spectrum is the same
as for the continuous-time Ornstein-Uhlenbeck process. Thus, one can tune the AR(1) to
fit the measured data in the following way: compute the spectrum of the discrete mea-
surements {7¢*, T¢%, ... , T}, then fit appropriate values of @ and & in (22). Then,
the corresponding AR(1) process reproduces the measured statistics, and can be used to
estimate the statistical properties of the SST anomaly according to Hasselman’s model.



